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PREFACE 



THE author of tbis treatise on Algebra, has undertaken the 
difHcult task of preparing a work, complete in one vol- 
ume, which shall be sufiBiOiently thorough for classes in Colleges 
and Universities, and at the same time sufficiently elementary 
for classes in Common Schools and Academies. To accomplish 
this desirable end the work has been so arranged that certain 
chapters and parts of chapters may be omitted by classes pursu- 
ing an elementary course. 

The aim has been : 1. To treat each subject in harmony with 
the present modes of mathematical thinking ; 2, To make every 
statement with such brevity and precision ^lat the student can- 
not fail to understand the meaning ; 3. To give a clear and rig- 
orous demonstration of every proposition ; 4. To present one 
difficulty at a time, and just at that stage of the student's progress 
when he is prepared to understand its treatment ; 5. To treat 
with special care those subjects which have been found by expe- 
rience to present peculiar difficulties ; 6. To make the work thor- 
oughly practical as well as thoroughly theoretical ; 7. To present 
each subject in such a manner as to create a love for the study. 

In the arrangement of subjects the author has departed widely 
from the beaten track ; but he feels confident that the plan he 
has adopted will commend itself to the experienced and thougUt- 
ful teacher. 

To facilitate frequent reviews, " Synopses for Eeview " have 
been placed at convenient intervals throughout the work. 

To avoid making the present work too voluminous. Con- 
tinued Fractions, Eeciprocal Equations, Elimination by the 
Method of the Greatest Common Divisor, and Cardan's formula 
for cubic equations have been omitted. These subjects are treated 
in the Appendix to the author's "Book of Algebraic Problems." 



IV PEBFACB. 

In preparing the pre^nt treatise the author has first consulted 
his own expei'ience as a teacher, and the book has been mainly 
written to meet the wants of his own classes ; but he does not 
hesitate to acknowledge that he has receired great assistance 
from many sources. A part of the material used in the chapters 
on Positiye and Negatiye Quantities, Greatest Coinmon Divisor 
and Least Common Multiple, Fractions, Simple Equations, In- 
equalities, Theory of Exponents, Mathematical Induction, and 
the sections on Permutations, Combinations, and Logarithms, 
has been taken from Prof . Todhunter's excellent treatise on Alge- 
bra. The works of Bertiand, Young, Peacock, Euler, Bland, 
Goodwin, and Wrigley have been consulted with advantage. 

While the author has availed himself of such material in the 
books named as suited his purposes, it will be found that much 
of that so taken has long since become common property, having 
assumed a stereotyped form ; and that other portions have been 
very much modified. It will be found, also, that the present 
treatise contains a large amount of new and original matter, 
which has not been inserted because it was novel, but because it 
served to simplify and elucidate the subject. 

Special attention is called to the full and thorough manner in 
which the subject of Factoring is treated ; to the demonstration of 
the Lemma, upon which the Binomial Theorem depends ; to the 
classification and treatment of Radical Quantities ; to the treat- 
ment of Quadratic Equations, Higher Equations, Simultaneous 
Equations, Eatio, Proportion, Progressions, Interpolation, Recur- 
ring Series, Reversion of Series ; and to the Theory of Equations. 

The chapter on " Logarithms and Exponential Equations " is 
almost entirely the work of Prof. James M. Greenwood, A. M., 
Superintendent of the Public Schools of Kansas City, Mo., and 
formerly Prof, of Math, in the North Missouri State Normal 
School; and the "Synopses for Review" have nearly all been 
prepared by Prof. George S. Bryant, A. M., of Christian College, 
Columbia, Mo. To these and other able and experienced teachers 
the author is also indebted for many valuable suggestions in rela- 
tion to other portions of the work. 

tTUIVEEBITT OF THE STATE OI' MlBaOUEI, 1 J. HE AUTHOR. 

Columbia, January^ 1875. f 



SUGGESTIONS TO TEACHEES. 



1. If the examples and problems in the book are not suffi- 
ciently numerous or sufficiently varied, make some of your own, 
or take some from the Book of Examples and Problems, made 
to accompany this volume. 

2. The Synopses for Keview should be placed* upon the 
black-board, and dwelt upon until the topics embraced in the 
review are thoroughly fixed in the mind of the student. To illus- 
trate the manner of conducting a review, suppose the synopsis 
on page 10 is under consideration. Let the student point to the 
word "Algebra," and define it ; then to "Algebraic Quantity," 
and define it ; then to the two kinds of Algebraic Quantity — 
" Known and Unknown" — and define them ; and so on, 

3. The following chapters and parts of chapters may be 
omitted by classes pursuing an elementary course : That part 
of Chapter IV from Art. 125 to Art. 128 inclusive, and from 
Art. 133 to Art. 136 inclusive ; Chapter VIII ; Chapter XIV ; 
that part of Chapter XVI from Art. 441 to Art. 457 inclusive ; 
Chapter XVII ; Arts. 482 and 483 of Chapter XVIII ; all of 
Chapter XX after Geometrical Progressions; Chapter XXI; 
Chapter XXII ; Chapter XXIIL 
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DEFINITIONS. 



1. Algebra is that brancli of Mathematics in which quan- 
tities are represented by letters, or by a combination of letters 
and figures, and in which the relations of quantities to each other 
and the operations to be performed are indicated by Signs. 

The letters, figures, and signs are called Symbols. 

2. Algebraic Language consists in the use of algebraic 
symbols. 

3. An Algebraic Quantity or Expression is one 

expressed in algebraic language. 

There are two kinds of algebraic quantities — known and 
unknown. 

4. Known Quantities are those whose Talues are given. 
They are represented by numbers or the leading letters of the 
alphabet. 

5. Unknown Quantities are those whose values are not 
given. They are represented by the final letters of the alphabet. 

6. The sign + is called the plus sign, and signifies that 
the quantity to which it is prefixed is to be added. Thus, a + b 
signifies that i is to be added to a, and is read a plus b. IS a 
represents 9, and b represents 3, then a + 5 is equal to 13. 

7. The Sunn is the result obtained by addition. 



2 DEFINITION'S. 

8. The sign — is called the minus sign, and signifies that 
the quantity to which it is prefixed is to he subtracted. Thus, 
a — b signifies that b is to be subtracted from a, and is read 
a minus b. If a is 9, and b is 3, then a — J is equal to 6. 

9. The Remainder or Difference is the result ob- 
tained by subtraction. 

10. The sign x is called the sign of multiplication, and 
signifies that the quantity which precedes it is to be multiplied 
by the one which follows it. Thus, a x b signifies that a is to 
be multiplied by b, and is read a multiplied by b, or a into b. 

The sign of multiplication is ofben omitted. Thus, ab is 
equivalent \a a xb. Sometimes a point is used instead of the 
sign X . Thus, « • J is equivalent to a x S. 

The sign of multiplication must not be omitted when the 
numbers are expressed by figures. Thus, 45 is not equivalent to 
4x5. 

11. The Product is the result obtained by multiplica- 
tion, 

13. The sign -4- is sailed the sign of division, and signifies 
that the quantity which precedes it is to be divided by the one 
which follows it. Thus, « -^- 5 signifies that a i§ to be divided 
by b, and is read a divided by b. 

The expression t is equivalent to a -^ 5. 

13. The Quotient is the result obtained by division. ' 

14. The sign = is called the sign of equality, and signifies 
■ that the quantities between which it is placed are equal. Thus, 
' a = b signifies that a is equal to b, and is read a equals b, or 

a is equal to b, 

15. An Mquation consists of two expressions connected 
by the sign of equaUty. Thus, a; + y = a, a + 5 = c — d, are 
equations. 

The First Member, of an equation is the quantity on the 
left of the sign of equality, and the Second Member is the quan- 
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tityon the right of the sign. Thus, in the equation, x+y^^a—l, 
a; 4- y is the first member, and a — i the second member. 

16. The sign > or < is called the sign of inequality, and 
signifies that the quantities between which it is placed are un- 
equal, the opening heing turned toward the greater. Thus, 
a > 5 signifies that a is greater than b, and is read a is greater 
than S ; and 6 < a signifies that b is less than a, and is read 
b is less than a. 

17. An Inequality consists of two expressions connected 
by the sign of inequality, and its members are named as those of 
an equation. 

18. When an expression is inclosed by a Parenthesis ( ), 
the operations which are indicated in that expression are to be 
regarded as performed, and the parenthesis is to be regarded as 
expressing the result. Thus, the expression (a + b){c — d) indi- 
cates that the sum of a and 5 is to be multiplied by the difiference 
between c and d. 

The vincuhim , the brackets [ ], and the brace \ \ have 

the same signification as the parenthesis. 

Thus, a -\-b X c — d \& equivalent to {a + 5) (c — d). 
The vinculum is sometimes placed in a vertical position. 
Thus, 



a 
+ 5 
— c 



d 
is equivalent to {a -\-b — c) d. 



19. The Terms of an expression are the parts which are 
connected by the sign + or the sign — . Thus, a, b, c, and d 
are the terms of the expression a + b — c + d. 

30. A Polynomial is an expression containing two or 
more terms. 

31. A Sinomial is a polynomial containing only two 
terms. Thus, abc + a; is a binomial. 

33. A Trinomial is a polynomial containing only three 
terms. Thus, ab + ac — be is a trinomial. 
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33. A Monoinial is an expression which does not contain 
parts connected by the sign + or the sign — . Thus, abc is a 
monomial. 

34. When one quantity is the product of two or more other 
quantities, each of the latter is called a Factor of the product. 
Thus, a, l, and c are fiactors of the product dbc. 

35. A 'Numerical Factor is one which is expressed by 
a figure, or figures. 

36. A lAteral Factor is one which is expressed by a 
letter, or letters. 

37. When a product contains one factor which is numerical, 
and another which is literal, the former factor is called the 
Coefficient of the latter. Thus, in the product Idbc, t is the 
coefficient of dbc. 

When all the factors of a product are literal, any one of them 
may be considered as the coefficient of the product of the others 
Thus, in the product dbc, we may consider a as the coefficient of 
be, b as the coefficient of ac, and c as the coefficient of ab. 

38. A Power of a quantity is the product of factors each 
of which is equal to that quantity. Thus, a x a is the second 
power of a; a xa x a is the third power of a; a x a x a x a 
is the fourth power of a; and so on. 

The first power of a is a. 

39. An Exponent is a number placed on the right of, 
and a little above a quantity, and indicates how many times the 
quantity is to be .used as a factor. Thus, a" is equivalent to 
a X a; a' is equivalent to a x a x a; a* is equivalent to 
a X a X a X a; and so on. If no exponent is expressed, 1 is 
understood. Thus, a is equivalent to a\ 

The product of n factors each equal to a is expressed by a", 
and n is called the exponent of a. 

The second power of a, that is, a% is often called the square 
of a, and the third power of a, that is, a\ is often called the 
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cube of a. The expression a* is read a to the fourth power, or 
briefly, a to the fourth ; and a" is read a to the n*K 

30. The Square Root of any given quantity is that 
quantity which has the given quantity for its square or second 
power J the cube root of any given quantity is that quantity which 
has the given quantity for its cube or third power ; the fourth 
root of any given quantity is that quantity which has the given 
quantity for its fourth power j and so on. 

31. The JRadical Sign y' indicates that some root of 
the quantity to which it is prefixed is to be found. 

33. The Index of the root is the number placed above the 
radical sign. 

The square root of a is denoted thus, %/a, or simply thus, 
-y/a ; the cube root of a is denoted thus, ^a ; the fourth root of a 
is denoted thus, \/a ; and so on. 

33. The symbols employed in. Algebra are classified as fol- 
lows: 

1. Symbols of Quantity are letters and other characters 
used to represent quantities. 

3. Symbols of Operation are the signs +, — , x , -;-, 
^, and the exponential sign. 

3. Symbols of Melation are the signs =, >, <, and 
others to be explained hereafter. 

4 Symbols of Aggregation are the signs ( ), [J, 
\ \, — , and |. 

34. Similar or Idke Quantities are such as do not 
differ, or differ only in their numerical coeflBcients. Thus, iab 
and lOab are similar. 

35. Dissimilar or Unlike Quantities are such as 
are not similar. Thus, 4a5 and IWb are dissimilar. 

Remake. — An exception must be made in those cases where letters are 
considered as coefficients. 'YhaB,,ax^ and W are similar if a and 6 are con- 
Bideied as coefficients. 
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36. Each of the literal factors of a term is called a, Dimen- 
sion of the term, and the Degree of a term is equal to the 
number of its dimensions. The degree of a term, therefore, is 
equal to the sum of the exponents of its hteral factors. Thus, 
5aWc is of the sixth degree. 

37. A Homogeneous Polynomial is one whose terms 
are all of the same degree. Thus, 7a* + ^a?b + iabc is homo- 
geneous. 

38. . The Num,erical Value of an algehraic expression 
is the numher obtained by substituting for each letter its numeri- 
cal value, and then performing the indicated operations. Thus, 
if a = 5 and 5 = 6, the numerical value of the expression 
3a — 35 is 3. 

Some terms of frequent use in Algebra are here defined. 

39. A Proposition is the statement of a truth, or of 
something to be done. 

Propositions are of the following kinds: Axioms, theorems, 
lemmas, problems, postulates, corollaries, scholiums. 

1. An Axiom is a self-evident truth. 

2. A Theorem is a truth requiring demonstration. 

3. A Lemma is an auxiliary theorem used in the demonstra- 
tion of another theorem. 

4. A Problem is a question proposed for solution. 

5. A Postulate assumes the possibihty of the solution of some 
problem. 

6. A Corollary is an obvious consequence deduced from one 
or more propositions. 

7. A Scholium is a remark upon one or more propositions. 

40. An Hypothesis is a supposition, made either in the 
enunciation of a proposition, or in the course of a demonstra- 
tion. 

41. A JFormiUla is a theorem expressed in algebraic lan- 
guage. 



NOTATION. 



43. AXIOMS. 

1. The whole is equal to the sum of all its parts. 

2. If equal quantities be added to equal quantities, the sums 
win be equal. 

3. If equal quantities be subtracted from equal quantities, the 
remainders will be equal. 

4. If equal quantities be multiplied by the same or by equal 
quantities, the products will be equal. 

5. If equal quantities be divided by the same or by equal 
quantities, the quotients will be equal. 

6. Quantities that are equal to the same quantity are equal to 
each other. 

NOTATION. 

43. Algebraic Notation consists in representing quan- 
tities, operations, and relations by means of symbols. 

XIXAMPJOES IN NOTJlTION. 

4A. Express, in algebraic language, the following eight state- 
ments : 

1. The second power of a, increased by twice the product of 
h and c, diminished by the second power of c, and increased by d, 
is equal to m times x. Ans. a? + 35c — (? + d^ mx. 

3. The quotient arising from dividing a by the sum of x and 
I, is equal to twice 5 diminished by c. 

a 



x + i 



■.2b — c. 



3. One-third of the remainder obtained by subtracting four 

from six times x, is equal to the quotient arising from dividing 

five by the sum of a and 5. . 6a; — 4 5 

•' Ans. — - — = — —r. 

3 a + 
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4. Three-fourtlis of the sum of x and five, is equal to three- 

seyenths of S, diminished by seventeen. 

3 3 

Ans. J (a; + 5) = ^5 — 17. 

5. One-ninth of the sum of three times x and I, added to one- 
third of the sum of twice x and four, is equal to the product of 
a, h, and c. ^^^_ | (2a; + 4) + i (3a; + V) = ahc. 

6. The quotient arising from dividing the sum of a and I by 

the product of c and d, is greater than p times the sum of m, n, x, 

and V. ^ « + ^ ^ , , , , X 

^ ^ws. — -=— > p[m, + w + a; + ^). 

7. The square root of the sum of a and 5 is equal to m times 
the cuhe root of the remainder obtained by subtracting y from x. 

Ans. Va + i = m\/x — y. 

8. The square root of a;, diminished by the square root of y, 
is equal to n times the sum of the fourth root of a and the fourth 
root of I. Ans. ^x — ^y = n {i^/a + yi). 

45. Express, in common language, the following six algebraic 
expressions : 

^ a ■\- X X ^ m 



b c~ a + i' 

Ans. The quotient arising from dividing the sum of a and x 
by h, increased by the quotient of x divided by c, is equal to the 
quotient of m divided by the sum of a and h. 

2. 8a3 + (fi — c){d + e) = x — y. 

3. Za^ + i — c{d + e)=:x — y. 

a+x . «— y _ m 
S + S + c"*" 3 ~a + b' 

5. (a + V) y¥ — a^c = 3 (a + m + a;) 

- '\/55 + 4Vc . , m 

6. — jrr — = oa; H . 

a-\-%b n 
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46. NUMEBICAL VALUES. 

If a = 1, 5 = 3, c = 4, <Z = 6, e = 2, and /= 0, find the 
numerical value of each of the following ten expressions : 

1. ffl + 25 + 4c. Am. 23. 

3. di + 6d — 2e. Ans. 35. 

3. ai + 2bc + 3ed. Ans. 63. 

4. ac + icd — %be. Ans. 88. 

5. ale + Aid + ec — df. Ans. 92. 

6. «» + S« + c« +/2. -4ws. 26. 

^- T + 3« ~ 24- ^''*- ^^• 

8. c* — 4c8 + 3c — 6. Ans. 6. 

2c — 3a 
10. v'(375) - y(2c) + y'(3e). ^»s. 9. 

■ 11. Find the value of {x +-y)i^ — y)) when a; = 8 and y = 5. 

^ws. 39. 

13. Find the value of x + y y. x — y, when a; = 8 and «/ = S- 

, ^ws. 43. 

13. Find the value of x ^y(x^ — 8y)+y ^{x^ + 8«/), when 
x — h and y = 3. Ans. 26. 

14. Find the value of (5 — x) {^a + i) + y'Ka— 5) (a;+2^)|, 
when a= 16, 5 = 10, x = 5, and y = l. Ans. 76. 

15. Find the value of a; in the equation x = ^ ■ , 

when a = 10, 5 = 5, c = 4, d = 2, and e = 3. 

Ans. a; = 20. 
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CHAPTER II. 
FUNDAMENTAL PEOOESSES. 



ADDITION 

48. Addition is the process of finding the simplest expres- 
sion for the sum of two or more quantities. 

49. A Positive Term is one which is preceded by the 
sign +. When a temi has no sign prefixed, the sign + is un- 
derstood. 

50. A JS'egative Term is one which is preceded by the 
sign — . 

OKDEE OB TEEMS. 

51. The value of a polynomial whose terms are positive is 
the same in whatever order the terms may be written. Thus, 

53. When a polynomial contains both positive and negative 
terms, we may write the former terms first in any order, and the 
latter after them in any order. Thus, a + 5— c— e=a + 5— e — c 
z=b + a—c—e=b + a—e—c. 

53. In some cases we may vary the order of terms still further. 
Thus, if « = 10, 5 = 6, and c = 5, then a + b — c = a — c + b 
= b — c + a. 

But, if a = 2, 5 = 6, and c = 5, the expression a — c + b 
presents a difficulty, because we are apparently required to bvJo- 
tract 5 from 3. It will be convenient to agree that such an ex- 
pression as a — c + b, when c is greater than a, shall be under- 
stood to be equivalent to a + b — c. At present we shall not 
use such an expression except when c is less than a + b. 

In like manner we shall consider — b + a as equivalent to 
a — b. We shall recur to this point in Chapter III. 
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EEDUCTION OE SIMILAE TEEMS. 

54. When two or more terms of a polynomial are similar, it 
may be reduced to a simpler form. 

1. Let it be required to simplify the expression 4a*5 — 3a% 
+ 9ac3 — %a?b + Wc — &¥. 

This expression may be written thus : 4a^5 — ^aP'b + ta^c 

— 2,a\ + 9fl!c2 — 6S2 (53). Now Am% — %a% = '%a%, and 7a% 

— 3a% = 4a'c. Hence the given expression may be reduced to 
'i.d% + 4a2c + 9ac2 — ^W. 

3. Let it be required to simplify the expression "iidR)^ — 4a'5c* 
+ &dM)D^ — ia%(? + lla^SA 

We write the positive terms in one column and the negative 
terms ia another thus, 

%dR)c^ — 4flS5c3 
6aS5c2 — I 



\WM — 13a85c3 = la^i?. 



3. Let it be required to simplify the expression 4aSc + 3a^5 
+ ^o?}) — 5a26 — 3a% 

Arranging the terms thus, 

4a5c + 3fl!25 _ Sa^S 

+ 2g^5 — 3a^5 and uniting, 
we obtain 4a5c + 5a*5 — Wi 

But4a5c+5a2&— 8a25=4a5c+5a85— 5a25— 3a25=4aJc— 3a25. 



L Reduce the positive similar terms to one term ly addition. 
IL In lihe manner reduce the negative similar terms to one 



IIL Then subtract the less result from the greater, and to the 
remainder prefix the sign of the greater. 
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X!XAMPI,MS. 

Eeduce each of the following expressions to its simplest form : 

1. 10a* + 3a* + 6a* — a* — 5a*. Ans. Ida*. 

2. 5a*b + 3 Vo^c — lab + llab + 2 Va^ — Ga*h — SVWe 
— lOab + 9a*b. ^ns. 8a*b — 3 Va^c. 

3. 3a — 2a — 70 + 30 + 2a + 4£ — 3a. Ans. 0. 

4. 9b^c — 8ad> + Idb^c + Sao + 9ac« — 2Wc. 

Ans. a& + Sac. 

5. Qac^ — 5a¥ + '7ac^ — 3al^ — ISac^ + lSa¥. Ans. 10a¥. 

6. a^ — 2ab^+ Sa% + 5c — 3dR) + Sab^+ 2a% +c +a¥—Sc. 
55. To find the sum of two or more quantities. 

1. Let it be required to find the sum oi c — d+ e and a^b. 
Adding c + e to a — i, we obtain a — b + c + e; we haye, 

however, added d too much to a — b; hence, in order to obtain 
'the correct sum, d must be subtracted from a — b + c + e. We 
thus obtain a — b + c + e — d. Therefore, to find the sum of 
quantities, all the terms of which are unlike, write them in any 
order, prefixing to each term its proper sign. 

2. Let it be required to find the sum of 

aS + 3a^ — 4a5 

2a^ — 3ab+ 6'— c, 

and a^ + 2ab — &¥ + 3c. Their sum, after 

reducing, is a^ + 6a» — 5ab — ib^ + 2c (54). 

MITLE. 

L Write similar terms, with their proper signs, in the same 
column. 

IL Beduce each column (54), and to the results annex those 
terms which cannot be reduced, prefixing to each its proper sign. 

EXAMPl^ES. 

(1.) ,(2.) 

7x + 3ab + 2e ISa^^ + be — 2dbc 

— 3x — Sab — 5c — iaW + 9bc + 6abc 

5x — 9ab + 9c — 10a%^ —125c + 3abc 

Sum 9x — 9ab + 6c. 2aW — 2bc + labc. 
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3. Find the sum of 4a — 5b + 3c — 2d, a + l — 4c + 5d, 
3a — 75 + 6c + id, and a + ii — c—'i!d. Ans. 9a — % + 4c. 

4. Find the sum of a? + 2x» — 3x + 1, 2a^ — So? +. 4a — 2. 
Sa;' + 4a^ + 5, amd in? — 3x^ — 5a; + 9. Ans. IQa? — 4a; + 13. 

5. Find the sum oi x^ — 3xy + y^ + x + y — 1, 2x^ + 4xy— 
3yi -.2x — 2y + 3, 3x^ — 5xy — 4y^ + 3x + 4y — 2, and 6a;8 + 
lOxy + 5y^ + X + y. Ans. 12x* + &xy — y^ + 3x + 4y. 

6. Find the sum of a;^ _ 2c^ + a% o^ + 3wx\ and Sa:^ _ ^t?. 

Ans. 4a? + cho. 

7. Find the sum of 4ab — x^, 33? — 2ab, and 2ax + 26a;. 

-ires. 2ab + 2x^ + 3aa; + 25a;. 

8. Find the sum ofa + 5 + c + J, a + b + c — d, a + b — 
c + d, a — b + c + d, and — a + 6 + c + «?. 

Ans. 3a + 35 + 3c + 3i. 

9. Find the sum of 3 (a;» — y"), 8 {x^ — y^), —5 {a?- y«) '+ 
6{x>+ y^Y, and 7 (a; — yf. 

Ans. 6 (a;2 — «/3) + 6 (a;^ + jrS)3 + 7 (a; — ^)2. 

10. Find the sum of a" — 5" + 3a;«', 2^"* — 35" — xf, and 
cT + 45" — a;*. Ans. 4a'" + 2a;^ — x^. 

LAWS KESPECTING THE USB OE THE PAEENTHESIS. 

56. i/" a polynomial has any number of its terms enclosed by a 
parenthesis preceded by the sign +, the parenthesis may be omitted 
and the value of the polynomial will not be changed. Thus, 

a — b + {c — d + e) = a — b + c — d + e (55). 

CoE. — The value of a polynomial will not be changed by 
enclosing any number of its terms by a parenthesis, provided the 
parenthesis have the sign + prefixed. Thus, 

a — 5 + c — (? + e = a — 5 + c4- ( — «Z + e) = 
a — d+{c + e— 5) = a+(— c? + c+ e —5). 
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SUBTEACTION. 

5'7. Subtraction is the process of finding the simplest ex- 
pression for the difference between two quantities. 

58. The Minuend is the quantity from which the sub- 
traction is to be made. 

59. The Subtrahend is the quantity to be subtracted. 

60. The Mevnainder is the result obtained by the sub- 
traction. 

61. To find the difference bet'ween two quantities. 

1. Let it be required to subtract 5 — 3 from 11. 
Subtracting 5 from 11 we obtain 6. This -... 

result is too small by 3, for the number 5 is 5 3 

larger by 3 than the number which was required 6+~3=9] 

to be subtracted. In order, therefore, to obtain 
the correct remainder, 3 must be added to 6. 

2. Let it be required to subtract c — d from a + t. 
Subtracting c from a + 5 we obtain 

a + b — c. This result is too small by d, 

for c is larger by d than the quantity which a + b — c +<?. 

was required to be subtracted. In order, 

therefore, to obtain the correct remainder, d must be added to 

a + J) — c. Hence a + i — {c — d):^a + b — c + d. 

The same result may be obtained by adding — c + d to 
a + b (55). 



a + b 
c — d 



M ULE. 

Change the sign of every term of the subtrahend from + to —, 
or from — to +, and add the result to the minuend, 

Remakks — 1. Beginners may solve a few examples by aetiuMy changing 
the sign of every term in the subtrahend. After this, it is better merely to 
concevBe such change to be made, 

3. Subtraction, in Algebra, is proved in the same manner as in Arith- 
metic, by adding the remainder to the subtrahend ; the sum should be equal 
to the minuend. 
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EXJLMPIiXia. 



From Za+ h^ , . ( 3a + i 

Take a— 5 I The same mth the signs o£ I _ ^ ^ j 

■r. . , li 77 1 the subtrahend changed. 1 -7 ~~Z7 

Kemainder 3a + 36 J ^ I 2a + 2b 

(3.) (3.) 

From lla^+3ai—izy From 5a— 3&+4c— W 

Take 5a^+iai—&xtf Take 3a— 35 + 3c— <? 

Kemainder 6aJ>— ah-\-2xy. Kemainder 3a— I>+ c—6d. 

4. From «* + 4a^ — 3a;S + 7a; — 1 take x^ + 2oi^ — 2x> + 
6x — 1. ^ns. 23? + a;. 

5. From Sa^ — 3aa! + x^ take a' — aa; + a:^. -4ws. 3a^ — ax. 

6. From 2a — 2b — c + d take a — 5 — 3c + 3<?. 

7. From ia + 36 — 3c + 8cZ take a + 2b + c — 5d. 

Ans. 3a + 6 — 3c + 13d. 

8. From 8a;2 — Baa; + 5 take 5a? + 2ax + 5. 

9. From llxy — lOy + 4^ take 3a;y + 3y + 3x. 

Ans. ^y — 13y + x. 

10. From 3a + 6 + c take a — l—c. Ans. 3a + 36 + 3c. 

11. From a« + 3a6 + 6« take a^ — 2db + 6^. Ans. 4a6. 
13. From a* + 362c + a68 — a6c take a62 — a6c + l\ 

13. From ho? — y^ take ix^ — y^ + y^. Ans. x^ — y^. 

14. From 4a"+ 3a;J'— afl^ take a™— 6»+3a;*+ 3a'"— 36"— a;". 

Ans. 0*"+ 46" — a;«. 

LAWS RESPECTIIirG THE USE OF THE PAEElifTHBSIS. 

63. ^ parenthesis preceded ly the sign — may be omitted 
without affecting tlie value of the expression in which it occurs, 
provided the sign of every term within it be changed. Thus, 

a — (6 — c — (i + e) = a — b ■\- c ■\- d — e. 

Cob. — The value of an expression will not be changed by en- 
closing any number of its terms by a parenthesis, preceded by the 
sign — , provided the sign of every term thus enclosed be changed. 
Thus, 

a— 5+c4-«?— e=a— 6+c— (— c?+e)=a— (6— c— (Z+6) = 

a+c—{jb—d+e). 
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X1XA.MPZX!8. 

Eemove the signs of aggregation from eacli of the following 
expressions : 

1. a — [i—{c — <?)]. Ans. a — i + c — d. 

2. a— [(5 — c) — ^. Ans. a — b + c + d. 

3. a + 2b — Ga— [36 — (6a — 65)]. Ans. a — lb. 

4. 7a — 1 3a — [4a — (5a — 2a)] j . Ans. 5a. 

5. 3a— [a + J— \a + b + c— {a + b + c + d)]]. 

Ans. 2a — b — d. 

6. 2x —[3i/—{4:X — {6y — 6a;) \ ]. Ans. 12z — 8y. 

7. a — {a — la — (a — x)}]. Ans. x. 

8. 4x — {x — [x — {x — 3) + 3] — 3\ — { — X — [— X — 
(— a; + 3) + 3] — 3}. A7is. ix + 12. 



63. 



za 

za 
ta 

o 

Pj EH 



n 

Fh 



SYNOPSIS FOR REVIEW, 
' Positive terms. 
Negative terms. 

Order of terms. 



Addition. 



( When preceded by +. 
( When preceded bj — . 



Seduction of terms, i When possible. 
(Rule. 



Sum. 
. Mule. 



SUBTKACTION. ■ 



Use of 
Parenthesis. 



. Bute. 
To remume. 



To introduce. 



(When preceded by +. 
(When preceded by — . 

{When preceded by + . 
When preceded by — . 
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MULTIPLICATION. 

64. The Product of two quantities is a quantity which is 
as many times greater than one of them as the other is greater 
than a unit. Thus, the product of 5 and 4 is 30. 

65. Multiplication is the process of finding the product 
of two quantities. 

66. The Multiplicand is the quantity which is to be 
multiplied. 

67. The Multiplier is the quantity by which to multiply. 

68. The product of three or more quantities is sometimes 
called a Continued Product. 

The product of any number of factors is the same in whatever 
order they may be taken ; thus, abc = acb = bca. The literal 
factors are generally arranged in alphabetical order. 

69. To find the Product of Monomials. 

Let it be required to find the product of '^aW and 5aWc. 
We may indicate the multiphcation thus : 

•Haw X 5aWc; 

and since the product is the same in whatever order the factors 
are taken, we have 

7«»52 X 5a!>¥c = 7 x 5 x a%^^h = 35aW¥c. 

Here a occurs as a factor five times, 5 occurs six times, and c 
once. Therefore the required product may be written thus : 

35a^i^c. Hence, 

Peikciples. — 1. The coefficient of the product of given mono- 
mials is equal to the product of their coefficients. 

^ 2. Every letter which occurs in any of the given factors must 
be written in the product with an exponent equal to the sum of 
all its exponents in the given factors. 
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Cob. — We may, if we please, indicate the product of the like 
powers of different letters by writing them within a parenthesis 
and placing the exponent over the whole. Thus, 

aW = {aVf\ for {aVf = ixb y. ab = m y.U =aW. 



MX^MPI^ES. 



1. Multiply db by x. 
3. Multiply Mx by 2ay. 

3. Multiply 4«m by ^l(?n. 

4. Multiply Za^x by dah?. 

5. Multiply So^a?* by 9a''a?". 



Ans. ahx. 
Ans. Qa^xy. 
Ans. 12aicf'mn. 
Ans. 16a^x^. 
Ans. 37fl!"'+»a;"'+'» 



70. To find the Product of two Polynomials. 



1. Let it be required to multiply a + 5 by c. The 
product of a and c is ac ; but this is too small by be, 
for it is the sum of a and 5 which is to be multiplied 
by c. Hence 

{a -\-i)c ^ ac + ic. 

2. Let it be required to multiply a — 5 by c. 
Here the product of a and c must be diminished 

by the product of b and c. Hence 

(a — b)c ^ac — be. 

3. Let it be required to multiply a + b'bj c + d. 
The product of a + b and cisac + bc; 

but a + b is to be multiplied by the sum 
of c and d ; hence ac + be is too small 
by the product of a + S and d ; that is, 
by ad + hd, which must, therefore, be 



a + l 
c + d 



a + b 
c 



ac + be. 



a - 


-b 


c 




ac- 


-bo. 



ac + be + ad + bd. 
added to ac + be to produce the correct result. Hence 
(« + h) {e + d) = ac + be + ad + bd. 
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4. Let it be required to multiply a + ihy c — d. 

Here the product of 
a + S and c must he di- 
minished by the product 
ota + h and d. Hence 



a+b 
c—d 



ac + bc — {ad+bd)=^ac+bc — ad—bd. 
(a + 5) (c — (?) = ac + Jc — {fld + bd) = ac+bc — ad — id. 

5. Let it be required to multiply a — S by c — d. 
Here the product of 



a — b and c, which is 
ac—bc, is to be dimin- 
ished by the product 
of a — b and d, which 
is ad — bd. Hence 



-b 
-d 



ac—bc— {ad — bd):=ac — be — ad+bd. 



(a-b) {c — d) = ac — be — {ad — bd) = ac — bc — ad + bd. 

In this example, we observe tfiat corresponding to the terms 
— b and c, one of which occurs in the multiphcand and the other 
in the multiplier, there is the term — be in the product ; and 
corresponding to — 5 of the multiphcand and — d of the multi- 
plier, there is the term + bd in the product. Hence it is often 
stated as an independent truth, that 

(—5) X c = — be, and (— b) x {—d) = + bd. 

Thus, the sign of the product is deduced from the signs of the 
factors by the rule, 

Like signs produce +, and unlike signs produce —. 

6. Let it be required to multiply 4a^ — 5ab + 66* by 2a^ — 
Sab + 452. 

4a^ — 5ab + 6b> 
2d> — 3ab + 4:b^ 
8a^ — lQa% + VlaW 

— 12a^b + 15aW — ISaJs 

+ 16g25« — 20a58 + 2^ 

8a* — aSa^S + iZaW — SMfi + a4S<. 
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7. Let it be required to multiply 2x>+3x+ ihj 2a^— Zx + i. 

2a^ + 3a; + 4 
2x>—3x + 4: 

4^ + Q3? + 8x^ 

— 6cc8 _ 9a^ _ 13a; 

+ 8x^ + 12a; + 16 

4a4 + 7a,3 + 16. 

S ULE. 

Multiply every term of the multiplicand ly each term of the 
multiplier in succession ; if a term in the multiplicand and a 
term in the multiplier have KTce signs, prefix the sign + to 
their product ; if they have unlilce signs, prefix the sign — ; 
then take the sum of these partial products to form the complete 
product. 

1. Multiply %p — q by %q +p. Ans. 3pq + 2p^ — 2q^ 

2. Multiply a2 + 3ab + 35» by 7a — 55. 

Ans. W + IWh — a¥ — 106'. 

3. Multiply fls^ _ aj + 52 by a« + aS — W. 

Ans. a^ — aW + 2al)« — ¥. 

4 Multiply a^ — ab + 2b^ by a^ + ab — 2P. 

Ans. a* — a^b» + 4a58 _ 454, 

5. Multiply a^ + 2ax + x^ by a^ + 2ax — xK 

Ans. a* + 4m^x + 4m^x^ — a^. 

6. Multiply a* + 4:ax + ix^ by a* — iax + ^\ 

Ans. a?' — 8a«a;2 + 16a;*. 

7. Multiply c? — 2ax + bx — x^hj b + x. 

Ans. a% + {a — Vfx — 2ax^ — 7?. 

8. Multiply \hx^ + ISaa; — 14^2 by 4a;2 — 2ax — a\ 

Ans. 60a;* + 43aa;8 — 107a«a^ + loas^. _|. 14^4 

9. Multiply 3a;3 + 4a;2 + 8a; + 16 by 3a; — 6. 

Ans. 6a;* — 96. 
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10. Multiply 01? — ahf + xy^ — y^ hy x + y. 

Ans. ofi — ahf^ + a;V — ^• 

11. Multiply a^ + Jf^-ir(? + lc + ac — ab\ij a + l — c. 

Ans. a' + 58 — c' + 3a6c. 

12. Multiply a:* + 3a;3 + 2:2 — 4^; — 11 by a^ - 2a; + 3. 

Ans. ofi + lQx — 33. 

13. Multiply a* — Sa' + 3a> — 2a + l by a* + 2a8 + 3ffi2 + 
2a + 1. Ans. a» + 2a« + 3a* + 2a!> + 1. 

14. Multiply together a — x, a + x, and a' + a^. 

^Ms. a* — X*. 

15. Multiply together x — 3, a; — 1, x + 1, and x + 3. 

Ans. x^ — 10a;2 + 9. 

16. Multiply together a;^ — a; + 1, a!^+ a; + 1, and a;*— a^^+l. 

Ans. a? + a^ +1. 

17. Multiply together a + x, l + x, and c + x. 

Ans. ahc + {ah + 5c +ac)x + (a + 6 + c)a;^ + a;^. 

18. Simplify (a + 5) (5 + c) — (c+d) {a+d) — (a + c) (b—d). 

Ans. b^ — d^. 

19. Simphfy {a + b+ c+ d)^ + (a — b — c + dy+ {a— b + 
c—df +(a + b — c — d)l Ans. 4(a8 + b^ + (yi + d^). 

20. Simplify (a + b + cf — a{b + c — a) —h{a + c — b) — 
c(a + b^c). Ans. 2 (a^ + b^ + (F). 

21. Prove that a? + f + {x -{- yf = 2{a? + xy + yY + 
%3?y^ {x + yf {x> + xy + y^). 

22. Prove that Axy (a;2+ y'^) — {??+ xy+y^— {a?—xy+y''f. 

23. Multiply (a;^ — 3a; + 2)^ by a;^ + 6a; + 1. 

Ans. a? — 22a;* + 60a;3 — 55a;3 + 12a; + 4. 

24. Multiply (a + by by (a — by. 

Ans. a= — a*b — 2aW + 2aW + a¥ — J^, 

25. Prove that (a + by — (a — by = iab. 
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Tl. The square of the sum of two quantities is equal to the 
sum of their squares increased by twice their product. 

If we multiply a + S 
by a +1 

a^ + ab 
+ ab + ]y> 

we obtain a^ + 2ab + b^ ; hence {a + bf= «» + 2ab + ¥. 

If we wish to obtain the square of the sum of two quantities, 
this theorem enables us to write the terms of the result without 
the necessity of performing the actual multiplication. 

MXJ.MFIjX1S. 

1. (3 + 5)2 = 4 + 30 + 25 = 49. 

2. (3ot + Mf = Arn^ + Vimn + 9m». 

3. {ax + byy^ = aV + %dbxy + Sy. 

4. (c + 2dY = c2 + 4:cd + 4:cl?. 

5. (a« + ¥f = a< + liaW + 5*. 

6. {cfi + 53)« = flS + 2a8Ss + 56. 

7. l{x + y)"^ +{x- yYY = {x + yf" f 2(a; + y)^ {x -y)' + 
(x - yf\ 

73. The square of the difference between two quantities is 
equal to the sum of their squares diminished by twice their 
product. 

If we multiply a — 5 
by a —b 





a^ — ab 




— ab + 1^ 


we obtain 


a^ — 2ab + b^; henc 




jexampie's. 


1. (5- 


- 3)2 = 25 — 30 + 9 = 4. 



2. (2a; — yY = 4a;« — ixy + yl 

3. {3x — 5zf =9a? — dOxz + 26z^ 



5. (aS — 52)2 = a* — aaajs + j4. 

6. [a + b-{c + d)]^ = a'> + 2ai + ¥ — 2(a + I) (c + (?) + 
(? + 'iicd + (P. 

73. 7%e product of the sum and the difference of two quan- 
tities is equal to the difference between their squares. 





If we 


multiply 


a 


+ * 




by 






a 


-5 

+ db 
— ab- 


-&> 


we 


obtain 






■ a»- 


-¥\ 



— &>; hence {a+b) {a—b)=a^—¥. 

1. (3 + 2) (3 — 3) = 9 - 4 = 5. 

2. (3a + 25) (3a — 25) = W — 452. 

3. (ot + \){m — l)=m^ — 1. 

4. (c + M) {c — 2d) = <^ — 4^. 

5. («» + 52) (a2 - 52) = a^ - 5*. 

6. [{a + 5) + c] [{a + 5) — c] = a2 ^ 2a5 + 52 — c2. 

7. [{a + 5)2 +{x- yf] [(a + 5)2 -{x- yf] = (a + 5)* - 
{x — yy. 

'74. Meaning of the Sign ±. 

We may here indicate the meaning of the double sign ±, 
which is sometimes used. 

Since (a + 5)2 = a2 + 2a6 + 52, and {a — bf = d> — 2ab + ¥, 
we may write both fonnulse in the following abbreviated form : 

(a ± 5.)' — a^± 2ab + ¥. 

By this notation we are enabled to express two different 
theorems by one formula. The expression a ± 5 is read a plus 
or minus b. 
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75. By the aid of the preceding theorems the process of mul- 
tiplication may often he abridged. Thus, 

(ft + l + c + d) {a-\-h—c—d) = l{a+h) + {c-\-d)\ {{a + ^ — ic + d)] 
==(a + hf-{c + df (73) =d?+ 2ab + b^-{c^ + 2Qd + d^) (71) 
=a2 + 2a5 + 53— c^— 2c<f — (f2. 

EEMABKS Olf MULTIPLICATION'. 

76. The degree of the product of two monomials is equal to 
the sum of the degrees of the multiplicand and multipUer, since all 
the factors of both monomials appear in the product (69, Pein. 2). 
Thus, if we multiply 2d?l, which is of the third degree, by ^aW, 
which is of the fourth degree, we obtain 6a%*, which is of the 
seTenth degree. Hence, if two polynomials are homogeneous, 
their product will be homogeneous (70, 6). 

77. The number of terms in the product of two polynomials, 
when the partial products do not contain similar terms, is equal 
to the product obtained by multiplying the number of terms in 
the multiplicand by the number of terms in the multiplier. Thus, 
if there be m terms in the multiplicand, and n terms in the mul- 
tipher, the number of terms in the product will be mn. 

If the partial products contain similar terms, the number of 
terms in the product after reduction, will eyidently be less than 
mn. 

78. When the multiplicand and multiplier are arranged in 
the same way, according to the powers of some common letter, if 
there be one, the first and last terms of the product are unlike 
any other terms. Thus, in the sixth example of Art 70, the mul- 
tiplicand and multipUer are arranged according to the descending 
powers of o; the first term of the product is W and the last term 
is 34J^, and there are no other terms which are like these ; for 
the other terms contain a raised to some power less than the 
fourth, and thus differ from 8a* ; and they all contain a to some 
power, and thus differ from 345*. Therefore the product of two 
polynomials cannot contain less than two terms. 
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80. Division is the converse of Multiplication. In Mul- 
tiplication we determine tlie product of given factors. In Di- 
vision we have the product of two factors, and one of them given 
to determine the other factor. 

81. The Dividend is the given product. 
83. The Divisor is the given factor. 

83. The Quotient is the factor to be determined. 
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84. To find the Quotient of two Monomials, 

Let it be required to divide d5a^h^ by 'iif¥c. 
The division may be indicated thus: 

Now, since the quotient must be such a quantity that when 

it is multiplied by the divisor the product shall be equal to the 

dividend, the coefficient of the quotient multiplied by 7 must 

give 35; hence, the coefficient of the quotient is found by 

dividing 35 by 7. Again, the exponent of any letter in the 

quotient added to the exponent of the same letter in the divisor, 

must give the exponent of this letter in the dividend (69, Pbin. 2) ; 

hence, the exponent of any letter in the quotient is found by 

subtracting its exponent in the divisor from that in the dividend. 

Therefore, 

35a55%2 

-frw-cr- = oaWc. Hence, 

Peinciples.— 1. The coefficient of the quotient of two given 
monomials is the quotient obtained by dividing the coefficient of 
the dividend by that of the divisor. . 

2. Every letter which occurs in the dividend must be written 
in the quotient, with an exponent which is^ found by subtracting 
its exponent in the divisor from that in the dividend. 



CoE. -^ = a™-™ = a", 


and — - 
a™ 


= 1; 




hence, a" = 1. 








EX^MPZMS. 








1. Divide dbx by x. 




Ans. 


ah 


%. Divide &a^xy by 3aa;. 




Ans. 


2ay. 


3. Divide l^abc^mn by Zl(?n. 




Ans. 


iam. 


4. Divide lha^3^ by Zah?. 




Ans. 


5a^x. 


5. Divide 37a"'+''a?»+'' by 9a"a?». 




Ans. 


3a"a?'. 
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85. It follows from Art. 84 that the exact division of mono- 
mials will be impossible : 

1st. "When the coefiScient of the dividend is not divisible by 
that of the divisor. 

2d. When the exponent of a letter in the divisor is greater 
than the exponent of the same letter in the dividend. 

3d. When the divisor contains a letter that is not found in the 
dividend. 

86. To find the Quotient of two Polynomials. 

1. Let it be required to divide ai — he by i. 

— y — = a — c; for (a — c) 5 = a5 — ic. 

In this example, we observe that corresponding to the term 
db in the dividend and to the divisor h, there is the term a in 
the quotient ; and corresponding to the term — be in the div- 
idend and to the divisor I, there is the term — c in the quo- 
tient. 

We have already seen that 

S X (- c) = - he, and (- h) (- c) = he (70). 
In like manner, the following statements may be admitted : 

— he , T he , 
= h, and = — o. 

— c —c 

Thus the sign of the quotient is deduced from the signs of the 
dividend and divisor by the rule, 

Like signs produce +, and unlike signs produee — . 

2. Let it be required to divide al^ — dbe + ahd by db. 

aW — dbe + ahd , , 

J = — c -I- a. 

ab 

We divide each term of the dividend by the divisor, then 
collect the partial quotients to obtain the complete quotient. 
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3. Let it be required to diyide 8a^ + 43aW — 22a^ + 2W— 
38aJs by %a^ + 4*2 — dab. 

The operation may be conveniently arranged as follows : 



DIVIDEND. 

W—%%a?b + 43a258_38a5s+ 246^ 
8a*— 12aS5 + 16«2Js 



DrvrsoK. 



4aS_5a5 + 6d«=Quo. 



1st Kern. = —\Qa^ + 21aW—d8a¥+UV- 

2dEem. = 12«2J2_18«SS^246< 

12g25«— 18a58+246* 

Now, the term of the dividend, which contains the highest 
power of any letter as a, must be equal to the product arising 
from multiplying the term of the divisor which contains the 
highest power of that letter by the term of the quotient which 
contains the highest power of the same letter. Therefore, if we 
arrange the dividend and divisor according to the descending 
powers of a common letter as a, the first term of the quotient is 
found by dividing the first term of the dividend by the first term 
of the divisor. Hence, in this example the first term of the quo- 

tient IS jr-; = ia\ 

Again, the dividend is equal to the sum of the partial pro- 
ducts obtained by multiplying the divisor by each term of the 
quotient in succession ; and, therefore, if the product of the divi- 
sor by the term just found is subtracted from the dividend, the 
remainder must be equal to the sum of the partial products ob- 
tained by multiplying the divisor by the remaining terms of the 
quotient, and hence may be used as a new dividend to obtain the 
second term of the quotient. Proceeding in this manner, we find 
the complete quotient to be 

4a2 — bah + G&>. 

A similar course of reasoning is applicable when the dividend 
and divisor are arranged according to the ascending powers of a 
common letter. 
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MULE. 

1. Arrange the dividetid and divisor according to the powers 
of some common letter. 

n. Divide the first term of the dividend ly the first term of 
the divisor; the result mil be the first term of the quotient. Mul- 
tiply the whole divisor by this term, and subtract the product 
from the dividend. 

III. Regard the remainder as a new dividend j find the second 
term of the quotient in the same manner, and proceed with it as 
with the first term j and so on. 

Bemabes. — 1. The situation of the divisor in regard to the dividend is 
a matter of arbitrary arrangement ; but by placing it on the right it is more 
easily multiplied by the several terms of the quotient as they are found. 

2. When there are more than two terms in the quotient, it is not neces- 
sary to bring down any more terms of the remainder, at each successive 
subtraction, than are required by the quantity to be subtracted. 

3. It is evident that the exact division of one polynomial by another will 
be impossible, when the first term of the arranged dividend is not exactly 
divisible by the first term of the arranged divisor ; when the last term of 
arranged dividend is not divisible by the last term of the arranged divisor, 
or when the first term of any arranged remainder is not divisible by the first 
term of the divisor. 

EXAXPZJES. 

1. Divide a? + lhj x + 1. Ans. oc^ — x + 1. 

%. Divide %W + 8y» by 3a; + %y. Ans. %x^ — 6xy + ^y\ 

3. Divide a' — 2aS» + 5« by a — 5. Ans. a^ + ab — b\ 

4. Divide a» — 3a% — ^aW by a + 5. Ans. o? — Zab. 

5. Divide 64a:« — ^ by aa; — «/. 

Ans. 32a? + IGxh/ + %3?y^ + 4««^ + %xy*^ + y\ 

6. Divide a" + 5^ by a + 5- 

Ans. a* — a% + aW — a¥ + ¥. 

7. Divide «« — 16aW + Gisfi by ix^ + a'' — iax. 

Ans. 16oc^ + IQas? + 13aW + 4^^ ^ ^4, 
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8. Divide 1 — IS^^ + 81«* by 1 + 6z + Dz'. 

Ans. 1 — 62 + 9A 

9. Divide 81a? + 16J« — 73a*S« by 9a^ + 12a2&' + 4S«. 

^ws. 9a* — 12o26s + 4J«. 

10. Divide a? — iB*y + a?y'^ — x^y^ + a;?/* — y' by a;^ — y^ 

^»s. a?* — a;^ + y^. 

11. Divide x* + cc? — 4x> + 5x — 3 by a;^ + 2a; — 3. 

Ans. a? — x + l. 

12. Divide as* + 2dJi¥ + 95* by a? + 2fl!5 + 35?. 

Ans. d? — %db + W. 

13. Divide a« — 5« by a' + 2a25 + 2a53 + js. 

Ans. a^ — %d% + ^a¥ — ¥. 

14. Divide afi — 2a? + l hjx> — 2ix + l. 

Ans. a:^ + 2x^ + da? + 2x + 1. 

15. Divide a' + a'5 + ^'c — «5c — 5*c — hc^ by a' — Sc. 

Ans. a + 5 + c. 

16. Divide a' + 5' — c^ + 3abc hj a +h — c. 

Ans. a^ + V^ + d^ + ac + lc — db. 

17. Divide l — Qa? — Bx^hjl + 2x + a?. 

Ans. l — 2x + Zx^ — Aa? + 5x^ — Qa?+W — 8a;f 

18. Divide {a + h — c) {a — b + c) {I + c — a) hjaJ^ — b^ — 
(? + %bc. Ans. b + c — a. 

19. Divide {a? — Icf + 85V by a^ + be. 

Ans. a* — 4a25c + Wc>. 

20. Divide the product of ofi — 2a; + 1 and a? — 3x + 2 by 
a? — 3a^ + 3x — l. Ans. a? + 3x^ + x — 2. 

21. Divide the product of a^ + ax + ifi and a^ + a;' by a* + 
flV + a;*. ^ras. a + X. 

22. Divide ^^(j + c) _ ga (« + c) + c^ (a + 5) + aJc by a — 
5 + c. Ans. ab + bo + ac. 

" 23, Divide ax^ — aly> + i^x — a? hj {x + b) {a — x). 

Ans. X — b. 

24. Show that (a;^ — a;^ + y^f + {x^ + xy +y^y is divisible 
by 2x^ + 2y\ 
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87. Divisibility of Quantities of the form of z?i ± a", 

1. af" — a" is divisible by a; — a when m is a positive integer. 

2. a:" — a" is divisible by a; + « when n is an even positive 
integer. 

3. a?* + a" is divisible by a; + a when n is an odd positive 
integer.* 

MXAiaPIiXlS. 

1. Divide a;^ — a* by a; + a. Ans. x — a. 

%. Divide a;' + a' by a; + a. Ans. x> — ax + c?. 

3. Divide a;* — a* by a; + a. Ans. a? — 03^ + ah: — a». 

4. Divide s? -^ a^ by a; + a. 

Ans. a^ — aa? + a^a? — ah; + a^. 

5. Divide a? — IP ^i-^ a — I. 

Ans. a* + a^b + aW + aW + ¥. 

6. Divide a« — 6^ by a + J. 

^«s. ftS _ a45 4- flSjz _ 0,253 4. 0,5* — J«. 

7. Divide ai^ + 1 by a; + 1. ^«s. a;^ — a; + 1. 

8. Divide a^ + 1 by a; + 1. Ans. a^ — a^ + ay^ — x + l. 

9. Divide a;* — 1 by a; + 1. A71S. x — 1. 

10. Divide a;* — 1 by a; + 1. Ans. a? — a^' + x — 1. 

11. Divide a^ — 1 by a; + 1. 

Ans. sfi — x^ + a? — s? + x — 1. 
13. Divide a;* — 1 by a; — 1. Ans. a; + 1. 

13. Divide a^ — 1 by a; — 1. Ans. x^ + x + 1. 

14. Divide a;* — 1 by a; — 1. Ans. a^ + a;^ + a; + 1. 

15. Divide a^ — 1 by a; — 1. Ans. a^ + a;* + a;* + a; + l. 

The student should carefully observe the law of the signs and expo- 
nents in the preceding examples. 

* In Chapter XVII we shall give a general proof of these statements. It 
■will be easy for the student to verify them in any particular case. 
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FACTORING. 

88. Factoring is the process of resolving a quantity into 
its factors. 

89. A Prime Quantity is one which is exactly divisible 
only by itself and by 1. Thus, x, y, and a + 5 are prime quanti- 
ties; but xy and ax + az are not prime. 

90. Two quantities are said to be prime to each other, or 
relatively prime, when they have no common factor. Thus, ab 
and cd are relatively prime. 

The unit 1 is not generally considered as a factor. 

91. A Composite Quantity is one which is the pro- 
duct of two or more factors. Thus, a* — ¥ is a composite quan- 
tity, the factors of which are a + l and a — I. 

93. To resolve a monomial into its prime factors. 

RULE. 

To the prime factors of the numerical coefficient annex the 
prime factors of the literal part. 

EXJlMPZES. 

1. Eesolve 13a^J into its prime factors. Ans. 2 x 3 x 3aah. 

2. Eesolve 18ah^ into its prime factors. Ans. 3 x 3 x 3abb. 

3. Eesolve 21m^n^x into its prime factors. 

Ans. 7xBmmmnnx. 

4. Eesolve iQa^x^y^ into its prime factors. 

Ans. 7 X laaixxyyy. 

5. Eesolve 21Qa3?yz^ into its prime factors. 

Ans. 2 X 3 X 5 X laxxxyzz. 

6. Eesolve %Qm^yz into its prime factors. 

Ans. % X ISmmmmxxyz. 
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93. To resolve a polynomial into two factors, one 
of which shall be a monomial. 

BULE. 

Divide the given quantity hy any monomial that will exactly 
divide each of its terms ; the divisor will be one factor, and the 
quotient the other. 

EXAiMPItES. 

Eesolve each, of tlie following expressions into two factors, 
one of which shaU be a monomial : 

1. a + ax. Ans. a (1 + x). 

2. xz + yz: Ans. z{x + y). 

3. a?y + xy\ Ans. xy {x + y). 

i. 6a53 + 2a^c. Ans. 3a6(2& + 3ae). 

5. 35a* — SOa^S + 15aW. Ans. 5a^ {5a^ — Gab + 362). 

6. Zia^b^cx — 30a%^efiy + SSaWcd + 6abc. 

Ans. Gabc {^ahx — ha'y^<?y + Ga%''d + 1). 

7. 3a^x + Gabi-\- Wx. Ans. 3x (a" + 2ab + ¥). 

8. 5 — 5y. Ans. 5 (1 — y). 

9. i2aW — labcd + labd. Ans. tab (6a5 — cd+d). 

10. aWc + baW + a5»A Ans. al^ (c + 56 + c^). 

11. ex — Zcxz + c^. • Ans. ex (1 — 3« + x). 

12. 12c*6a^ — 15cV — 6A3y. Ans. Sc'h? (iff^b — 5cx — 2y). 

In resolving a polynomial into two factors, one of which shall 
he. a monomial,, it ia common to divide by the greatest monomial 
that will exactly divide each of its terms ; but it is not necessary 
to do this. Thus, x^y + xy^ may be expressed under any one of 
the three following forms : 

!>:!/ (« + y), a; (xy + y^), y{a? + xy). 
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PRINCIPLES USED IN PACTOEING BINOMIALS. 

94. The difference between the squares of two quantities is 
equal to the product of the sum and the difference of the quanti- 
ties nS). Thus, 

a^-&»={a + b){a — I). 

95. The difference between any two lihe powers of two quan- 
tities is divisible by the difference between the quantities (8*7). 
Thus, 

" ~ = a»H- ab + 5'; whence, a^— ¥z= {a — b) (a^ + ab + ¥). 
a — 

96. The difference between any two like even powers of two 
quantities is divisible by the sum of the quantities (St). Thus, 

a* — ¥ 

r- = a' — a^ + aV^ — S' ; whence, a* — ¥ = 

a + b 

(ffl + b) (flS — a^ + a¥ —b^). 

91'. Tlie sum of any two liTce odd powers of two quantities is 
divisible by the sum of the quantities (ST). Thus, 

a^ + lfi 
a + b 



= d>— ab + P; whence, a^ + P= {a -\- b) (cfi— ab + Tf). 



MXA.MPI.MS. 

98. Eesolve each of the following expressions into its prime 
factors : 

1. a^ — cK Ans. (a + c){a — c). 

2. iT> — y\ Ans. {^x + y) {2x — y). 

3. ^s + 1. Ans. {z + 1) (22 — z + 1). 

4. «* - ¥. Ans. {a^ + ¥) {a + b){a — b). 

b. 3? + y\ Ans. {x + y){a^ — a?y + x^y^ — xy^ + y% 

6. a^ — (?. Ans. (a* + c^) (a« + c^) (a + c) {a — c). 

n.n^—f. Ans. (x* + «/») (a;2 + y) {x» — y). 

8. 1 — c*. Ans. (1 + c2) (1 + c) (1 — c). 

9. 2W + 1. Ans. (3a; + 1) (9a^ — 3a; + 1). 
10. ^3? — 1. Ans. l%x — l){4^^ + %x + 1). 
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99. Certain trinomials can be factored in accordance with 
the following principle ; 

If two terms of a trinomial are positive squares, and the other 
term is twice the product of the square roots of these two, the 
trinomial is equal to the square of the sum, or the square of the 
DIFFERENCE, of these squarc roots, according as that other term 
is positive or negative (tl-'J'g). Thus, 

a^±2al + ly^=(a± bf — {a±l)){a± I). 

JEXA-MPZES. 

Resolve each of the following ten expressions into two eqnal 
factors: 

1. CI? + 2ax + a\ Ans. {x + a) (a; + a). 

3. »M^ + «* + %m^n\ Ans. (m* + n^) {m^ + n^). 

3. lM¥m^ — iaWm + l. Ans. {iaWm — 1) {ia^Wm — 1). 

4. 36a2 + VHdb + l^. Ans. (6a + 5) (6a + b). 

5. c3 — lOcd + ZbdK Ans. (c — M) (c — bd). 

6. ahc^ + '^aa?y + yK Ans. {aa? ■}■ y) {ax^ + y). 

7. 25a?yi + 20xyh + iz^ Ans. (5xy^ + 2z) {5xy^ + 2z). 

8. 9a;* — Gx'z' + A Ans. {3x'— z^) (3a;2 — z\ 

9. (a + 6)« — 2 (a + b){c + <?)'+ {c^ Sf. 

Ans. [a + 6 — (c + <Z)] [a + 5 — (c + d)\ 

10. a^™ + 3a™6" + ^\ Ans. («•» + b") {cT + b"). 

11. Can a? — 2xy — y^ be resolved into two equal factors? 

12. Resolve 45^6' — (5^ + c^ — a^)^ into its prime fectors. 
Here we have the difference between two squares ; hence, 

4S3cS _ (52 + c3 — a2)2 = (25c + ja + c2 — a*) (26c - 6* — c^ + a*). 

But, 

2ic + &> + c^—a'>=(b + cy—a^—{b + c+a)(b + c—a), and 
2bc — J8 — c2 + a3 = a2 — (52 — 2Jc + d>) = a^—{b — cf = 
{a + b — c){a — b+c). 

Therefore, 
462c3-(J«+c2-a2)2=(S+c+a)(5+c-a)(a+5-c)(a-J+c). 
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13. Kesolve m^ + 2mn +n^ — a^ + 2ah — i^ into its prime 
factors. 

This expression may be put under the form, 

m^ + 2mn + n^ — («« _ 2ab + 5^). 
But 

m^ + 2mn + w> = {m + nf, and a^—2ab + V^={a — by; 

hence, 

m^ + 27WW +n^ — a^ + 2ab — 5^ = (m + nf — (a — i)" = 
{m + n + a—b){m + n — a + I). 

100. The following formulae may he yerifled by performing 
the operations indicated in their second members : 

a? + {a + b)x + ab = {x + a){x + b) . . . (1), 

x>—{a + b)z + ab={x — a){x — b). . . (3), 

a?+ {a — b)x — ab = {x + a){x — b) . . . (3), 

x>— {a — b)z — ab = {x — a){x + b) . . . (4). 

From (1) and (3) it follows that 

Any trinomial of the form ofx^ + mx + n, or of the form of 
a? — mx + n, can be resolved into two binomial factors, if the 
coefficient of the second term is equal to the sum of two quantities 
whose product is equal to the third term. 

From (3) and (4) it follows that 

Any trinomial of the form of x* + mx — n,or of the form of 
a? — mx — n, can be resolved into two binomial factors, if the 
coefficient of the second term is equal to the difference of two 
quantities whose product is equal to the third term. 

It will be observed that we hare used the words sum and 
difference in their arithmetical sense. 

In the first form both of the terms in each binomial factor are 
positive. 

In the second form the second term of each of the binomial 
factors is negative. 
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In the third form the second terms of the binomial factors 
have contrary signs, the larger being positive. 

In the fourth form the second terms of the binomial &ctors 
have contrary signs, the larger being negative. 

1. Eesolve a? + 5x + 6 into two binomial factors. 

This comes under the first form. Let us now seek two num- 
bers whose sum is 5 and product 6. We see that these numbers 
are 2 and 3 ; hence, 

a^ + 5a; + 6 = (a; + 2) (a; + 3). 

2. Resolve a:^ — 9a; + 20 into two binomial factors. 

This comes under the second form; and,: therefore, since 
4 + 5 = 9,. and 4 x 5 = 20, we have 

x>—9x + 20 = {x — 4:){x — 5). 

3. Resolve a^ + ix — 32 into two binomial factors. 

This comes under the third form; and, therefore, since 
8 — 4 = 4, and 8 x 4 = 32, we have 

x>+ix — 32 = {x + 8){x — 4). 

4. Resolve a^ — 5a; — 66 into two binomial factors. 

This comes under the fourth form; and, therefore, since 
11 — 6 = 5, and 11 x 6 = 66, we have 

a;3 _ 5a; _ 66 = (a; + 6) (a; — 11). 

Resolve each of the following ten expressions into two bino- 
mial factors : 

.5. a;2 + 8a; + 15. Ans. (x + 3) (a; + 5). 

6. a;^ + 8a; + 7. Ans. (x + 1) (a; + 7). 

7. a;3 — a; — 6. Ans. {x + 2) {x — 3). 

8. a;^ + 3a; + 2. Ans. {x + 2) (a; + 1). 

9. x» — x — 72. Ans. [x + 8) (a; — 9). 

10. a? — 13x + 42. Ans. \x — 7) (a; — 6). 

11. x^ — x — 42. Ans. {x — 7) (a; + 6). 
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13. x^ — x — 2. Ans. {x + 1) (a; — 2). 

13. x> + %x — 35. Ans. \x — b){x + 7). 

14 x^ — x — 30. Ans. \x + 5) (a; — 6). 

101. Since a^* + («+5)a;'' + «&=(«* + a) (a;J' + J) . . (1), 
x^'^—(cL-\-h)xP + ab={x'f—a)\xf—h) . . (2), 
x^f+{a—b)xP—ab=\xP + a)\xr—h) . . (3), 
and oo^'f—{a—l)xf—ab={xf—a){xP + l)) . . (4), 

it follows that such expressions as «* + 8a;^ + 15, afi — 13^* +42, 
a? + 3a;* + 2, and a;^ — 5a;* — 66 may be resolyed into binomial 
factors in the same manner as the examples of the preceding 
Article. Thus, 

a;4+8a«+15=(a;2 + 3)(a;S+5), ofi—n7?+l'i={a?—^){!fi—&), 
3^ + 3^4^ 2=(a;*+2)(a;*+l), a!»3— 5a;6— 66=(a;«+6)(a^— 11). 

MISCEZjIiANMOTTS mxampzms. 

103. Eesolye each of the following expressions into its prime 
factors : 

1. 3? — X. Ans. {x — 1) (a; + 1) x. 

2. Zax^ + %my + Zay\ Ans. 3a (x + y) (a; + i/). 

3. 2ca;« — l^ca; + 18c. Ans. 2c (x — 3) (a; — 3). 

4. 27a — 18ax + 3axK Ans. 3a (3 — a;) (3 — x). 

5. Stn^n — 3mn\ Ans. 3mn (m + n){m — n). 

6. 2a? + 6a; — 8. Ans. 2{x + i)(x — 1). 

7. 23^ + 4a;2 — 70a;, Ans. 2x {x + 7) (a; — 5). 

8. c? — W — (? — %lc. Ans. (fl( + 6 + c)(a— 5— c). 

9. ac + «(? + 5<? + 6c. 

Ans. a(c + <Z) + S (c + «?) = (a + 5) (c + d). 

10. am + 2lx + 2aa; + Im. 

Ans. a (jw + 2a;) + S (m + 2a;) = (a + J) (m + 2a;). 

11. a* — a5*. ^res. a(a + S)(a — J). 

12. 7a;2— 12a; + 5, 

Ans. X (7a; — 5) — (7a; - 5) = (a; — 1) (7a; - 5). 

13. a,-8 — a;2 — 2a;. Ans. a; (a; + 1) (a; — 2). 

14. a;4 _ ioa;S + 9. 

Ans. (a;3-9)(a;2 — l) = (a; + 3)(a;-3)(a; + l)(a;-l). 

15. a;* — 17a;« + 16. Ans. (a; + 4) (a; — 4) (a; + 1) (a; — 1). 



40 



FUKDAMEKTAL PEOCBSSES. 



103. 



SYNOPSIS FOE RBTIEW. 



l-H 



■s 



a 
I. 

Eh 



RELATION TO MULTIPLICATION, 
TEEMS USED . . 



( Dividend. 
J. DrvTSOK. 
( Quotient. 



' Law of coefficients. 
Law of exponents. 



MONOM. -5-MONOM. 



Law of signs 



{Like. 



When impossible. 



Literal part 



r Investigation fob eulb. 

^. POLYNOM.-5-POLYNOM. J ^'^®- 
J Proof. 

I. When impossiblb. 



o 

O 



TERMS USED . 



Pkime qttantitt. 
Eelativblt prime. 
Composite quantity. 
Pkime factor. 



MONOML^S— EuLE. 

POLYNOMIAL WITH MONOML^ PACTOE— Rule. 

BINOMIALS— Principlbb. 



TRINOMIALS 



PmsT form. 
Second form. 
Third form. 
Fourth form. 



OHAPTEE III. 
POSITIVE AND NEGATIVE QUANTITIES. 



104. In AJgebra we are sometimes led to a subtraction 
wMch cannot be performed, because the subtrahend is greater 
than the minuend. In the equation 

ffl — (5 + c) = a — h — c, 

it is implied that 5 + c is less than a ; but suppose that a = 7, 
J = 7, and c = 3 ; we shall then have 

7_ 10 = 7-7-3 = - 3. 

In writing this equation, we may be understood to make the 
following statement : It is impossible to take 10 from 7 ; lut if 
7 le taken from 10, the remainder will ie 3. 

105. It might at first seem unlikely that such an expression 
as 7 — 10 should occur in practice ; or that if it did occur, it 
would only arise' either from a mistake which could be instantly 
corrected, or from an operation being proposed which it was obvi- 
ously impossible to perform, and which must therefore be aban- 
doned. As we proceed, we shall find, however, that such expres- 
sions occur frequently. It might happen that a — h appeared at 
the beginning of a long investigation, and that it was not easy to 
decide, at once, whether a were greater or less than i. The object 
of this chapter is to show that in such a case we may proceed on 
the hypothesis that a is greater than b, and that if it should 
finally appear that a is less than b, we shall still be able to make 
use of our investigation. 
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106. Suppose a merchant to gain in one year a certain num- 
ber of dollars, and to lose a certain number of dollars in the fol- 
lowing year; what change has taken place in his capital? 

Let a denote the number of dollars gained in the first year, 
and h the number of dollars lost in the second year. Then if a is 
greater than I, the capital has been increased hj a — b dollars. 
If b is greater than a, the capital has been diminished by 6 — a 
dollars. In this latter case a — bis the indication of what would 
be pronounced, in Arithmetic, to be an impossible subtraction ; 
but, in Algebra, it is found convenient to indicate the change in 
the capital by a — b, whether a is greater or less than b, which 
we may do by means of an appropriate system of interpretation. 
Thus, if a = $400 and b = $500, the merchant's capital has suf- 
fered a diminution of $100. The algebraist indicates this in sym- 
bols thus : 

400 — 500= —100; 

and he may convert his symbols into words by saying that the 
capital has been increased by — $100. This language is far re- 
moved from that of ordinary life ; but if the algebraist under- 
stands it and uses it consistently, his deductions wiU be sound. 

107. There are numerous instances in which it is convenient 
to be able to represent, not only the magnitude, but also what 
may be called the quality of the things about which we may be 
reasoning. In business transactions a sum of money may be 
gained or it may be lost ; in a question of chronology we may 
have to distinguish a date before a given epoch from a date after 
that epoch ; in a question of position we may have to distinguish 
a distance measured to the north of a certain point from a dis- 
tance measured to the south of it ; and so on. These pairs of re- 
lated magnitudes the algebraist distinguishes by means of the 
signs + and — , Thus, if the things to be distinguished are 
gain and loss, he may denote by -j- a a gain of a dollars, and then 
he will denote by — a a loss of the same extent. 

108. In Arithmetic we consider only the numbers repre- 
sented by the symbols 1, 2, 3, 4, etc., and intermediate fractions. 
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In Algebra, besides these, we consider another set of symbols, 
— 1,-2,-3, — 4, etc., and intermediate fractions. 

The relation between positive and negative quantities is ex- 
hibited to the eye in the following diagram, where the distance 
fi-om the zero point A to any point in the indefinite line BC is 
considered positive or negative according as that point is on the 
right or on the left of A : 

Negative. Positive. 



i i i I i i I i i I I I I I I I I I I 
-9-8-7-6-5-4-3-3-1 1 3 3 4 5 6 7 8 9 

109. In the preceding chapter we have given rules for the 
Addition, Subtraction,. Multiplication, and Division of algebraic 
expressions. Those rules were based on arithmetical notions, and 
were shown to be true so long as the erpressions represented pos- 
itive quantities. Thus, when we introduced such an expression 
as a — b, we supposed a and 5 to be positive quantities, and a to 
be greater than i. But as we wish hereafter to include negative 
quantities among the subjects of our reasoning, it becomes neces- 
sary to recur to the consideration of these primary operations. 
Now it is found convenient to have the laws of the fundamental 
operations the same whether the symbols denote positive or nega- 
tive quantities, and we may secure this convenience by suitable 
definitions. 

110. The Absolute Value of a quantity is the number 
represented by that quantity taken independently of the sign 
which precedes it. Two quantities are equal when they have the 
same absolute value and are preceded by like signs. Two quan- 
tities may have the same absolute value and be unequal. Thus, 
-|- 7 and — " have the same absolute value, but they are not 
equal. Such quantities as + 7 and — 7 are sometimes said to 
be numerically equal. 

111. In Arithmetic the object of addition is to find a number 
which shall contain as many units as all the given numbers taken 
together. This notion is not applicable to negative quantities ; 
that is, we have as yet no meaning for the phrase " add — 3 to 
+ 5," or " add — 3 to — 5." "We shall therefore give a meaning 
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to the word add in such cases, and the meaning we propose is 
determined by the following 

RULES. 

I. To add two quantities with like signs, add their absolute 
values, and prefix the common sign to the sum. 

n. To add two quantities with unlike signs, subtract the less 
absolute value from the greater, and prefix to the remainder the 
sign of that quantity which has the greater absolute value. 

Thus, the sum of 3 and 5 is 8 ; the sum of — 3 and — 5 is 

— 8 ; the sum of — 3 and 5 is 3 ; and the sum of 3 and — 5 
is —2. 

113. That the rules of the preceding Article are not alto- 
gether arbitrary will appear from the following illustrations : 

1. Suppose a man starts from A in the line BC (108), and 
travels first 3 miles toward the right, and then 5 miles further in 
the same direction ; his final distance from A will be 8 miles in 
the positive direction. This may be considered as an interpreta- 
tion of the 8 obtained by adding 3 to 5. 

3. Suppose a man starts from A and travels first 3 mUes 
toward the left, and then 5 miles further in the same direction ; 
his final distance from A will be 8 miles in the negative direction. 
This may be considered as an interpretation of the — 8 obtained 
by adding — 3 to — 5. 

3. Suppose a man starts from A and travels first 3 miles 
toward the left, and then turns and travels 5 miles toward the 
right ; his final distance from A will be 3 miles in the positive 
direction. This may be considered as an interpretation of the 3 
obtained by adding — 3 to 5. 

4. Suppose a man starts from A and travels first 3 miles 
toward the right, and then turns and travels 5 miles toward the 
left ; his final distance from A will be 3 miles in the negative 
direction. This may be considered as an interpretation of the 

— 3 obtained by adding 3 to — 5. 
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113. In Algebra, addition does not necessarily imply aug- 
mentation in an arithmetical sense ; nevertlieless, the word sum 
is used to denote the result. Sometimes, when there might be 
an uncertainty on the point, the phrase algebraic sum is used to 
distinguish such a result from the g,ritlimetical sum which would 
be obtained by the addition of the absolute values of the terms 
considered. 

114. In arithmetical subtraction we have to take one num- 
ber, which is called the subtrahend, from another, which is called 
the minuend, and the result is called the remainder. The re- 
mainder, then, may be defined as that number which must be 
added to the subtrahend to produce the minuend, and the object 
of subtraction is to find this remainder. 

We shall use the same definition in algebraic subtraction; 
that is, we say that in subtraction, we have to find the quantity 
which must be added to the subtrahend to produce the minuend. 

It ULE. 

Change the sign of evert/ term in the subtrahend, and add the 
result to the minuend; the sum thus obtained will be the remain- 
der required. 

115. By the rule of Art. 114, the following results are 
obtained: 

1. Subtracting 3 from 8, we obtain 5. 

2. Subtracting 8 from 3, we obtain — 5. 

3. Subtracting — 3 from — 8, we obtain — 5. 

4. Subtracting — 3 from 8, we obtain 11. 

5. Subtracting 8 from — 3, we obtain — 11. 

Let us now recur to the diagram (108) and see how these 
results are to be interpreted. 

1. Starting from the subtrahend 3, we must move a distance 
of 5 toward the right — that is, in the positive direction — in order 
to reach the minuend 8 ; hence, the remainder is 5. 

3. Starting from the subtrahend 8, we must move a distance 
of 5 toward the left — that is, in the negative direction — in order 
to reach the minuend 3 ; hence, the remainder is — 5. 
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3. Starting from the subtrahend — 3, we must more a dis- 
tance of 5 toward the left, in order to reach the minuend — 8 ; 
hence, the remainder is — 5. 

4. Starting from the subtrahend — 3, we must move a dis- 
tance of 11 toward the right, in order to reach the minuend 8; 
hence, the remainder is 11. 

5. Starting from the subtrahend 8, we must move a distance 
of 11 toward the left, in order to reach the minuend — 3 ; hence, 
the remainder is — 11. 

116. In the multiplication of one monomial by another there 
are four cases to be considered. 

1st. When the multiplicand and multipUer are positive. 

2d. When the multiplicand is negative and the multiplier 
positive. 

3d. When the multiplicand is positive and the multiplier neg- 
ative. 

4th. When the multiphcand and multiplier are negative. 

It was shown in Art. 70 that 

(a — b){c — d)^aG — ad — ic-i- bd . . . (1) 

Now, although the result was obtained on the supposition 
that a > S and c > c?, it will be convenient to assume that (1) is 
true for all values of the letters. In this way uniformity of re- 
sults will be secured. 

Suppose 5 = 0, and d=:0; then (1) becomes 

(a — 0) (c — 0) = ac — a X — X c + X 0; 
that is, a X c = ac. 

Suppose a = 0, and d^O; then (1) becomes 

(-J)(+c) = -5c. 
Suppose 5 = 0, and c — 0; then (1) becomes 

a ( — rf) = — ad. 
Suppose a = 0, and c = ; then (1) becomes 
(_ 5) (_ d) = id. 

Hence, to multiply one monomial by another, we have the 
following 
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JE ULE. 

Multiply without considering the signs, and prefix + or — 
io the product, according as the two monomials have like signs or 
unlike signs. 

111. In division we have the product of two factors, and one 
of them given to find the other. Therefore, since the product of 
the divisor and quotient must be equal to the dividend, we have 
for the sign of the quotient the following 

MULE. 

When the dividend and divisor have like signs, the quotient 
must have the sign + ; when the dividend and divisor have un- 
like signs, the quotient must have the sign — . 

118. The words greater and less are often used in Algebra in 
an extended sense. We consider a greater than 6, or J less than 
a, when a — S is a positive quantity. This is consistent with 
ordinary language when a and h are positive numbers, and it is 
found convenient to extend the meaning of the words greater and 
less, so that we may still consider a greater than 5, when a or J 
is negative, or when both are negative. Thus, in algebraic lan- 
guage, 1 is greater than — 3, and — % is.greater than — 3 ; for 
1 - (_ 2) = + 3, and - 2 - (- 3) = + 1 (114). 

In this extended or algebraic sense a negative quantity may be 
said to be less than zero. Thus, — 3 is algebraically less than 
zero; for — (— 2) = + 2. 

119. That a negative quantity is not less than zero in the 
arithmetical sense may be shown thus : 

+ 1_-1 
+ 

than zero, much more wUl it be less than + 1 ; that is, the nu- 
merator of the fraction ^t_^ will be greater than its denominator ; 

hence, the numerator of the fraction -— vnll be greater than its 

denominator; therefore, — 1 is less than + 1 and greater than 
+ 1, which is absurd. 



It is evident that -~ = -j— (111). E"ow, if — 1 is less 
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GREATEST COMMON DIVISOE. 

130. A Common Divisor or Com.m,on Measure 

of two or more quantities is any quantity that will exactly divide 
them. Thus, a, b, and ab are common divisors of ab^ and abz. 
Any factor common to two or more quantities is a common divi- 
sor of them. 

131. Commensurahle Quantities are those which 
have a common divisor. Thus, aV and abx are commensurable. 

133. Incommensurable Quantities are those which 
have no common divisor. Thus, al^ and cdx are incommen- 
surable. 

133. The Greatest Common Divisor of two or 

more quantities is that common divisor of them which contains 
the greatest number of prime factors. Thus, 6ah; is the greatest 
common divisor of 12a''bay' and ISa^cxz. 

For brevity, we shall sometimes use G. C. D. for the phrase 
greatest common divisor. 

134. To find the G. C. D. of two or more quantities. 

Since every factor of a quantity is a divisor of that quantity, 
it follows that all the factors common to two or more quantities 
are all the common divisors of those quantities. Again, since the 
product of any number of factors of a quantity is a divisor of that 
quantity, it follows that the product of all the factors common to 
two or more quantities is a common divisor of those quantities. 
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MoreoTer, this product is the ^reate^t common divisor, for it con- 
tains all the factors common to the given quantities ; therefore, 
if another factor were introduced into this product, the result 
would not divide at least one of the given quantities. 

Hence, when the given quantities can be resolved into prime 
factors by methods already explained, the G. 0. D. may be found 
by the following 

Resolve each of the given quantities into its prime factors, 
then the product of all the prime factors which are common to 
those quantities will he the Q. 0. D. required. 

MXAMPIiES. 

1. What is the G. C. D. of U^x, %alM, and IQaWi^dx^'i 

Aa^ix = 2 • 3 • uabx, 
QaWa?^ 3 • 3 • abixxx, 
and lOaWc^dx^ = 2 • badbbhccccdxx. 

The common factors are 2, a, i, and x ; hence, %dbx is the 
G. 0. D. required. That ^dbx is the greatest 0. D. is evident ; 
for if an additional factor, as a, be introduced, the product 2a%x 
will not be a divisor of all the given quantities. 

2. What is the G. C. D. of 4arf + Um^ and 3ara + 35ra? 

4:arri? + 45m* = 2 • 2 • mm {a + 5), 
and 3aw + din = 3 ■ w (a + 6). 

The only factor common to both the given quantities is 
a + h; hence, it is the G. C. D. required. 

Ebmaek. — ^When there is only one common divisor, as in the preceding 
example, it would seem to be improper to speak of it as the greatest C. D. 
Nevertheless, since the common divisor, in such cases, is found by the gen- 
eral rule, we shall, for the sake of uniformity, call it the G. C. D. 

3. What is the G. C. D. of 2« — y^ and a? — y^'i 

^ — y^—{x — y) (x^ + xy + y\ 
and oo^—y^—{^ — y){x-\-y)\ 

hence, x — «/ is the G. C. D. 
4 
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4. What is the G. 0. D. of ax^ + Zax + %a and ao^ — ax — %a^ 

am? + 3ax + 2a = a{x + 1) (x + 2), 
and a3f — ax — 2a = a{x + l){x — 2); 

hence, a{x + 1) is the G. C. D. 

5. What is the G. 0. D. of a;" — 7a; + 12 and x^ — 8x + lS? 

Ans. X — 3. 

6. What is the G. C. D. of a;* — a; — 13 and ax* — 7aa; + 12a? 

Ans. X — 4. 

7. What is the G. C. D. of 2a^ + 6a; — 8 and 2a;? + 2a; — 24 ? 

Ans. 2 (a; + 4). 

8. What is the G. CD. of 2a;2+ 4a;y + 2y^ and 3ax* + 6axy + 
3ay^ ? Ans. (x + y){x + y). 

135. It is sometimes yery diflBcult, if not impossihle, to re- 
solve the given quantities into their prime factors by inspection. 
We shall therefore proceed to demonstrate the following rule, 
which is more general in its application: 

KULE FOR FINDINa THE G. C. D. OF TWO ALGEBRAIC 
EXPRESSIONS. 

I. Let A and B denote the two expressions ; let them he ar- 
ranged according to the descending powers of some comtnon letter, 
and suppose the exponent of the highest power of that letter in A 
not less than the exponent of the highest power of the same letter 
in B. 

II. Divide A iy B ; then make the remainder a divisor and B 
the dividend. Again, make the new remainder a divisor and the 
preceding divisor the dividend. Proceed in this way until there 
is no remainder j then the last divisor is the 0. G. D. required. 

The demonstration of the preceding rule depends upon the 
following Lemmas : 

Lem. I. — If P is a divisor of A, then it wiU be a divisor of 
mk. For, since P is a divisor of A, we may suppose A = aP ; 
then «? A = m«P (43, 4) ; but Pisa divisor of ma? ; therefore, 
since wA = md2, P is a divisor of mL. 
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Lbm. n. — If P is a divisor of A and B, then it will be a 
divisor of wiA ± nB. For, since P is a divisor of A and B, we 
may suppose A=:flP, and B=5P; then m.A±nB:={ma±,nb)P; 
hence, P is a divisor of mA ± nB. 

Let A and B denote the two expressions whose G. C. D. is to 
be found; let them be arranged according to the descending 
powers of some common letter, and suppose the 
exponent of the highest power of that letter in "^ IB 

A not less than the exponent of the highest P^ [ p 

power of the same letter in B. Divide A by B ; 
letp denote the quotient, and the remainder. 
Divide B by C ; let g- denote the quotient, and 
D the remainder. Divide by D ; let r denote 
the quotient, and suppose there is no remainder. 

'Now, since the dividend is equal to the product of the divisor 
and quotient, increased by the remainder, we have the three fol- 
lowing equations : 

A=ijB + C . . . (1), 

B = gC + D . . . (3), 

G-rB . . . (3). 

We shall first show that D is a common divisor of A and B. 
D is a divisor of 0, since C = rD ; hence (Lem. I), D is a divi- 
sor of qC, and, therefore (Lem. II), it is a divisor of gC + D ; 
that is, D is a divisor of B. Again, since D is a divisor of B and 
C, it is a divisor of pB + C ; that is, D is a divisor of A. Hence, 
D is a divisor of A and B. 

We have thus shown that D is a common divisor of A and B ; 
we shall next show that it is their greatest common divisor. 

Equations (1) and (3) may be written as follows: 

A-pB = d . . . (4), 

B-^C = D ... (5) (42,3). 

Now, every common divisor of A and B is a divisor of A— joB, 
that is, C (Lem. II) ; hence, every common divisor of A and B 
is a common divisor of B and C. Similarly, every common divi- 
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sor of B and is a common divisor of C and D. We have tjins 
shown that D is a common divisor of A and B, and that every 
common divisor of A and B is a divisor of D. But no expression 
of a higher degree than D is a divisor of D. Therefore, D is the 
G. C. D. required. 

Cob. 1. — ^Every common divisor of A and B is a divisor of 
their G. 0. D. ; and every divisor of their G. C. D. is a common 
divisor of A and R 

Cor. 3. — Suppose we have to find the G. C. D. of A and B ; 
and at any stage of the process suppose we have the expressions 
K and R, one of which is to be a dividend and the other a divi- 
sor. Let E = wjS, where m has no factor which K has ; then m 
may be rejected ; that is, instead of continuing the process with 
K and E, we may continue it with K and S. For, by what has 
been already shown, we know that A and B have the same com- 
mon divisors as K and E have. Now, any common divisor of K 
and S is a common divisor of K and E. Therefore, any common 
divisor of K and S is a common divisor of A and B. Again, any 
common divisor of K and R is a common divisor of K and wiS, 
for mS = E. But m has no factor which K has. Therefore, any 
common divisor of K and E is a Common divisor of K and S. 
Hence, A and B have the same common divisors as K and S 
have. 

Cor. 3. — A factor of a certain kind may be introduced at any 
stage of the process. 

Suppose we have to find the G. C. D. of A and B ; and at any 
stage of the process suppose we have the expressions K and E, 
one of which is to be a dividend and the other a divisor. Let 
Jj^iiK, where n has no factor which E has; then n maybe 
introduced ; that is, instead of continuing the process with K and 
E, we may continue it with L and E. For A and B have the 
same common divisors as K and E have ; and any common divi- 
sor of K and E is a common divisor of L and E. Therefore, any 
common divisor of A and B is a common divisor of L and E. 
Again, any common divisor of L and E is a common divisor of 
«K and E. But n has no factor that E has. Therefore, any 
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common divisor of L and E is a common divisor of K and E. 
Hence, A and B have the same common divisors as L and E 
have. 



JXi USTMATIOIfS, 



1. Find the G. C. D. of a;^— 6a; + 8 and 4i!;3— 31a;3+15a;+30. 
The operation may be arranged thus: 



4a3_3l2;3+15a; + 30 
4^3 _ 24:X^+ 32x 



a;2 _ 6a; + 8 



4a; + 3 





3x»— 17x + 20 
3x»- 18a; + 34 


x^ — 


6a; + 8 
4a; 


a; — 4 


x» — 


x-2 



— 3a; + 8 

— 2a; + 8 

Hence, a; — 4 is the G. C. D. required. 
2.: Find the G. Q. D. of a;^ + 53; + 4 and a;3 + 4a;3 + 5a; + 2. 

a;3 + 5a; + 4 



a^+ ix^ + 5a; + 2 
g°+ 5a;^ + 4a; 



— x^ + a; + 2 

— a;^ — 5a; — 4 



a;2 + 5a; + 4 
x^ + X 



6a; + 6 



X 4 
4a; + 4 6 "^ 6 
4a; + 4 

This example introduces a new point for consideration. The 
last divisor here is 6a; + 6 ; this, according to the rule, must be 
the G-. 0. D. required. When x> + 6x + 4: is divided by 6a; + 6, 

oj 4- 
the quotient is ^ + ^ • If the other given expression be divided 

by 6a; + 6, the quotient will be -^ + s + s- 

. D /« O 

It may at first appear that 6a; + 6 cannot be a divisor of the 
two given expressions, since the quotients contain fractions. But 
we observe that in these quotients the letter x does not appear in 
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X i 

the denominator of any fraction. Such expressions as - + - and 

-^ + n + ^ are said to be entire with reference to x. 

When we say that 6a; + 6 is the 6. C. D. of the two given 
expressions, we mean that no common divisor can be found which 
contains a higher power of z than 6x + 6. Other common divi- 
sors may be found which differ from this so far as respects numer- 
ical coefficients only. Thus, 3a; + 3 and 2x + 2 are common 
divisors. Again, a; + 1 is also a common divisor, and the corres- 
ponding quotients are a; + 4 and se> + 3x + 2. We may then 
conveniently take a; + 1 as the G. 0. D., since the quotients do 
not contain fractional coefficients. 

We may avoid fractional coefficients by proceeding as in the 
following example : 

3. Find the G. C. D. of 3a;= — lOa;^ + I5a; + 8 and a? — 
23^ — <oa? + Ax^ + 13a; -|- 6. 

3a;s — 1Q3?+ Ibx + 8 a^—2oi^—Q3?+^^+ldx+8 
3a? — Qa* — 1%3? + 12a;g+ 39a; + 18 | 3 
6a;* + 8a;s — 12a;2— 24a;— 10 

Before proceeding to the next division, we may reject the 
factor 2 from every term of the new divisor (135, Cor. 3), and 
multiply every term of the new dividend by 3 (135, Cor. 3). We 
then continue the operation thus : 

da?— 6a;*— 18a;»+12a;^-|-39a;+18 1 3a;* + 4a;8— 6a;8— ISa;— 5 
3a;s+ 4a;*— &^—12a?— 5x [ ~g ~ 

—lQx^—12a?+24x»+44a;+18 

Eejecting the factor 2 from every term of the last remainder, 
and multiplying the result by 3, we have the expression, 

— loa;* — 18a;S + 36a;2 + 66a; + 37. 

We then continue the operation thus : 

— 15a;* — 18a;3 + 36a;S + 66a; + 27 I 3a;* + 43;^ — 6a;2 — 13a; — 5 



— 15a;* — 20a? + 30a;^ + 60a: + 35 | —5 
2a? + 6x^+ 6a; -I- 3 
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We now reject the factor 2 from every term of this remainder, 
and continue the operation thus : 



3a;i + 4:0?— 6x^ _ 13a; — 5 
3a;' + 9oi?+ 9x^ + 3a; 



a;3 + 3a;2 + 3a; + 1 



3a; — 5 



■ 5a;^ — 15a;^ — 15a; — 5 

■ 5a;' — 15a;* — 15a; — 5 



Hence, a;S + 3a« + 3a; + l is the G. 0. D. required. 

126. SuGGESTioisrs. — Suppose the given expressions A and 
B to contain a common factor P, which is obvious on inspec- 
tion. Let A = flsF, and B = bF. Then ¥ will be a factor of 
the G. 0. D. (130). We may then find the G. C. D. of a and 6, 
and multiply it by F; the product will be the G. 0. D. of A 
and B. 

In Hke manner, if at any stage of the operation we perceive 
that a certain factor is common to the dividend and divisor, we 
may omit it and continue the operation with the remaining fac- 
tors. The factor omitted must then be multiplied by the last 
divisor obtained by continuing the operation ; the product will be 
the G. C. D. required. 

137. To find the G. C. D. of three Algebraic Ex- 
pressions, A, B, and O. 

Knd the G. 0. D. of two of them, as A and B. Let D denote 
this G. C. D.; then the G. C. D. of and D will be the G. C. D. 
of A, B, and 0. For every common divisor of C and D is a com- 
mon divisor of A, B, and (135, Cor. 1). Again, every com- 
mon divisor of A, B, and is a common divisor of and D. 
Hence, the G. C. D. of and D is the G. C. D. of A, B, and 0. 

Iexampz^s. 

138. Find the G. C. D. of 

1. a!^ — 3a; -f- 2 and x' — x — 2. Ans. x — 2. 

2. a? + 3x^+4:X + 12 and a;3 + 4a;2 + 4a;+3. Ans. x + 3. 

3. a?+3y'+x—3 and si?+3x^+5x+3. Ans. x^ + 2x + 3. 
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4. a? + 1 and a? + ms? + ma; + 1. Ans. x + ,1. 

5. 6a!' — las? — 20a»a; and ^7? + ax — ia^. Ans. 3x + 4a. 

6. a? — y^ and x> — y\ Ans. x — y. 

t. Za? — 13a;2 + 232! — 21 and &a? + x^ — ^ia: + 21. 

Ans. 3x — 7. 

8. a;* — 3a;S + 2a!3 + a! — 1 and a? — a? — 2x + Z. 

Ans. x — 1. 

9. a;* — 7a;s + 8a;8 + 28a: — 48 and a;* — Sa!^ + 19a! — 14. 

Ans. X — 2. 

10. a;* — ajs + 2a;« + a! + 3 and a;* + 2a:3 _ a; _ 3. 

Ans. x^ + x+ 1. 

11. 4a;* + 9a;S + 2a;» — 2a; — 4 and 3a;S + 5a;2 _ a; + 2. 

Ans. a; + 2. 

12. 2a;* — 12a!3 + 19a;2 — 6a; + 9 and 4a;8 — ISa;^ + 19a; — 3. 

Ans. x — 3. 

13. 6a;* + a? — x and 4^ — ex^ — 4x + 3. Ans. 2x — 1. 

14. 2a;* + lla;S — 13a;2— 99a; — 45 and 2a^ — W— 46a; — 21. 

Ans. 2x^ + 7a; + 3. 

15. a? — Qx^ + 26x — 24, a? — lOa;* + 31a; — 30, and a;' — 
liar* + 38a; — 40. Ans. x — 2. 

LEAST COMMON MULTIPLE. 

139. When one quantity is divisible by another, the first is 
called a Multiple of the other. Thus, 6 is a multiple of 3, and 
db is a multiple of b. 

130. A Common Multiple of two or more quantities 
is a quantity which is divisible by each of them. Thus, 12 is a 
common multiple of 2 and 3, and 20a^ is a common multiple of 
2a; and 5y. 

131. The Least Com,m.on Multiple of two or more 
quantities is that common multiple of them which contains the 
least number of prime factors. Thus, 6 is the least common mul- 
tiple of 2 and 3, and lOa;^ is the least common multiple of 2a; 
and 5y. 



LEAST COMMON MULTIPLE. 57 

For brevity, we shall sometimes, use L. 0. M. for the phrase 
least common multiple. 

133. To find the L. C. M. of two or more quantities. 

It is obvious that the L. C. M. of two or more quantities must 
contain all the factors of each of them, and no other factors. 
Hence, when the given quantities can be readily resolved into their 
prime factors, the L. C. M. may be found by the following 

RULE. 

I. Resolve each of the given quantities into its prime factors. 

n. Multiply one of the given quantities ly the product of such 
prime factors of the other quantities as are not found in it; the 
result will le the L. C. M. required. 

CoE. — If the given quantities are relatively prime (90), their 
product is their L. 0. M. Thus, the L. C. M. of 7ffi5 and Qcd is 
43iabcd. 

XIXAMPXJES. 

1. Find the L. C. M.. of %x^y and l%xy\ 

9x^y =: 3 ■ 3 • a; • a; ■ y, and 12xy^ ^3'2'2'x'yy; 
hence, the L. C. M. is 9x^y x2-2-y = 36a:y. 

2. Find the L. 0. M. of 'ia^% &a%, and lOaV. 

ijiW = 2 • 2a%\ <oa% — 2 • da% and IWx^ = 2 • 6a^7? ; 
hence, the L. C. M. is ^W x 3 x 5ax^ = COa^SW 

It is not necessary, when the given quantities are monomials, 
to actually separate the literal parts into prime factors, since the 
exponent of any letter shows how many times it occurs as a 
factor. 

3. Find the L. C. M. of a^x — 2abx + ¥x and a^y — ¥y. 
a^x—2al)x + h^x=:{a — b){a—l)x, and a^y—l^y=^{a + b){a—i)y; 
hence, the L. C. M. is {a^x — 2abx + V^x) {a + V) y. 
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4. Find the L. 0. M. of %aWcx, Za%&x\ Gacx, gcV, and 
MflS. Ans. naWd'x^. 

5. Find the L. C. M. of 16ax, iO¥x, and 25a'SW. 

Ans. 4:0QaWx>. 

6. Find the L. 0. M. o{x^ — 3x + 2 and aP — 1. 

Ans. a? — 2x^ — x + 2. 

7. Find the L. 0. M. of ah: + ¥x and a> — S*. 

Ans. ah; — a^bx + al^ — 6^. 

8. Fmd the L. 0. M. of «» + 3a5 + ly> and a^ — 2ab + b^ 

Ans. {a^ — Wf. 

9. Fmd the L. 0. M. of a^ + ¥ and a^ — m. 

Ans. a* — ¥. 

10. Find the L. CM. of a? — x and x^ — 1. 

Ans. a? — X. 

11. Find the L. 0. M. of xz + yz and x^y + xy\ 

Ans. x'yz + xy^z. 

133. It is sometimes yery difficult, if not impossible, to re- 
solve the given quantities into their prime factors by inspection. 
We shall therefore proceed to demonstrate the following rule, 
which is more general in its application : 

EULE FOE FINDESra THE L. 0. M. OF TWO ALGEBEAIC 

EXPEESSIONS. 

Divide the product of the two expressions by their 0, C. D. ; 
or divide one of the expressions by the G. 0. D. and multiply the 
quotient by the other expression. 

Let A and B denote the two expressions, and D their G. C. D. 
Suppose A = dD, and B = 5D. From the nature of the G. 0. D., 
a and 5 have no common factor ; hence, the L. 0. M. of A and B 

is alT>. But dbD — -j^ = =xB = =xA. 

Cob. — If M be the L. C. M. of A and B, it is obvious that 
every multiple of M is a common multiple of A and B. 
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134. Every common multiple of two algebraic expressions is 
a multiple of their L. G. M. 

Let A and B denote the two expressions, M their L. 0. M. , 
and let N denote any other common multiple. Suppose, if pos- 
sible, that when N is divided by M, there is a remainder, K ; let 
q denote the quotient. Then R = N — qK. Now A and B are 
common divisors of M and N, and therefore they are divisors of 
R (135, Lem. II) ; that is, E is a common multiple of A and B. 
But E is of lower dimensions than M ; hence, there is a common 
multiple ctf A and B of lower dimensions than their L. C. M. 
This is absurd ; hence, there can be no remainder ; that is, N" is a 
multiple of M. 

135. To find the L. C. M. of three Algebraic expres- 
sions, A, B, and C. 

Find the L. C. M. of two of them, as A and B. Let M denote 
this L. C. M. ; then the L. C. M. of M and is the required 
L. C. M. of A, B, and 0. 

For every common multiple of M and C is a common multiple 
of A, B, and C (133, Cor.). Again, every common multiple of 
A, B, and C is a multiple of M and C (134). Therefore, the 
L. C. M. of M and C is the L. C. M. of A, B, and C. 

EXA.MF I,ES. 

136. Find the L. C. M. of 

1. &x^ — x — l and 2x^ + Zx — %. 

Ans. {2a!> + 3x — 2) {3x + 1). 

2. a? — l and x^ + x — 2. Ans. (x^ — l)(x + 2). 

3. x^—9x> + 23x — 15 and x^ — 8x + 1. 

Ans. {u?—^x> + 2Zx — 15) {x — 7). 
4 Z3? — bx + 2 and 4a? — A:3? — x + 1. 

Ans. {3x — 2){ia? — ix> — x + l). 
5. {x + 1) (a;3 — 1) and a? — l. Ans. {a? — l){x + If. 
Q. 3? + 23?y — xy^ — 2f2:xi?\.^ — 2x^y — xy^ + 2y\ 

Ans. {a? — y^) {x^ — iy^). 
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7. 2x — 1, 4a? — I, and 4a!? + 1- -^ns. 16a;« — 1. 

%. 3? — x, 7? — 1, and a;8 + 1. Ans. x{oi^ — 1). 

9. x^ — 4a2, {x + 3«)3, and {x — 3a)s. ^»13. {a? — 4a2)s. 

10. a;s _ 6a;2 + 11a; — 6, a? — 9a? + 2Qx — 24, and a;» — 8a:2+ 
19a;— 12. ^W5. {x — 1) (a; — 2) {x — 3) (a; — 4). 

11. a;2 + 7a; + 10, a? — 2a; — 8, and a^ + a; — 20. 

Ans. 3? + 3x^ — 18x — 40. 

13. a^ — Zal + 252, a^_al — U\ and a? — l\ 

Ans. «» — 2a25 — psS? + 25?. 

13. 2a;2 — txy + S?/^, 2a;8 — ^xy + 2^^ and a;^ — hxy + G?/*. 

^MS. 2a;S — Wx^y + IVa;^? — 'oy^. 



137. 
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FEAOTIOI^rS. 

DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 

138. A Ffaotion m a quotient expressed by placing the 
dividend over the divisor, with a line between them. Thns, 

-r and T are fractions. 
4 

139. The Numerator of a fraction is the quantity above 
the line, and the Denominator is the quantity below the 
line. The numerator and denomiaator of a fraction are called 
its Terms. 

140. K the terms of a fraction are integers, we may regard 
the denominator as denoting the number of equal parts into 
which the unit (1) is divided, and the numerator as denoting how 
many of those parts are expressed. 

141. A Fractional Unit is one of the equal parts into 
which the unit is divided. Thus, iu the fraction j, the fractional 

unit is T- 


142. An integer may be considered as a fraction, with unity 
for its denominator. Thus, a = -. 

143. An Entire Quantity is one which does not con- 
tain a fraction. Thus, a + b + g is an entire quantity. 

144. A Mixed Quantity is one which contains an en- 



63 FRACTIONS. 

c 
tire part and a fractional part. Thus, a + & + -5 is a mixed 

quantity. 

145. A Simple Fraction is one whose terms are entire. 

Thus, ; is a simple fraction. 

c + a 

146. A Complex Fraction is one which has a fraction 
in one or both of its terms. Thus, is a complex fraction. 

14')'. A Compound Fraction is the indicated product 

of two or more fractions. Thus, t X t X 1; is a compound frac- 
tion. 

148. A Proper Fraction is one whose numerator is 

less than its denominator. Thus, =- is a proper fraction. 

a + ^ -^ 

149. An Improper Fraction is one whose numerator 

is equal to or greater than its denominator. Thus, - and 

a a 

are improper fractions. 

150. The Reciprocal of a quantity is the quotient ob- 
tained by dividing unity by that quantity. Thus, the reciprocal 

„ ■ 1 

of a IS -. 
a 

151. To multiply a fraction by an integer. 

Let ^ be a fraction, and c an integer; then j- x c=-j-. 

For, in each of the fractions ^ and -^ the fractional unit 



(141) is r', hence, -r is c times t (140). 

Again, ^ x c = t- For, the fractional unit in ^ is c times 

the fractional unit in 7-. 
ic 
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RULE. 

Multiply the given numerator ly the given integer, and divide 
the product iy the given denominator, or, divide the given denomi- 
nator by the given integer, and divide the given numerator by the 
quotient. 

153. To divide a fraction by an integer. 

a _ a 
b^^-Tc 

For, V is c times ^ (151) ; hence, ^ is -th of y- 
he ^ ' be c b 

, . ac a 

Agam, y-^=5 

-^ ac . ,. a , a . 1,, .ac 

Hot, ^ is c times ^ j nence, -^ is -th of -r-. 
b be b 



RULE. 

Multiply the given denominator by the given integer, and di- 
vide the given numerator by the product, or, divide the given nu- 
merator by the given integer, and divide the quotient by the given 
denominator. 

153. The value of a fraction is not changed by multiplying 
or dividing both of its terms by the same quantity. 

It is evident that if we multiply the fraction t by c, and then 
divide the product by c, the resulting fraction ■will he equal to the 
given fraction. Now ^xc — — (151), and -r- -i- c = r- (153) ; 

, a ac ac a 

hence, - = ^, or ^ = v. 

b be be 
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REDUCTION OF FRACTIONS. 

154. A fraction is in its Lowest Terms when its tenns 
have no common factor. 

155. To reduce a flraction to its lowest terms. 

RUIjE. 

Divide loth terms of the fraction by their G. 0. D. 
Or, Besolve ioth terms of the fraction into their prime factors, 
and then cancel those factors which are common. 

U^IiUSTjRATIONS, 

IQacx^ 

1. Eeduce , to its lowest terms. 

The G. 0. D. of the terms of this fraction is 5cx^. 
Dividing both terms by this, we have 

IQacx^ 2a 

15bc^~3bx' 

2. Eeduce ^-5 — ?r^ to its lowest terms. 

3a^ — 3ao 

S a^ + Sab _ 3a{a + b) _ a + b 
3a^ — 3ab~3a{a — b)~ a — b' 

3. Eeduce -r-^ — jj^r ^ to its lowest terms. 

4ic' — 21x + 5 

Here the G. C. D". of the numerator and denominator is 
2x — 5. Dividing both terms of the fraction by this, we have 

6a;3— 7a; — 20 _ 3a; + 4 
4a;s — 27a;+ 5 "~ 2a^ + 5a; — 1' 

156. To reduce a fraction to an entire or mixed 
quantity. 

a^ + ab , ^ a^+b b , a^— b b 

= a + b, — a + -, and = a . 

a a a a a 
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JRULE. 

Divide the numerator by the denominator, expressing any term 
of the quotient in a fractional form when, the division cannot ie 
exactly performed. 

15T. To reduce an entire quantity to the form of 
a fraction having a given denominator. 

Let it be required to reduce x + y to the form of a fraction 
whose denomuiator shall be x — y. 

X 1 y = '" + ^ — (a: + y) (a; - y) _ ig^ — y^ _ 
^ 1 X — y X — y' 

MULE. 

Consider the entire quantity as a fraction whose denominator 
is unity ; then multiply both terms of this fraction by the given 
denominator. 

158. To reduce a fraction to an equivalent one 
having a given denominator. 

Let it be required to reduce the fraction y to an equiva- 
lent one having the denominator a^ — b\ 

Dividing a^ — V by a — b, the quotient is a-\-b. 

Multiplying both terms of the fraction r by this quo- 
tient, we have 

a + b _ (a + b){a + b) _ {a + bf 

a — b a^ — b^ ~ a^ — l^ ° 

RULE. 

Multiply both terms of the given fraction by the quotient ob- 
tained by dividing the denominator of the required fraction by 
the denominator of the given fraction. 

159. To reduce a mixed quantity to the form of a 
fraction. 

Let it be required to express a +- under a fractional form. 
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t ac + b 

a + - = . 

c c 

For, if we reduce the fraction to a mixed quantity, 

c 

we obtain a + - (156). 

n il J. ^ '^'^ — ^ 
In like manner we may snow that a = . 

MULE. 

Multiply the entire part ly the denominator of the fractional 
part ; then add the numerator to the product, or subtract it from 
the product, according as the fraction has the sign +, or the 
sign — , prefixed j the result will be the numerator, and the given 
denominator will be the denominator of the required fraction. 

160. To reduce fractions to equivalent ones having 
a common denominator. 

Let yj -^ and ^ be the proposed fractions. If we multiply 

both terms of each of these fractions by the product of all the de- 
nominators except its own, the values of the fractions will not be 
changed (153). Moreover, the denominators of the new fractions 
will be equal, since each is the product of the denominators of 
the given fractions. 

Thus «_^ £_^ and f-Mf. 
^^''^' b~bdf' d- bdf ^"""^ f~Mf 



MULE. 

Multiply both terms of each of the given fractions by the pro- 
duct of all the denominators except its own. 

161. To reduce fractions to equivalent ones having 
the least common denominator. 

Let — , — , and — be the proposed fractions. The L. C. M. 
m.x my mz ^ ^ 

of the denominators is mxyz. Now reduce each of the given frac- 
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tions to an equivalent one haying mxyz for its denominator 
(158) ; tlie resulting fractions are 

ayz Ixz , cxy 

mxyz' mxyz' mxyz' 

Now since mxyz is the least quantity that can be divided sep- 
arately by mx, my, and mz, it follows that the given fractions 
have been reduced to equivalent ones having the least common 
denominator. 

Divide the L. G. M. of all the denominators ly each denomina- 
tor separately ; then multiply ioth terms of each fraction ly the 
corresponding quotient. 

ScH. — Before commencing the operation, each fraction must 
be in its lowest terms. 

COMBINATIONS OF FRACTIONS. 
163. To find the sum of given fractions. 
1. Let it be required to find the sum of the fractions j, t, and 

Here the given fractions have a common denominator. In 



the first fraction the fractional unit v is taken a times ; in the 
second it is taken c times ; and in the third, d times ; hence, in 
the sum of these fractions t must be taken (a + c + d) times ; 



a c d a + c + d 

3. Let it be required to find the sum of the fractions yj -^, and 

-z. Here the given fractions have unequal denominators. Ee- 

ducing them to equivalent fractions having a common denomina- 
tor (160), we have, 

a c e _ adf Icf Ide __ adf + Icf + bde 
b^d'^J~Mf^bdf'^Mf~ bdf 
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B, ULES. 



I. If the given fractions have a common denominator, form a 
fraction whose numerator is the sum of the given numerators, 
and whose denominator is the given common denominator j this 
fraction will be the sum of the given fractions. 

II. If the given fractions have not a common denominator, re- 
duce them to equivalent ones having a common denominator; then 
proceed as directed in I, 

163. To find the difference between two fractions. 

1. Let it be required to subtract t from -r. The fractional 
unit T is takea a times in the minuend, and c times in the sub- 



trahend ; hence, it must be taken {a — c) times in the remain- 
der; therefore, 

a c a — c 

b~b~^~ 

2, Let it be required to subtract -= from -r. 

Keducing these fractions to equivalent ones haTing a common 
denominator, we have 

a c ad be ad — be 

b d~ bd bd~ bd 



RULES. 

I. If the given fractions have a common denominator, form a 
fraction whose numerator is the remainder obtained by subtract- 
ing the numerator of the subtrahend from that of the minuend, 
and whose denominator is the given common denominator ; this 
fraction will be the difference required. 

II. If the given fractions have not a common denominator, re- 
duce them to equivalent ones having a common denominator ; then 
proceed as directed in I. 
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164. To find the product of given fractions. 

Cb G 

Let it be required to find the product of t and -,. The fol- 
lowing is usually giyen as a solution: 

Put T = JK, and --,=■%. 
a 

Then a = im, and c = dn. 

Hence, ac = Imdn = id x mn; or, diyiding both members 

by Id (4:3, 5), we have v-^ = mn. 

This process is satisfactory when m and n are really integers, 
though under a fractional form, because then the word multipli- 
cation has its common meaning. It is also satisfactory when one 
of them is an integer, because we can speak of multiplying a frac- 
tion by an integer, as in Art. 151. But when both m and n are 
fractions, we cannot speak of multiplying one of them by the 
other without defining what we mean by the term multiplication j 
for, according to the ordinary meaning of this term, the multiplier 
must be an integer. 

The following definitions will show more clearly the connec- 
tion between the meaning of the word multiplication when ap- 
plied to integers, and its meaning when applied to fractions. 
When we multiply one integer, a, by another, b, we may describe 
the operation thus : 

What we did with unity to obtain i, we must note do with a to 
obtain b times a. 

Now, let it be required to multiply t by -^. Adopting the 

definition just given, we may say that, ivhat ive did with unity to 

obtain -^, we must now do with ^ to obtain the product of ^ 

and -= . To obtain -^ from unity, we divide it into d equal parts, 
and multiply one of the parts by c ; therefore, to obtain the pro- 
duct of T and -7, we divide t into d equal parts, and multiply 
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one of them by c. Now ■j^~-d = j-^ (153), and Tj x c = -tj 

(151). 

We may therefore give the following extended definition: 

Multiplication is the process of finding a quantity having the 
same relation to the multiplicand that the multiplier has to unity. 

MULE. 

Form a fraction whose numerator is the product of the given 
numerators, and whose denominator is the product of the given 
denominators ; this fraction will he the product required. 

ScH. 1. — This rule embraces all the cases in which a fraction 
is a factor. Thus, if it be required to multiply a fraction by an 
entire quantity, the latter may be considered as a fraction whose 
denominator is unity (143). 

ScH. 2. — If any factor is a mixed quantity, it is best to reduce 
it to the form of a fraction before commencing the operation. 

ScH. 3. — If the numerator and denominator of the product 
have any common factor, it should be canceled. Thus, 

aa^ {a + lf _ 'i,a\a + Vf _ ^a\a-\-b){a + V) _ «+5 
c? — W'^ 4M>b ~ {a^—¥')ia^ ~ 4=a^{a + b){a—b) ~ 2b{a-b) 
(155). 

165. To find the quotient of two fractions. 

Let it be required to divide ^ by -r . Denoting the quotient 

by z, we have 

a c _ 

v'^'d-'^- 

But the product of the divisor and quotient is equal to the 
dividend; hence, 

c a 

Multiplying both members of this equation by - (43, 4), we 

c 

have c d a d 

d c b c 
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Canceling common factors (155), we have 

a d 
x = T X-; 
c 

that is, the quotient is equal to the product obtained by multiply- 
ing the dividend by the divisor inverted. 

Multiply the dividend ly the divisor inverted. 

CoE. 1. — The product of a quantity and its reciprocal is unity. 

Thus, a X - = 1. 
a 

Cob. 2. — To divide by a quantity is the same as to multiply 
by its reciprocal ; and, conversely, to multiply by a quantity is 
the same as to divide by its reciprocal. Thus, 

a-f-5=«XT5 a-nd ax5 = a-r-r' 
h I 

166. In the present chapter we have thus far supposed each 
letter to represent an integer ; but, by virtue of our extended 
definitions, it may be shown that all the rules and formulae given 
are true when any letter represents a fraction. For example, let 

it be required to show that ^ = ^ when a = — , i = - , and 
^ DC n q 



r 
~ s' 




a _m ^ p _m q _mq 
h n ' q n p wp' 

m r mr 
ac = — X - = — , 

n s ns 

- p r pr 
hc = £- x - = £-; 
q s qs 


hence, 


ac 
lc~ 


mr _ pr mr ^^ qs mrqs mq 


ns qs ns pr nspr np 
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THE SIGNS OP FRACTIONS. 

167. Sack sign in the numerator and denominator of a frac- 
tion affects only the term to which it is prefixed. Thus, in the 

fraction =, the sign of a is +, that of i is — , that of c is 

c ~~ a 

+, and that of d is — . 

168. Tlie dividing line of a fraction answers the purpose of a 
vinculum; that is, it connects the terms which the numerator 
and denominator may each contain. Therefore the sign prefixed 
to the dividing line affects the fi-action as a ivJwle. 

169. If the sign prefixed to the dividing line be changed, 
the sign of the fraction will be changed. Thus, -y- = a ; but 

ah 

170. If the sign of each term of the numerator be changed, 

the sign of the fraction will be changed. Thus, - — r — = a — c; 

^ . —ah + hc 

but r = — a + c. 



171. K the sign of each term of the denominator be changed, 
the sign of the fraction will be changed. Thus, -^ = a ; but 
ah 

173. We may sum up the three preceding Articles thus : 

If tJie sign prefixed to a fraction, or the sign of each term of 
the numerator, or the sign of each term of the denominator, he 
changed, the sign of the fraction will he changed. 

Cor. — If any two of these changes be made at the same time, 
the sign of the fraction will not be changed. 

173. The Apparent Sign of a fraction is the sign pre- 
fixed to the dividing Une of that fraction. TJie Meal Sign 
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of a fraction is the sign of its mimerical value. Thus, the ap- 

parent sign of the fraction is — ; but, if a = 3, 6 = 4, 

c 

and c = 5, the real sign is +. 



Simplify the following fractions, from 1 to 12, inclusive ; 

^-|-2a; — 3 . a; + 3 

1- ay^+ex-r "*'**• ^H' 

- x^— 3x — 4 . a; — 4 

2. -5 — 3 -. Ans. =. 

x^ — 4a; — 5 x — 5 

„ a?—6x» + llx—6 . 

3- ^._3a; + 2 ' Ans. x-Z. 

a^ + 2«o + 0^ 

^ a;* + \0a? + 35a;2 + 50a; + 24 
a:^ + 9a;^ + 26a; + 24 



6. 

8. 

9. 
10. 
11. 



3a;« — 16a;8_^23a: — 6 ^^^ 3a;— 1 

Qa? — 5x^ + 4: 
23? — x>—x + 2' 

23?+9x'>+ tx — 'S 
Z3? + bx^ — 15x + i:' 

1—x 
1—aP' 

ha? + hax 
a^ — x* 

a^ + 2x^ + Q 
a;4_42« + 4a;8_9- 



^ x^+[a + c)x + ac 

a? + {i + c)x + lc' ^"'"' x + b' 





2a; -1' 






3a; + 2 






a; + l' 




Ans. 


2a; + 3 
3a; — 4" 




Ans. 


1 

1 + a;- 




Ans. 


ha 
a — x 




Ans. 


ay> + 2x + 3 


x^ — 2x- 


-3 


Ans. 


X + a 
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Perform the additions and subtractions indicated in the fol- 
lowing examples, from 13 to 38 inclusive : 

^^ %^i + %b^a ^'''- I' 

^^2 3 2a; — 3 . 9, 



X 2a;— 1 4^—1* {'ki? — l)x' 



a + b a — i\ . 2a 

1. Ans. — . 

m n f n 



I'll- T r-^ — 7 — r-:TT3- -4ms. 



18. 



a; — 1 a; + 2 (a; + 2)3" (a; — 1) (a; + 2)2' 

5 1 24 

2(a; + l) 10(a; — 1) 5(2a; + 3)" 

. 2a; — 3 

Ans. 



^^^ l^a a-2h 3x{a-l) ^^^_ 

X — b X + b 3? — 5* 

„„ 3 + 2a; 2 — 3a; , 16a; — a?! . 

2—x 2 + x sy' — 4: x + 2 

0-. 3 7 4-20a; . . 

l — 2x l + 2a; 4a^ — 1 

„- 1 , 6 a . %aW 



(a;^- 
aa; — 
a:8- 


-l)(2a; 

-62 


+ 3)- 


1 







a + 5 ' a3 — S3 a8 + 6a """a* — S* 

23. 



11 1 , a;* — 4^y_y% 



x* — y^^(x + yf {x — yY' {a^ — y^f 

{a^ + ¥Y a b iab 

^' ab{a-bf b a ^- ^^^- {a -by' 

_„ a , Za 2ax . 4a 

25. - — - + — — - - -5 — ::»• ^»s- 



a — x a + x aJ' — sl^ a + x 

„ 3a — 4& 2a — 6 — c , 15a — 4c a — 4J 
<io. s 5 r 



12 21 • 

81a — 45 

84 
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gij, a + i b + c c + a 



(&_c)(c-a) ^ {c — a){a — b) ^ {a—b){b-c)' 

Ans. 0. 

„„ a^ — lc V^ — ac c^ — ab 

'*°* /„ I 7,\ /„ I -\ + IT, I -\ /;. I „\ + 



(a + 5) (a + c) ^ (6 + c) (5 + a) ^ (c + a) (c + 5) " 

^ws. 0. 

30. Multiply „y f by — 7 — —^ . Ans. , „ / „. . 

n- -MT IX- 1 i ii 3«a; 0? — ^ bc + bx , c — x 

31. Multiply together ^, ^-^, ^^:^, and ^--^. 

3» 

32. Prove that 

33. Multiply together , — — ^, and 1 + . 

^ •' ° l-'ry x + a? 1—x 

< Ans. —. 

X 

„^ -iiT li^ 1 x(a — x) , a(a + x) 
3*- ^^^*^P^y a^ + 2ax + x^ ^^ a^-Z + ^ ' 

. ax 

Ans. —. — —.. 
cp — a? 

35. Simplify ^,_^^^^^ X ^—^. Ans. -^. 

36. Simplify (^±1-^- Jt\ ? +1. ^^.. 2. 

'^ •' \x — y x + y a? — yV 2y 

87. Simphfy ^-j-j3 . ^-^ • ( ^,^^^^^, j- 

a^ — a5 + 6' 
* a» + ab + 62 

38. Multiply ^_? + lby^ + - + l. Ans. ^ + -„ + 1. 
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39. Multiply s^ — x + 1 by ^ + ^ + 1- -^ns. x^+l+~. 

40. Simplify -5-! — 7— f-rf- — J. X -2 ja- ■^"^- ) z.f g- 

•' a;3 _ a; (a + 6) + ao x' — o' (x — bf 

41. Dmde -. — ; — r^ by -^ -.. Ans. -^, — -Ar. 

{a + xf ■' a^ — x^ x{a-\- x) 

.„ _.. ., 4(a2-a5) , %db^ ' . 2(a — b)» 

43. Dmde -^ — -^ by -^ — 75. -^ns, ■^, — --'^. 

43. Divide -5^3 by ^-. ^m ;;3 — ^^-^—^• 

^ + y^ y + x a? — xy + y^ 

44. Divide — ^ + -^ = 5 by , % . 

a; + ^ a; — ^ x^ — y^ ^ y? — y^ 



Ans. 



y2 



a? + y* 

45. Simplify (^ + 1) ^ (4 _ 1 + ^). ^«.. ^±^. 

^ •' \y^ XI \y^ y XI y 

46. Simplify (^ + -^) - (-^ - -4-,) . Ans. 1. 

•^ -^ \a + a — bl \a — b a + bl 

47. Simplify (^ + ?) -^ (^±^ - -^-). ^^s. 1. 

48. Divide a:* — -7 by a; + -. Ans. a? — x-\ -.. 

a^ •' X ^ X a? 

49. Divide a^ + -i + 2bya; + - a-.. ^ + ^ 



X X 



50. Divide a;3 + 1 + i by - — 1 + a;. a^. ^^ + ^+'^ 



51. Divide a^ — 52 — c» + 2Sc by 



a; 
a + b — c 



+ 5 + c" 

Jm.s. fl2 — 52 + c3 + 3ac. 

eo T^- •;. a»+Sa^x + 3ax>+a? , (a + xY 

63. Dmde — ^^^ —^ — =t— by „\ ^ ; . . 

x^ — y^ -^ ^ ^xy -\-y^ 

a -\-x 

x — y' 
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53. DiTide a^-V^-t?- 2hc by ^-^4-— • 

U -{- — c 

Ans. fflS — 52 + c2 — 2ac. 

13a' 2x^ 

54. Divide a?_3«^-3a^ + ^-p^ by 3a; - 6fl - ^-^3^. 

a;^ + 3«2: — 2d> 
x+ 6a 

55. Dmde _ _ 4 + ^ by ^ - -. ^^.. -^ 

ac — hd 



56. 


Simplify 
Simplify 


a+l 

c + d^ 


a — 

c — 


■I 
d 


a+h 
c-d^ 

a + x 
a — x 


a — 
c + 

a — 


d 

X 


57. 


a + 


X 


a + x 


a — 


X 



Ans. 



ac + 



. a^ + x* 
Ans. 



2ax 



a — X a + x 

a — 1,^~1|^ — 1 
-o o- ve 3«5c ale 

^«- ^™P^y ic + ca-ai 1 1_1 • 

a b c 



be + ac + db 



be + ac — ab' 

59. Simplify (^-j + -^—^) - [^^-^ - -^^. 

«4 4. aW + ¥ 



Ans. 



ab (a — bf 
60. Simplify (^^ - ^^^-^3) - (^—^ + -^-^). 



Ans. '''^'-'^' 



¥ + c^ + W(^ 

fil S" vfc ( x^ + y^ x^ — y'^ lx + y x — y \ 
^ ■' \x^ — y^ x^ + yV ' \x — y x + y)' 

x^ + y^ 
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m^ + n^ 

63. Simplify — z z — X —^, — =. Ans. m. 

n 7n • 

X + a X — a 

DA o- Ti> ^ ^ a; — ffl X + a . 4a*K 

64. Simplify . Ans. 



x — a X + a X + a X — a x^ — a*' 

X — a X + a 

g Q. 1-^ «^5 + c/, , S2 + c» — a^' 



Simplify J i~V +' 



2bc } 

zbc 

1 -< 

66. Simplify . Ans. 



x + 



1 + ^ + 1 



3(a; + l)- 



3 — a? 



Cff ^~* T)7* 

68. Find the yalue of ax + 5w, when x = ~ =- and 

•^ aq —bp 

ar — cp 

y = r^ . Ans. c. 

" aq — bp 

69. Find the Tame of 5- -\ xr, when x = 



a; - 2a ^ a; — 2J' a + ** 

70, If ^ + ^=1, showthat j-^ = ^-^. 

71. If T + J = M — :^j show that ^ — 3 = 1. 

b a b!> cP b d 
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175. 



SYNOPSIS FOR EEVIEW. 



CHAPTER V. 
FEAOTIOJJS. 



Terms used. 



f li^^^^o^- \ Thetermsof afrartion. 
Numerator. J 

Frac. unit. 

Entire quantity. 

. Mixed quantity. 



Simple Fbac. \ ^J'^^- 



Complex Fractions. 

Compound Fractions. 

Valub of fraction not changed, when. 

Fraction in its lowest teems, when. 

Fraction x Integer. Rule. 

Fraction -f- Integer. Rule. 

Fraction to mixed quantity. Rule. 

Entire quantity to fraction Tumng 
given denominator. Rule. 

Fraction to fraction hamng given de- 
nominator. Rule. 

Mixed quantity to form of fraction. 
Rule. 

Fraetionstocommondenominator. Rule. 

Fractions to least com. denom. Rule, 

Addition. Investigation for rule. Rule. 
Subtraction. Investigation. Rule. 
Multiplication. Sef. Investigation. Rule. 



To beduce . 



Division. Investigation. Rule. Cor. 1, 2. 



Signs of 
Fractions. 



iSign prefixed to a term ofnvmerator 

or denominator. 
Bign prefixed to fraction. 
Methods of changing sign of fraction. 
Changes of sign not affecting sign of 



Aj^arent sign effraction. 
. Seal sign of fraction. 



OHAPTEE YI. 

DEFmriONS MD GENERAL PRINCIPLES RELATING TO EQUATIONS. 



116. An, Equation consists of two expressions connected 
by the sign of equality. Thus, x + a^m + n is an equation. 

The First Member of an equation is the quantity on the left 
of the sign of equality, and the Second Member is the quantity on 
the right of the sign. Thus, in the equation x + a = m + n, 
a; + a is the first member, and m + n the second member. 

in. An Identical Equation, or An Identity, is 

an equation whose members are either identical, or may be 

made identical by performing the indicated operations. Thus, 

, , , , a« — a;'' , , a ax 

ax + o^ax + b, = a + x, and a 



a — x l + a;l + a; 

are identities. 

178. It follows, from the definition, that the members of an 
identity are equal for all values that may be assigned to each 
letter which it contains. 

Thus far the student has been almost entirely occupied with 
identities. Thus, the equations given in Articles 71, 73, and 
73 are identities. 

179. An Equation of Condition is one whose mem- 
bers are equal only for a limited number of values of each letter 
which it contains. Thus, a; + 1 = 7 is an equation of condition, 
because its members are not equal unless x=6. 

An equation of condition is called briefly, an equation. 

180. An Unknown Quantity is a letter to which a 
particular value or values must be given in order that the mem- 
bers of an equation may beconie identical. . The equation is said 
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to he Satisfied for such particular value or yalues. Thus, in the 
equation a? — 4:X= —3, the unknown quantity is x, and when 
a; = 3 or 1, the equation is satisfied, 

181. An Unknown Term of an equation is a term con- 
taining an unknown quantity. 

183. A Soot of an Equation is a quantity which, 
when substituted for the unknown quantity, satisfies the equation. 
Thus, 3 and 1 are the roots of the equation a? — 4oi= —3. 

183. To solve an Equation is to find its roots. 

184. A Ifumerical Equation is one in which all the 
known quantities are represented by numbers. Thus, 2x^ -\-3x = 
10a; + 15 is a numerical equation. 

185. A Literal Equation is one in which the known 
quantities are represented entirely or in part by letters. Thus, 
ax + b^=cx -{■ d and ax — 5 = 3a; — 5 are literal equations. 

186. The Degree of an equation is denoted by the num- 
ber of unknown factors in that term which contains the greatest 
number of such factors. Thus, 

ax — 5 ^ c is of the first degree, 
a? + %px = §■ is of the second degree, 
x^y + a? — cx= a is of the third degree, 
a?* + aa?'~i + hai^~^ = c is of the w* degree. 

Remakk. — It should te observed that the definition implies that the 
equation is of such a form that no unknown quantity occurs under the 
radicai sign, or in a denominator. 

187. A Simple Equation is one of the first degree. 

188. A Quadratic Equation is one of the second 
degree. 

189. A Cubic Equation is one of the third degree. 

190. A Biquadratic Equation is one of the fourth 
degree. 

191. Higher Equations are those of higher degrees 
than the second. 
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193. For breTity, the following symbols are sometimes used : 
- • - signifies hence, therefore, or consequently. 
' . ' signifies since, or lecause. 



TRANSFORMATION OP EQUATIONS. 

193. To Transform an equation is to change its form 
without destroying the equality of its members. 

194. Clearing of Fractions and Transposition 
of Terms are the principal transformations. 

195. To clear an equation of fractions. 
Let it be required to transform the equation, 

5-£=^ (1)' 

into another, all of whose terms shall be entire. 

Multiplying both members of (1) by at^c, which is the pro- 
duct of the denominators, we obtain 

icx — abx = ab^cd (2). 

Instead of multiplying both members of (1) by aS^c, we may 
clear the equation of fractions by multiplying both members by 
abc, which is the L. C. M. of the denominators ; we thus obtain 

cx — ax^ abed (3). 

JRUZE. 

Multiply both members of the given equation by the product 
of all the denominators or by the L. G. M. of all the denominators. 

196. To transpose a term tcom. one member of an 
equation to the other. 

Let us consider the equation 

x — a = b — y . . . (1). 
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Adding a to each member of (1), 

x — a-\-a = l — y-\-a (43, 3) ; 

that is, x=-'b ■\- a — y (3). 

Subtracting S from each member of (2), 

x-l = a-y (3) (43, 3). 

Here we see that — a has been removed from one member of 
the equation and appears as + a in the other ; and + 6 has been 
remoTed from one member and appears as — 5 in the other. 

RULE. 

Remove 4he term, which is to te transposed, from the member 
in which it stands, and write it, with its sign changed, in the 
other member. 

OoE. — If the sign of every term in an equation be changed, 
the equality still holds. Thus, if x—a=b—y, then a—x=y—b. 



CHAPTER VII. 
SIMPLE EQUATIONS. 



SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY. 

197. To solve a simple equation containing only 
one unknown quantity. 

1. Let it be required to soItb the equation 

3a; — 4 = 24 — a;. 

By transposition, 3a; + a; = 24 + 4 ; 

that is, 4a; = 28 ; 

28 
whence, by division, a; = -^^ = 7. 

We may verify this result by substituting 7 for x in the given 
equation. The first member becomes 3x7 — 4, that is, 17; 
and the second member becomes 24 — 7, that is, 17. 

2. Let it be required to solve the equation 

5^__4£ ^ 5a! 

■2'~T~8''"32" 

Multiplying both members of this equation by 96, ■which is the 
L. C. M. of the denominators, 

240a; — 128a; — 1248 = 60 + 3a;. 
By transposition, 

240a; — 128a; — 3a; = 1248 + 60 ; 
that is, 109a; = 1308; 

whence by division, x = — — - = 12. 
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MULE. 

I. Clear the equation of fractions, if it has any, 

II. Transpose every unknown term of the second member to 
the first, and every known, term of the first member to the second j 
and reduce each member to its simplest form. 

ill. Divide both members by the coefficient of the unknown 
quantity ; the second member of the resulting equation will be the 
value of the unknown quantity. 

IIiJjlTSTItAXIOlfS. 

Sometimes it is more convenient to clear of fractions par- 
tially, and then to eflfect some reductions before getting rid of tlie 
remaining fractional coefiBcients. For example, 

1. Solve 

x + l 2a; — 16 2a; + 5 _ . , , 3x + 7 

~ir~ 3+4 -^* + Ta~- 

Multiplying both members by 12, 
12 {x + 7) 



11 



■ 4 (3a; — 16) + 3 (3a! + 5) = 64 + 3a; + 7; 



that is, ^^ ^'^^^ '^^ - 8a; + 64 + 6a; + 15 = 64 + 3a; + 7. 
By transposition and reduction, 

1^(^ = 5.-8. 

Multiplying by 11, 

12a; + 84 = 55a; — 88; 

by transposition, 13a; — 55a; = — 88 — 84 ; 

by reduction, — 43a; = — 172 ; 

by changing signs, 43a; = 172 ; 

172 * 
by division, x = -^ = 4. 
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2. Solve 


SIMPLE EQUATIONS. 

5 2 








2a; + 1 ~ 5a; — 8' 






Multiplying 


each member by (2a; + 1) (5a; 
25a; — 40 = 4a; + 2. 


-8), 


» 




By transposition and reduction, 

21a; = 42; 






by 


diYision, 


a; = ^ = 2. 






we 


Verification.- 
have 


—Putting this value for x in 
5 2 


the given 


equation, 



or 1=1. 

4 + i iU — »■ 

3. Solve 



4 + 1 ~ 10 — 8' 

2a; — 3 4a; — 5 



3a! — 4 ~ 6a; — 7 
Oleariug of fractions, 

(2a; — 3) (6a; — 7) = (4a; — 5) (3a; — 4); 

that is, 12z> — 32a; + 21 = 12a? — 31a; + 20. 

Subtracting 12a;^ from both members, 

21 — 32a; = 20 — 31a;; 

by transposition and reduction, 

. — a; = — 1, or a; = 1. 

Verification. — ^Putting this value for x in the given equation, 
we have 

2_3 4—5 



6 — 7' 



or 1=1. 



. c , ^ o 10a; 7 

4. Solve __8 = ----. 

Clearing of fractions, 

3a; — 48 = 20a; — 14. 
By transposition andjreduction, 

-17a; = 34, or 17a; =-34; 
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by division, a; = — ^s = — 2' 

Verification. - — 8= -^ — hj or — 9=— 9. 

5. Solve ax + i = cx + d. 

By transposition, ax — cx:=d — i; 
that is, {a — c)x:=d — i; 

d-l 



by division, 



a — c 



Verification. — Putting this value for x in the given equation, 
■we have 

a — ,c . . a — c 
vrhich is an identity^ since each -member reduces to . 

6. Solve 5a; = a (ra + a;). 

By transposition, hx — ax=.an; 

by division, a; = ^ • 



_• .^ ,. , an I . an \ ahn abn 

Vervncation. o y, ^ = fllw + ^ ), or r^ =z- . 

•' b — a \ b — ai b — a b — a 

198. A simple equation containing only one unhnown quan- 
tity has one root, and no more. 

By clearing of fractions, transposing, and reducing, if neces- 
sary, any simple equation containing only one unknown quantity 
may take the form of 

ax = l (1) ; 

whence, a; = - (3). 

a ^ ' 

The value of x is verified thus : 

a X - = 5, or 5 = 5. 
a 
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Now, it is evident that any value for x greater than - would 
make the first member of (1) greater than the second, and that 
any value for x less than - would make the first member of (1) 
less than the second. Hence, there can be no root either greater 
or less than -; that is, x is equal to -, and to nothing else. 

This theorem may also be demonstrated thus: 

Suppose the equation 

aa; = 5 (1), 

has two different roots, p and q ; then these roots will satisfy 
equation (1), and give 

ap=l (3), 

aq = l (3). 

Subtracting (3) from (3), 

a{p-q) = Q (4) (43,3); 

but this is impossible, for a is not zero, and, by hypothesis, p—q 
is not zero. 

EXA.MPL1E8. 

199. Find the value of x in each of the following equations: 

, 2a; + 1 7a; + 5 . 

1. — 2 — = — 5 — . Ans. a; = 1. 

2. 0— 3 = | + g — 1. Ans. X = 20. 
Q a;+l . 3a;-4 , 1 6a; + 7 . 

, 5a;— 11 a;— 1 11a;— 1 . 

4- -4 ir = -12— Ans.x = n. 

^ X , X X 1 . 6 

^•2 + 3-4 = 2- AnB.x:=^. 

6.^ + ^ = 16-^. Ans.x^\%. 
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„ " 11 — CB 26 — a; . 

7. a; H ^ — — —^ — . Ans. x = 8. 

1 35 

8. 19a! + I (7a; — 2) = 4a; + y Ans. x = l. 

„ x—3 x—4: x—5 . a; + l . „ 

9.— + — =^-+-^. ^,...a; = 7. 

10. 5^^_?^±i = 3a;-U. Ans. x = 7. 

^^ a;— 3 ai — 5 41 3a; — 8 5x + 6 . 

11-^ 6-=60 + -5 15- ^^'-^^^ 

12. 5£+3_§^^5a,_10. ^ws. a; = 3. 

13. ^(8-rc)+a;-l| = ^-|. Ans.x = h. 

^, a;+3 a;— 2 3a; — 5 1 . 

14.^^ 3-=-l2-+4- Ans.x = 28. 

, ^ 3a; — 1 13 — a; tx 11 (a; + 3) 

15.^ 2— =y 6- ^ris.x = %. 

,. 5a;— 3 9— a; 5a; 19, ., . „ 

lo. — t; 3— = Y + "ft" (* ~ ■*)• ^'**- ^ = 3- 

,„ 5a; — 1 9a; — 5 9a; — 7 

17. — s — ■ H T^ — = — 5 — • Ans. x = 3. 

7 11 5 

^- 3 a; + 5 2a; + 7 , .^ 3a; . . .^ 

18. — s Q 1- 10 — r = 0- ^«s. a; = 10. 

a;— 1 4^ — 4 7a; — 6 _^ , a;— 2 , 3a; — 9 
^^■""3~ + ~l 8~-'' + ~2" + '^0~- 

Ans. x = Y5. 

lo 
20. (a; + |)(a;-|)-(a;+5)(a;-3)+| = 0. 

Ans. X = 12. 
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22. (a+x) (i+x) = (c+x) (d+x). Ans. x = ,_ _^ 

23.? + ^ = ^. ^»*-^ = 4ft^- 

a 6— a b+a b{b + a) 

a^ b S (a" _ 1) 

_ x—a x—b x—c X — ( g + 5 + c) 

aO. — r — + — 7 ■ 

b c a abc 

, aH-^a¥-\-bc^ — a — b~c 

Ans. X = — T ; T :, . 

ac + be + ab — 1 
86. (a + x) (b + x) - a{b + c) =^ + a?. Ans. x = j. 

27. ^±^ = ^ + -A-. Ans. x= fJl+^-^i . 
X — c x—a X — a'+tr—ac—bc 

„^ ax* + bx + c ax +b , br — ca 

28. — ^-; ; — = — - — . Ans. X = ^. 

pii? + qx + r px + q cp — or 

„. 3a6c , aW {2a + b)Vh: _ , bx 
a+b (a+by a{a+by a 

. ab 

Ans. x = 



a+b' 



m(x+a) n(x+b) . bn — am 

-^ — 4-^ H — ^^ — ■ — - =m + n. Ans. x = . 

x + b x+a m — n 

31. ^^^«y = ^^^— i . Ans.x = ''-^ 



/x — fl\'_ X — 2( 
\x + b} ~ X + a 



+ bl~x + a + 2b' ^«o. *- 2 . 

32. {x — a)3+ (a; — bY+ (x — cY = 3{x — a) {x — b){x — c). 

Ans. X = 5 . 

33. .15a; + 1.575 - .875a; = .0625a;. Ans. x = 2. 

34. 1.2a; - :^^±.^^ = ,^ ^. 3.9. Ans. x = 20. 

.0 

35. 4.8a; - '' \ "^ = 1.6a; + 8.9. Ans. x = 5. 
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SOLUTION OF PROBLEMS. 

300. We shall now apply the methods already given to the 
solution of some problems, and thus exhibit to the student speci- 
mens of the use of Algebra. 

In a problem certain quantities are giyen, and certain others, 
which have some assigned relations to them, are to be found. 

301. The solution of a problem by Algebra consists of two 
distinct parts : 

1st. The Statement — that is, the formation of the equation 
which shall express the relation between the known and the un- 
known quantities. 

3d. The Solution of the equation. 

303. Sometimes the conditions of the problem are such as to 
fiimish the equation directly ; and sometimes it is necessary, from 
the given conditions, to deduce others, from which to form the 
equation. When the conditions furnish the equation directly, 
they are called Explicit Conditions. When the conditions are 
deduced from those given in the problem, they are called Implicit 
Conditions. 

303. It is impossible to give any precise rule for solving 
every problem; the following directions, however, may furnish 
some aid : 

Denote the unknown quantity by one of the final letters of the 
alphabet, and express, in algebraic language, the relation which 
subsists between the unknown quantity and the given quantities ; 
an equation will thus be obtained from which the value of the un- 
known quantity may be found. 

II.I, VSTMATIONS. 

1. The sum of two numbers is 89, and their difference is 31 ; 
find the numbers. 

Let X denote the less number, then the greater number wiU 
be 31 -f- rcj .•. since their sum is 89, 

31 + a; + a; = 89; 
that is, Zl +%x = 89. 
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By transposition, 2a; = 89 — 31 = 58 ; 
whence, x = -^ = 2Q, the less number. 

■ ■. the greater number is 29 + 31, that is, 60. 

3. A bankrupt owes B twice as much as he owes A, and C as 
much as he owes A and B together ; out of $300 which is to be 
divided among them, what should each receive ? 

Let X denote the number of dollars which A should receive ; 
then, by the conditions of the problem, 2x wiU be the number of 
dollars B should receive, and x + 2x, that is, 3a!, will be the num- 
ber of dollars should receive. They together receive $300 ; 

.-. x + %x + Zx = 300. 

Eeduoing, 6a; = 300 ; 

300 _. 
whence, x = —^ = 50 ; 

therefore, A should receive $50, B $100, and C $150. 

3. Divide a line 31 inches long into two parts, such that one 

may be three-fourths of the other. 

3a; 
Let X denote the number of inches in one part, then — 

will denote the number of inches in the other part ; . ■ . {42, 1), 
. + 5 = 3L 

Clearing this equation of fractions, 
4a; + 3a; = 84; 
by reduction, ^a; = 84 ; 

whence, a; = -y = 13 ; 

therefore, one part is 13 inches long, and the other part 9 inches. 

4. If A can perform a piece of work in 8 days, and B in 10 
days, in what time will they perform it together ? 

Let X denote the number of days required. 
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In one day A can perform ^th of the work, therefore in x 
days he can perform ^ths of the work. 

In one day B can perform ^n^^ °^ the work, therefore in x 

days he can perform ^Tcths of the work. Hence, since A and B 
together perform the whole work in x days, 

8 ^ 10 
By clearing of fractions, 

6a; + 4a; = 40 ; 
by reduction, 9a; = 40 ; 

whence, a; = — = 4f . 

5. A laborer was employed for 30 days, on condition that for 
every day he worked he should receive 50 cents, and for every 
day he was idle he should forfeit 25 cents. At the end of the 20 
days he received $4; how many days did he work, and how many 
days was he idle ? 

Let X denote the number of days he worked ; then he was idle 
20 — a; days. 

50a; = wages due for work, and 

25 (20 — a;) = the amount he forfeited ; 

. •. 50a; — 25 (20 — x) = 400; 

that is, 50a; — 500 + 25a; — 400 ; 

by transposition and reduction, 

753; = 900; 
whence, a; = 12 = the number of days he worked, 

and 20 — a; = 8 = the number of days he was idle. 
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6. How much rye, at 54 cents a bushel, must be mixed with 
50 bushels of wheat, at 73 cents a bushel, in order that the mix- 
ture may be worth 60 cents a bushel ? 

Let X denote the number of bushels required ; then 54a! is the 
Talue of the rye ; and since the value of the wheat is 3600, the 
value of the mixture is 54a; + 3600. 

The value of the mixture is also {x + 50) 60 ; 

(a; + 50) 60 = 54a; + 3600; 

that is, 60a! + 3000 = 54a! + 3600 ; 

by transposition and reduction, 

6a! = 600 ; 
whence, x = 100. 

7. A smuggler had a quantity of brandy, which he expected 
would sell for $100 ; after he had sold 10 gallons, a revenue officer 
seiaed one-third of the remainder, in consequence of which, the 
smuggler received only $80 for his brandy. How many gallons 
had he at first, and what was the price per gallon ? 

Let X = the number of gallons ; then — is the price per 

X 

X 10 

gallon, and — g — is the quantity seized, the value of which is 

o 

100 — 80 = 20. The value of the quantity seized is also ex- 

^ ^ a! — 10 100 
pressed by — g — x — ; 

a: - 10 100 _- 

.-. — 5 — X = 20. 

3 X 

Clearing of fractions, 

100 (a; — 10) =60a;; 
that is, 100a!— 1000=60a!; 

by transposition and reduction, 

40a; = 1000 ; 
whence, x = 25, the number of gallons ; 

and — = -^ = 4 dollars, the price per gallon. 
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OQ^ PItOBIiEMS. 

1. Divide $3870 between two persons, A and B, so that A 
shall receive twice as much as B. 

Ans. A gets $2580, and B $1290. 

2. Divide $420 between A and B, so that, for every doUar A re- 
ceives, B may receive %^. Ans. A's share = $120, B's = $300. 

3. How much money is there in a purse when the fourth part 
and the fifth part together amount to $45 ? Ans. $100. 

4. After paying the seventh part of a bill and the fifth part, 
$92 were still due ; what was the amount of the bill ? 

Ans. $140. 

5. Divide 46 into two parts, such that if one part be divided 
by 7 and the other by 3, the sura of the quotients shall be 10. 

Ans. 28 and 18. 

6. A company of 266 persons consists of men, women, and 
children; there are four times as many men as children, and 
twice as many women as children. How many of each are there ? 

Ans. 38 children, 76 women, 152 men. 

7. A person expends one-third of his income in board and 
lodging, one-eighth in clothing, one-tenth in charity, and saves 
$318. What is his income ? Ans. $720. 

8. Three towns. A, B, C, raise a sum of $594 ; for every doUar 
B contributes, A contributes three-fifths of a dollar, and seven- 
eighths of a dollar. What does each contribute ? 

Ans. A contributes $144, B $240, C $210. 

9. Divide $1520 among A, B, and C, so that B shaU have $100 
more than A, and C $270 more than B. 

Ans. A gets $350, B $450, C $720. 

10. A certain sum of money is to be divided among A, B, and 
C. A is to have $30 less than the half, B is to have $10 less than 
the third part, and C is to have $8 more than the fourth part. 
What does each receive ? Ans. A $162, B $118, C $104. 

11. The sum of two numbers is 5760, and their difference is 
ec[ual to one-third of the greater; find the numbers. 

Ans. 3456 and 2304. 
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13. Two casks contain equal quantities of beer ; from the first 
34 quarts are drawn, and from the second 80 ; the quantity re- 
maining in the first cask is now twice that in the second. How 
much did each cask origiually contain ? Ans. 136 quarts. 

13. A person bought a picture at a certain price, and paid the 
same price for a frame ; if the frame had cost $1 less, and the pic- 
ture $f more, the price of -the frame would hare been only half 
that of the picture. What was the price of the picture ? 

Ans. $2f. 

14. A house and garden cost $850, and &ve times the price of 
the house was equal to twelve times the price of the garden ; find 
the price of each. Ans. House, $600 ; garden, $250. 

15. One-tenth of a rod is colored red, one-twentieth orange, 
one-thirtieth yellow, one-fortieth green, one-fiftieth blue, one- 
sixtieth indigo, and the remainder, which is 302 inches long, 
Tiolet ; find the length of the rod. Ans. 400 laches. 

16. Two-thirds of a certain number of persons received $18 
each, and one-third received $30 each. The whole sum received 
was $660. How many persons were there ? Ans. 30. 

17. Find the number whose third part added to its seventh 
part gives a sum equal to 20. Ans. 42. 

18. The difference between the squares of two consecutive 
numbers is 15. What are the numbers ? Ans. 7 and 8. 

19. A performs -f of a piece of work in 4 days; he then re- 
ceives the assistance of B, and the two together finish it in 6 
days. Find the time in which each alone can do the whole work. 

Ans. A in 14 days ; B in 21 days. 

30. A bought eggs at 18 cents a dozen ; had he bought 5 more 
for the same money, they would have cost him 2^ cents a dozen 
less. How many eggs did he buy ? Ans. 31. 

31. A man bought a certain number of sheep for $94 ; having 
lost 7 of them, he sold one-fourth of the remainder at prime cost 
for $30. How many sheep did he buy ? Ans. 47. 

22. A man leaves home in a stage which travels 12 miles an 
hour, and agrees to return in 3 hours. How far may he ride if he 
walks back at the rate of 4 nliles an hour? Ans, 6 miles. 
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23. A and B play at a game, agreeing that the loser shall 
always pay to the ■winner $1 more than half the money the loser 
has ; they commence with equal sums of mouey, but after B has 
lost the first game and won the second, he has twice as much as 
A; how much had each at the beginning? Ans. $6. 

34. A person who possesses $12000 uses a portion of the 
money in building a house. One-third of the money which re- 
mains he invests at 4 per cent., and the other two-thirds at 5 per 
cent., and from these iuTestments he obtains an income of $392. 
What was the cost of the house ? Ans. $3600. 

25. A takes from a purse $3 and one-sixth of what remains ; 
then B takes |3 and one-sixth of what remains ; they then find 
that they have taken equal amounts. How many dollars were in 
the purse, and how many did each take ? 

Ans. There were $20 in the purse, and each took $5. 

26. A vessel can be emptied by three taps ; by the first alone 
it could be emptied in 80 minutes ; by the second alone, in 200 
minutes ; and by the third alone, in 5 hours. In what time will 
the vessel be emptied if all the taps are opened ? Ans. 48 min. 

27. A person buys some tea at 36 cents a pound, and some at 
60 cents a pound ; he wishes to mix them, so that, by selling ■ the 
mixture at 44 cents a pound, he may gain 10 per cent, on each 
pound sold; find how many pounds of the inferior tea he must 
mix with each pound of the superior. Ans. 5. 

28. A cask. A, contains 12 gallons of wine and 18 gallons of 
water ; another cask, B, contains 9 gallons of wine and 3 gallons 
of water ; how many gallons must be drawn from each cask, so as 
to produce, by their mixture, 7 gallons of wine and 7 gallons of 
water ? Ans. 10 from A, and 4 from B. 

29. A can dig a ditch in one-half the time that B can ; B can 
dig it in two-thirds of the time that C can ; all together they can 
dig it in 6 days ; find the time in which each alone can dig the 
ditch. Ans. A in 11 days, B in 22 days, and C in 33 days. 

30. At what time between one o'clock and two o'clock is the 
minute hand exactly one minute in advance of the hour hand? 

Ans. 6^ minutes past one. 
7 
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31. A man leaves home in a stage which travels I miles an 
honr, and agrees to return in a hours. How far may he ride, if 
he walks back at the rate of c miles an hour ? 

, dbc ., 

Ans. 1 miles. 

b + c 

ScH. — As a, h, and c may have any values whatever, the solu- 
tion of Problem 31 furnishes a formula which can be used for the 
solution of any similar problem. Thus, to obtain the answer to 
Problem 22, we have only to substitute 3 for a, 12 for i, and 4 
for c, which gives 

2 X 12 X 4 96 - 



12 + 4 16 

A problem is said to be generalized when letters are used to 
represent its known quantities. 

32. A crew, which can row a boat at the rate of 9 mUes an 
hour in stDl water, finds that it takes twice as long to come up a 
river as to go down ; at what rate does the river flow ? 

Ans. 3 miles an hour. 

33. A certain article of consumption is subject to a duty of 
72 cents per cwt. ; in consequence of a reduction in the duty, the 
consumption increases one-half, but the revenue falls one-third. 
Find the duty per cwt. after the reduction. 

Ans. 32 cents per cwt. 

34. A merchant maintained himself for 3 years at a cost of 
$250 a year; and in each of those years augmented that part 
of his stock which was not so expended by one-third thereof. At 
the end of the third year his original stock was doubled ; what 
was that stock ? ^ws. $3700. 

35. A market woman bougtit some eggs at 2 for a cent, and as 
many more at 3 for a cent ; she sold them all at the rate of 5 for 
2 cents, and found she had lost 4 cents. How many did she buy 
of each sort ? Ans. 120. 

36. A man hired a servant for one year at the wages of $90 
and a suit of clothes. At the end of 7 months the servant quits 
his service and receives $33.75 and the suit of clothes. At what 
price were the clothes estimated ? Ans. $45. 
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311. A general arranging his men in the form of a solid square, 
finds he has 21 men over ; but attempting to add one man to 
each side of the square, finds he wants 300 men to fill up the 
square ; find the number of men. Ans. 13121. 

38. A boatman can row 14 miles an hour with the tide; 
against a tide two-thirds as strong, he can row only four miles an 
hour. What is the velocity of the tide in each case ? 

Ans. 6 miles, and 4 miles. 

39. Two men start from the same point at the same time, and 
travel in the same direction ; the first steps twice as far as the 
second, but the second makes five steps while the first makes one. 
At the end of a certain time they are 300 feet apart ; how far has 
each traveled? Ans. 1st, 300 feet; 3d, 500 feet. 

40. A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of a pound a head ; after being at sea 30 days she en- 
counters a storm, in which 5 men are washed overboard, and dam- 
age sustained that will cause a delay of 34 days, and it is found 
that each man's daily allowance must be reduced to five-seventh^ 
of a pound. Find the original number of the crew. Ans. 40. 

SIMPLE EQUATIONS WITH TWO UNKNOWN QUANTITIES. 

305. Suppose we have an equation containing two unknown 
quantities, x and y ; for example, 

5a; — 3^ = 4 . . . . (1). 

For every value which we please to ascribe to one of the un- 
known quantities we can determine the corresponding value of 
the other, and thus find as many pairs of values as we please. 

6 * 8 

Thus, if y = 1, we find a: = ^ ; if y = 3, we find a; = - ; and 

o o 

so on. 

Suppose we have another equation of the same kind; for 

example, 

4a; + 3?/ = 17 ... (3). 

We can also find as many pairs of values as we please which 
satisfy this equation. 
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But suppose we ask for values of x and y which satisfy 'both 

equations; we shall find then that there is only one value of x 

and one value of y. For, multiplying (1) by 3, and (3) by % we 

have 

15a; — 6«/ = 12 . . . (3), 

8a; + 6^ = 34 ... (4). 

Adding (3) and (4), member to member (43, 2), 

33a; = 46 (5); 

whence, a; = 2. 

"We may now find the value of y by substituting 2 for a; in 
either of the given equations. Substituting 2 for x in (1), 

10 — 2y = 4 . . . . (6); 
whence, y. = 3. 

Hence, if both equations are to be satisfied, x must be equal to 
2, and y must be equal to 3. 

306. Simultaneous Equations are two or more equa- 
tions which are to be satisfied by the same values of the unknown 
quantities. We are now about to treat of simultaneous equations 
of the firot degree involving two unknown quantities. 

307. There are three methods which are usually given for 
solving these equations. The object of each method is to obtain 
fi-om the two given equations a single equation containing only 
one of the unknown quantities. The unknown quantity which 
does not appear in the resulting equation is said to be eliminated. 

308. ELIMIKATION" BY ADDITIOST OB SUBTEACTION. 
1. Let it be required to solve the equations, 

ix + dy = 22 (1), 

5a; -72^ = 6 (2). 

Multiplying (1) by 7, and (2) by 3, 

28a; + 31^^ = 154 (3), 

15a;-21y = 18 (4). 
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Adding (3) and (4), 




43a; = 172 


(5); 


whence, x — i. 




Substituting 4 for x in (1), ^ 




16 + 32^ = 23; 




whence, y — ^■ 




2. Let it be required to solve the equations. 


2x + ny — 29. . . . 


(1), 


3x + 5y = 27 ... 


(2). 


Multiplying (1) by 5, and (2) by 7, 




10x + 35y = U5 . . 


(3), 


21a; + 35^/ = 189 . . 


(4). 


Subtracting (3) fi?om (4), 




11a; = 44 


(5); 


whence, a; = 4. 




Substituting 4 for x in (1), 




8 + 72/ = 29; 




whence, y = 3. 
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It TILE. 

I. Multiply or divide the given equations ly such quantities 
that the coefficients of the quantity to he eliminated shall he equal 
in the two resulting equations. 

II. If these equal coefficients have like signs, suitract one of 
the resulting equations from the other, member from memher ; if 
they have unlike signs, add the equations, memher. to m.ember. 

ScH. 1.— Before commencing the operation of elimination, 
each of the given equations should be reduced to the form of 
ax + hy = c, if it is not already of that form. 
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ScH. 3. — The coefficients of the quantity to be eliminated 
may be equal in the given equations ; in that case, the first step 
in the rule is unnecessary. 

SoH. 3. — In preparing the given equations by multiplication, 
it is best to divide the L. 0. M. of the coefficients of the quantity 
to be eliminated by each of these coefficients ; the quotients thus 
obtained will be the least multipliers that can be used. 

ScH. 4 — ^It is generally convenient to clear the equations of 
fractions, if they have any, before applying the rule. This is not 
necessary, however. For if the quantity to be eliminated has 
fractional coefficients in the two equations, they may be reduced 
to equivalent fractions having a common denominator; it will 
then be necessary to render the numerators equal by multiplica- 
tion or division, according to the rule. 

EXJI.MPI,X1S. 

Solve the following groups of simultaneous equations : 

, 5 5a; + % = 49 ) . „ . 

^- l7^-4 = 19f- Ans.x = 5,y = L 

*• Uy-i(a; + 10) = 3f ^ns. X - &, y - i. 

_ {x4-y=s) . s + d s—d 

5. i ^ j\- Ans. X = — ^ — , y = —r- — . 

(x — y = d) % ' " 3 

209. ELIMINATION BY SUBSTITUTION. 

Let it be required to solve the equations 

4a!+3y = 22 . . . (1), 

SiB — 7y = 6 . . . . (2). 

From (1) we find 

22 — 4a! ,„. 

2/ = 5 .... (3). 
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Substituting this Talue for y in (2), 
„ 32 — 4a; 



.. , ^ 3 - 


Oj 


, , , . „ 154 — 28a; „ 

that IS, 5a! 5 = 6 . . . 




(4). 


Multiplying (4) by 3, 




15a; — 154 + 28a; = 18 . 


• (5); 


by transposition and reduction, 




43a; =173; 




whence, a; = 4. 




Substituting 4 for a; in (3), we find y - 


= 2. 



RULE. 

Find, from one of the given equations, an expression for the 
value of the unknown quantity to be eliminated, and substitute 
this value for the same unknown quantity in the other equation; 
there will thus be formed a new equation containing only one un- 
known qvuntity. 

MXAMPJCES. 

Solve the following groups of simultaneous equations: 



I 2a; + 3y = 33 ) 
l4a; + 5« + 59r 



3, ■ 



+ 5y + ' 
x+y x—y _ 



= 8 



jg+y , a;— y_n 
3 "^ 4 ~ 



i3a;-2y = l) 
ISu — Ax — l) 



4. \ 



.3y — 4a; 

2^3 
3^4 



Ans. a; = 6, y = 7. 
a; = 18, y = 6. 
s. x = 5, y = 7. 
Ans, x= — 6, y = 12. 
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5. 



a 
c a 



ae(dn—im) bd(am—cn) 

Ans. x-=. — S — =— i, y = — — — j — -. 
ad — be " ad— 00 



310. ELIMINATION BY COMPAEISON. 

Let it be required to solve the equations 

7a; + 6^^ = 20 (1), 

9a: — % = 14 (3). 

Prom(l), y = ^^^ (3), 



and from (3), y — j (4) ; 

.-.(43,6), — 2 = ^ . . . (5). 



Clearing of fractions, 

27a; — 43 = 40 — 14e; 
whence, a; = 3. 

Substituting 3 for a; in either (3) or (4), we find y = 1. 

B, ULE. 

Find, from each of the given equations, an expression for the 
value of the unknown quantity to be eliminated) and equate the 
expressions thus obtained ; an equation will thus be formed con- 
taining only one unknown quantity. 

EXAMPIyXlS. 

Solve the following groups of simultaneous equations : 

, j4a; — 3«= 30) 

1- i4. + 3^ = 100r Ans. X = 15, y = 20. 



TWO UKKKOWK QUANTITIES. 
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\tx-^ = n\ 

( 2a! + 32/ = 12 i 
3 



4 



5. 



%x 



\y= 



x+ y = n 



^^-y 3_32/ 



xJ^-y _ 



n 



Ans. a; = 3, y = 3. 
^ws. a; = 3, y = 3. 

Ans. a; = 9, y = 13. 
^ws. a; = 3, y = 5. 



311. Gbneeal Scholium. — In the solution of simultaneous 
equations, any of the preceding methods of elimination can be 
■used, as may be most convenient, each method haying its advan- 
tages in particular cases. Generally, however, the equation ob- 
tained by using the second or third method contains fractional 
terms. This inconvenience is avoided if we eliminate by the first 
method. The second method may be preferable whenever the co- 
eflBcient of one of the unknown quantities in one of the given 
equations is unity ; for then the inconvenience of which we have 
just spoken may be avoided. We shall sometimes have occasion 
to use the second and third methods, but generally the first 
method is preferable. 

Solve the following groups of simultaneous equations : 

1. i „[' -4**s. a; = 11, M = 4. 

(x — y='7) ^ 

^- \TyZZ^\}- Ans.x = 6,y^r 

'■{lUtzlV Ans.x = U,y = Z 



I 3a; + 32/ = 43) 
llOa;— «= 7) 



Ans. a; = 3, y = 13. 
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_ j 5a;— 7^= 33) 
( !!« + 12y = 100 r 

6 \3y-^^= 4) 

I 21y + 20a; = 165 ) 
1 77^ — 30a; = 295 r 

j 5a; + 7y = 43) 
1 11a; + 97^ = 69 f 

|8a; — 211/= 33) 
( 6a; + 35^^ = 177 r 

nia;-10y = 14) 
( 5a; + 73? = 41) 

1 16a; + 17^/ = 500 ) 
1 17a;— 3«/ = 110) 



12. 



13. 



14. 



15. 



5 + 6-^^ 
?-? = 21 



-4-^-9 
3 + 4-^ 

4^5 ' 



2 3~ 

3^4 



x+y x—y_ 

^ 3~- ^ 

a;+2/ «— 2/_ . 

~3 4~- ^ 



.4ms. a; = 8, y = l. 
Am. x = 2, y = 6. 
Ans. x = 3, y = 5. 
Ans, a; = 3, y = 4. 
Ans. a; = 12, y = 3. 
u4ms. a; = 4, y = 3. 
Ans. a; = 10, y = 20. 

Ans. a; = 60, j? = 3a 
^MS. a; = 12, y=: 20. 



a; =—6, 2^=12. 



a; = 18, J' = 6. 



TWO UNKNOWN QUANTITIES. 



16. 



17. 



18. 



19. 



lla; — 5?^ _ 3a; + ; 

n — 16 
8z — 5y=l 



|_| + 2 = l-2. + 6 
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Ans. x = t, y = l\. 

Ans- x = 2, y=7. 



20. 



31. 



23. 



a; = 4^ 

^(2a; + 7y)-l=|(2a;-6y+l) 

x + l{3x-y-l) =1 + 1(^-1) 



i(4a; + 3y)=g + 3 
Bx—5y 2x + y ' 

x — %y _x , y 
^ ^-2 + 3 

'3a; y 4 x y 

10 ~ 15 ~ 9 ~ l3 "" 18 

3 ~ 12 15 + 10 



a;=4, y=l. 



Ans. x=.Z\, y= 6-|. 
^ms. a; = 12, y = 6. 

.4?is. a; = 2, j/ = — 1. 



4a; — 3j/ — 7 _ 3a; ay 5 
5 ~ 10 15 6 

y— 1 I a' 3y_y— a; , ^ , 11 
3 "^ 2 20 15 "'' 6 "•" 10 



a;=3, 3^=2. 



23. .^ 



r3a; 5?^ 
3 12 


3a; y 

2 3 


7 

4 

a;— 2/_l 


23 

2 



la; + 2/ 5 



a;=18, y = 12. 
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(12a;— &y — a S 



25. 



X 


+ 


^_ 


2 


m 




n 




X 




y - 


1 


m 




n 





Ans. x = y =^ 



Sm n 

Ans. x = -Y' y = 2- 



36. 



27. 



X 


y 


= 1 


a 


h 


X 


y 


2 


3a 


65 


3J 



S ax ■\- hy ^c \ . 

-i •^ , f • ^ras. a; : 

( mx — ny = d ) 



Ans. x = 3a, y = 2b. 



_ cn + id _cm —ad 
~ bm + an' ^ ~ bm + an' 



28. 



o + c a + c 

ax — by 

{a — b)c ~ 



Ans. x==b + c, y=^a + c. 



29. . 



4- -2— 
a + b a—b 



— 2a 



x—y 
lab 



= 1 



Ans. a; = (a + by, y ^ {a — b)^. 



SIMPLE EQUATIONS WITH ANY NUMBER OP UNKNOWN 
QUANTITIES. 

313. To solve a group of simple equations contain- 
ing any number of unknown quantities. 

Let it be required to solye the equations 

3x + 4:y — 2z = 10 . . . (1), 

5x — 2y + 3z = 16 . . . (2), 

4x + 2y + 2z = 22 . . . (3). 
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Combining (1) and (3), also (1) and (3), eliminating z in each 
case, we have the new group 

19a; + 8?/ = 63 . . . (4), 
7a; + 6^ = 32 . . . (5). 

Combining (4) and (5), eliminating y, we have 
39a; = 58; 
■whence, a; = 3. 

Substituting 3 for a; in (5), we have 
14 + 6?/ = 33; 
whence, y = 3. 

Substituting 2 for x and 3 for y in (1), we have 
6 + 13 — 32 = 10; 
whence, 2^4. 

It ULE. 

I. ComMne one equation of the group with each of the others, 
eliminating the same unknown quantity in each case ; there will 
result a new group containing one equation less than the original 
group. 

II. Comiine one equation of the resulting group ivith each of 
the others, eliminating a second unknown quantity ; there will 
result a new group containing two equations less than the original 
group. 

III. Continue the operation until a single equation is found, 
containing only one unknown quantity. 

IV. Find the value of this unknown quantity ly the rule of 
Art. 197 ; substitute this value in either one of the group of tivo 
equations, and find the value of a second unknown quantity ; 
then substitute the two values thus found in any one of the group 
of three equations, and find the value of a third unknown quan- 
tity ; and so on, till the values of all are found. 
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SCH. — When any one of the unknown quantities does not 
occur in all the equations, it will generally be best to eliminate 
that quantity first. 

Solve the following groups of simultaneous equations: 

{x — 'ily + Zz = 2\ 
2x — 3y+ z = iy- Ans. x = 3,y — 2,z = l. 

3x— y + 2z=9) 

[dx + 2y — iz = lS\ 

2. }5x — 3y + 2z = 28>- Atis. x = 1,y = b,z = L 
( 3«/ + 42 — x = 2U 

[ x+ y— z — l\ 

3. \8x + 3y — %z = l\- Ans. x = 2,y=zZ,z = L 



3^ — 4a; — «/ = 1 



2x 


— 7y + 4:Z = 





3x 


-3y+ z = 





9x 


+ by + 3z = 


28 



Ans. x = l,y — 2,z = 3. 



(ix — 3y + 2z= 9) 

5. <2x + 5y — dz= 4 >■ • Ans. x = 2, y =z 3, z = 5. 
(5x + 6y—2z = 18 ) 

I2x— 4:y+ 9z = 28\ 

6. j 7a; + 3y — 5z= 3>. Ans. x = 2,y = 3,z — L 
( 9a; + IQy — 11^ = 4 ) 

{x — 2y + 3z= 6 ) 
2a; + 32? — 42 = 20 >• ■ Ans. x = 8,y = 4:,zz=2. 

^x — 2y + 5z — 26 ) 

(ix — 3y + 2z = 4:0) 

8. •] 5a; + 9y — 72 = 47 [ • Ans. x = 10,y = 2, z=3. 
( 9a; + 8«/ — 32 = 97 ) 

f 3x + 2y + z = 23) 

9. I 5x + 2y + 4:z = 46 [• . Ans. x = 4:,y = 3, z = o. 
( 10a; + 5«/ + 42 = 75 ) 
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Ill 



[ OX — 6y + 4:Z = 15 

10. l':ix + iy — 3z = 19 
( 2a; + y + 6z = i6 

(x + y + z = 31) 

11. lx + y — z = 25y- 
{x — y — z= 9 ) 

lx + y + z^26) 

12. Ix-y = i\- 



Ans. x = 3,y = 4:,z = 6. 



a; = 20, y = 8, z = 3. 



Ans. x=12,y = 8,z = G. 



!x — y — z=z 6 ■ 
3«/ — ic — 2 = 12 J 
nz — y — x = M. 



Ans. x = 3Q,y = 21,z = 12. 



3y — l _6z X 9 
4 ~"5 "~2'^ 5 

3a; + 1 £_ 1 _ ^ , y 

7 14 "^ 6 ~ 21 + 3 



a;=2, y=3, z=l. 



10a; + 4y — 52: _ 4a; + 6i/ — 3g 
5 ~ 9 

15. { lOx + ^ — 5z = 'ke + 6y — 3z — 8 

10a; + iy — 5z ix + 6y — 3z x + y + z 



10 



+ ■ 



16. < 



17. 



' 7a;-32/ = ll 

llz— 7m=1 

Az—7y = l 

19a; — 3m = I 

3m — 2y= 2 

5a; — 7« = 11 

^a; + 3«/ = 39 

L 4«/ + 32 = 41 J 



. - 20 46 

Ans. a: = 6, 2/ = y, z = y 



^ws. a; = 4, y = 9, 2 = 16, M = 25, 



Ans. X = 12, y ■= 6, z ■= 1, u ■= L 



113 



SIMPLE EQUATIONS. 



18. 



19. 



(2x — 3y + 2z=13 
iy + 2z = 14 
4m — 2a; = 30 
6i/ + 3u = 32 

7m — 13^ = 87 ^ 
lOy— 3a; = 11 
3m + 14a; = 57 
2a; — llz = 50 



Ans. x=3, y=l, z—5, m=9. 



x = 3,y = 2,z=:—4:,u = 5. 



20. 



21. 



22. 



23. 



f 7a; — 2« + 3m = 17 ^ 
4:y — 2z+ V = 11 
5?^ — 3a; — 2m = 8 
4:y — 3u + 2v= 9 
32 + 8m =33 

Ans. a; = 2, «/ = 4, z = 3, ■ 



, = 3, v. 



= 11^ 
= 11 



3x — 4:y + 3z+3v — 6u = 
3x — 5y + 2z—4:U: 
lOy —3z+3u — 2v=i 2 
5z +4:U + 2v —2x= 3 
6u — 3v + 4=x — 2y= 6 

Ans. x = 2,y = l,z=^3,u=—l,v=—2. 



= 1 



a; « 
a G 

\.b'^ c 



ay + hx=.c\ 
ex + az^h^- 
hz + cy = a) 



a 

^ = ^,y- 



c 

'2' 



Ans. 



2bc 



y = 



a2 + c2— J2 fflg + 58 — c^ 



2ac 



« = 



2aJ 



r a; + a= 2/ + 2 

24. ] «/ + a = 2^ + 2z 

( 2 + a = 3a: + 3«/ 



Ans. x = zr^a, y ■■ 



5 7 
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35. Ub + c)x + {a + c) y + (a + I) z 
( bcx + acy + abz — 1 

Ans. X = 7 y—, -c, y = 



27. 



28. 



39. 



30. 



(a-S)(a-c)' 
aa; + S«/ + C2 = A 



2 = ■ 



C?X + I 



+ c'^ = A8 



(5-a)(5-c)' (c-«)(c-5y 

A(A-^)(A-c) 
a(a — V){a — c) 



X = 



hx ->r cy ■\- az ■=■ ex -\- ay -{■ Iz 
ex + ay + bz = a^ + i^ + c^ 

x — ay + ah = a^ ) 
x—by+i^z = ¥>. 
X — cy + c^z = ^) 

cx + y + az=^2a ) 

(^x + y + ah — 2ac Y . 
OCX — y + acz = a^ + (^1 



Ans. x = b + c — a. 



Ans. a; = abc. 



. a + 1 c- 

A71S. X — , y = a — c, z = — 



' u +v +W + X + y =15 
V +w + X +y + z =30 
w +x + y +z +M=19 
X + y +z +u +v =18 
y +z +u +v +w = ll 
z +u +v +w + 2;=16J 

Ans. u = l,. v = 2, w = 3, a; = 4, y = 5, z=Q. 



313. 



PROBIISMS. 



1. A and B engage in play ; in the first game A wins as much 
as he had and four dollars more, and finds he has twice as much 
as B ; in the second game B wins half as much as he had at first 
and one dollar more, and then it appears he has three times as 
much as A ; what sum had each at first ? 

Let X = the number of dollars which A had, and 
y = the number of dollars which B had ; 
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then after the first ganje A has 3a; + 4 dollars, and B has y—x—4: 
dollars. 
. •. by the first condition, 

2a; + 4 = 3(y — a; —4) . . . (1). 
Again, after the second game A has 3a; + 4 — | — 1 dollars, 
and B has ^ — a; — 4 + 1 + 1 dollars. 
-•. by the second condition, 

2,_a;_4 + | + l = 3(2a; + 4-|-l) . . .(2). 
By transposition and reduction, (1) and (2) become. 



y — %x= 6 . . 


. (3), 


3j^-7a; = 12 . . 


• W- 


Multiplying (3) by 3, 




3y — 6a; = 18 . . 


• (5). 


Subtracting (4) from (5), 




a; = 6. 




Substituting 6 for x in (3), we find 




2/ = 18. 





2. A sum of money was divided equally among a certain num- 
ber of persons ; had there been three more persons, each would 
have received one dollar less, and had the number of persons been 
two less, each would have received one dollar more than he did; 
what was the number of persons, and what did each, receive ? 

Let X = the number of persons, and 

y = the number of dollars each received ; 
then xy dollars is the sum divided. 

By the conditions of the problem, the sum divided is also ex- 
pressed by {x + 3) («/ - 1), or (a; - 2) (y + 1) ; .-. (43, 6), 
we have. 
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(x + 3){y-l)=:zy . . . (1), 

(x-2){y + l)=xy . . . (3). 

By transposition and reduction, (1) and (3) become 

3y — x = 3 . . . (3), 

x — 2y = 2 . . . (4). 

Eliminating x from (3) and (4), 

3y — 2y = 5, or 

y = 5; 

.-. 1)7 (4), x = 2y + 2 = 10 + 2 = 13. 

3. Wliat fraction is that which becomes equal to f when its 
numerator is increased by 6, and equal to ^ when its denominator 
is diminished by 2 ? 

Let X = the numerator, and 

y = the denominator of the fraction ; 
then, by the conditions of the problem, 

x+Q 3 



y 4 
X 1 



(1), 
(2). 



y-2 2 

Clearing of fractions, transposing and reducing, 
3?/ — 4a; = 24 . . . (3), 
y — 2x = 2 . . . (4). 

Multiplying (4) by 3, and subtracting the result from (3), we 

find 

2^ = 20; 

.-. by (4), »= 9. 

Therefore the required fraction is •^. 

4. Find two numbers whose sum is a, and whose difference 
is b. 
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Let « = 


= the greater number, and 




y = 


= the less number ; 




then, by the conditions of the problem, 






x+y=a . . . 


(X), 




(C — y = 1 . . . 


(3); 


whence. 


a , b 

^ = 2 + 3'- 




and 


a b 





Since a and h are any numbers whatever, we have the follow- 
ing general principles, by means of which all similar problems can 
be solved : 

1. The greater of two numbers is found by adding half their 
difference to half their sum, 

2. The less of two numbers is found by subtracting half their 
difference from half their sum. 

5. A and B together possess $570. If A's money were three 
times what it really is, and B's five times what it really is, the sum 
would be $2350. How much money does each possess ? 

Ans. A $250, B 1320. 

6. Mnd two numbers such that if the first be added to four 
times the second, the sum is 29 ; and if the second be added to 
six times the first, the sum is 36. Ans. 5 and 6. 

7. If A's money were increased by $36, he would have three 
times as much as B; but if B's money were diminished by $5, he 
would have half as much as A. How much has each ? 

Ans. A $42, B $26. 

8. A and B lay a wager of $10 ; if A loses, he will have $25 
less than twice as much as B will then have; but if B loses, he 
will have five-seventeenths of what A wiU then have. How much 
money has each ? Ans. A $75, B $35. 

9. For $21, either 32 pounds of tea and 15 pounds of coffee, 
or 36 pounds of tea and 9 pounds of coffee, can be bought ; find 
the price per pound of each. A7is. Tea 50 cts., coffee 33-^ cts. 
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10. A pound of tea and three pounds of sugar cost $1.30 ; but 
if tea were to rise 50 per cent, and sugar 10 per cent., they -would 
cost $1.56 ; find the price per pound of each. 

Ans. Tea 60 cents, sugar 30 cents. 

11. A and B together can perform a piece of work in 8 days, 
A and C together in 9 days, and B and in 10 days ; in what 
time could each person alone perform the same work ? 

Ans. A, 14|| days; B, 17ff ; 0, 33-^. 

12. A and B together can perform a piece of work in a days, 

A and together in b days, and B and C together in c days ; in 

what time could each person alone perform the same work ? 

, . 3a5c , 

A m f =■ days, 

ac + oc — ao •' 



Ans. 



-r, . 2abc , 

B m , , , days, 

ao + oc — ac •' 

„ . 2abc , 

C m -^ =- days. 

ab + ac — bc ■' 

13. A person possesses a certain capital, which is invested at a 
certain rate per cent. A second person has $1000 more than the 
first, and investing his capital one per cent, more advantageously, 
has an income greater by $80. A third person has $1500 more 
capital than the first, and investing it two per cent, more advan- 
tageously, has an income greater by $150. Find the capital of 
each person and the rate at which it is invested. 

( Sums at interest, $3000, $4000, $4500. 

( Kates of interest, 4, 5, 6 per cent. 

14. If there were no accidents, it would take half as long to 
travel the distance from A to B by railroad as by coach ; but 
three hours being allowed for accidental stoppages by the former, 
the coach will travel all the distance but fifteen miles in the same 
time ; if the distance were two-thirds as great as it is, and the 
same time allowed for railway stoppages, the coach would take 
exactly the same time ; find the distance from A to B. 

Ans. 90 miles. 

15. A and B are set to a piece of work which they can finish 
in thirty days, working together, for which they are to receive 
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$64. When the work is half finished, A rests eight days and B 
four days, in consequence of which the work occupies five and a 
half days more than it would otherwise have done. How much 
ought each to receive? Ans. A $23, B $42. 

16. A and B run a mile. First A gives B a start of 44 yards, 
and beats him by 51 seconds ; at the second heat A gives B a 
start of 1 minute and 15 seconds, and is beaten by 88 yards. In 
what time can each run a mile ? 

Ans. A in 5 minutes, B in 6 minutes. 

17. A and B start together from the foot of a mountain to 
go to the summit. A would reach it half an hour before B, 
but, missing his way, goes a mile and back again needlessly, dur- 
ing which he walks at twice his former pace, and reaches the top 
six minutes before B. C starts twenty minutes after A and B, 
and, walking at the rate of two and one-seventh miles per hour, 
arrives at the summit ten minutes after B. Find A's and B's 
rates of walking, and the distance from the foot to the summit of 
the mountain. Ans. 2^, 2 miles per hour; distance, 5 miles. 

18. A number expressed by two digits is four times the sum of 
the digits, and if~;^7 be added to the number the order of the 
digits will be inverted; find the number. 

Let X = the left digit, and 
y = the right digit ; 
then, since x stands in the place of tens, the number will be rep- 
resented by 10a; + y. 

. •• by the first condition, 

10x + y = i{x + y). . . (1); 

and by the second condition, 

10x + y + 2T= lOy + x. . . (2). 

Solving these equations, we find 

x = 3, and y = Q; 

. • . 10a; -I- 2/ = 30 + 6 = 36, the number required. 

19. A number is expressed by three digits. The middle digit 
is equal to twice the left-hand digit, and greater by 3 than the 
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right-hand digit. If 99 be subtracted from the number, the order 
of the digits will be inverted; find the number. Ans. 341. 

20. A number consisting of two digits contains the sum of its 
digits four times, and their product three times; find the number. 

Ans. 24. 

21. A railway train, after traveling for one hour, meets with 
an accident which delays it one hour, after which it proceeds at 
three-fifths of its former rate, and arrives at the terminus three 
hours behind time ; had the accident occurred 50 miles further 
on, the train would have arrived 1 hour and 20 minutes sooner; 
find the length of the line, and the original rate of the train. 

Ans. 100 miles ; original rate, 25 miles per hour. 

22. A railway train, running from London to Cambridge, meets 

with an accident which causes it to diminish its speed to - th 

^ n 

of what it was before, in consequence of which it is a hours late. 

If the accident had occurred 5 miles nearer Cambridge, the train 

would have been c hours late. Find the original rate of the train. 

. b{n-l) ., . 

Ans. —^ miles per hour. 

a — c 

33. The fore-wheel of a carnage makes six revolutions more 
than the hind-wheel in going 130 yards. If the circumference of 
the fore-wheel be increased by one-fourth of its present size, and 
the circumference of the hind-wheel by one-fifth of its present 
size, the six will be changed to four. Eequired the circumference 
of each wheel. Ans. 4 yards and 5 yards. 

24. A man starts p hours before a coach, and both travel uni- 
formly ; the latter passes the former after a certain number of 
hours. From this point the coach increases its speed to six-fifths 
of its former rate, while the man increases his to five-fourths of 
his former rate, and they continue at these increased rates for 
g hours longer than it took the coach to overtake the man. They, 
are then 92 miles apart ; but had they continued for the same 
length of time at their original rates, they would have been only 
80 miles apart. Show that the original rate of the coach is twice 
that of the man. Also, if ^ -j- g = 16, show that the original 
rate of the coach was 10 miles per hour. 
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SYNOPSIS FOR EBVIEW. 



OS 

> S 
„ I— < 

^ o* 

3 M 



Membmis . 



Kinds 



■1 



Mrst Member. 
Second Memh&r. 



' Identical Equation. 
Equation of Condition. 
Numerical Equation. 
Literal Equation. 



Kinds ebspecting \ „^ ^. 
„ -< Quaavatic. 

^Higher . . 



C Cubic. 
' I Biquadratic, etc. 

m { GleaHng of Fractions. Eule. 

( Transposition of Terms. Eule. Cor. 

SOLTJTION OF Simple Equations containing only one Un- 
known Quantity. 



Solution op Peob. 



Simultaneous 
Equations. 



Solution of Equation. 
Bule. 

Elimination by addi' 
tion or subtraction. 
Eule. Sch. 1, 3, 3,4. 
Elimination by substi- 
tution. Eule. 
Elimination by com- 
parison. Eule. 
.Gfeneral Scb. 

Bule for groups of Equations contaiining any 
number of unknown quantities. 



' Solution for two un- 
known qua/ntities. 



DISCUSSION OP PEOBLEMS LEADING TO SIMPLE EQUATIONS. 

315. After a problem has been solved, we may inquire what 
values the unknown quantities will have, when particular suppo- 
sitions are made with regard to the given quantities. The deter- 
mination of these values, and their interpretation, constitute the 
Discussion of the Problem. 



DISCUSSION OF PROBLEMS. 121 

316. INTBEPEBTATION' OE NEGATIVE EESULTS. 

1. What number must be added to a number a in order that 
the sum may be 5 ? 

Let X = the required number; then, by the question, 

a + x — i; 

whence, x = b — a. 

This is a general solution, a and b being arbitrary quantities. 
If a = 12, and b = 25, we have 

a; = 25 — 12 = 13. 

But suppose a = 30, and 5 = 24 ; then 
a; = 24 — 30 = — 6. 

How is this negative result to be interpreted ? 

If we recur to the enunciation of the problem, we see that it 
now reads thus : What number must be added to 30 in order that 
the sum may be 24 ? 

Here it is obvious that if the words added and sum are to re- 
tain their arithmetical meanings, the proposed problem is impos- 
sible. But we see at the same time that the following problem 
can be solved : What number must be taken from 30 in order that 
the difference may be 24 ? The answer to this problem is 6. 

The second enunciation differs from the first in these respects : 
The words added to are replaced by taken from, and the word 
sum by difference. 

Hence we may say that, in this example, the negative result 
indicates that the problem, in a strictly arithmetical sense, is im- 
possible ; but that a new problem can be formed by appropriate 
changes in the original enunciation, to which the absolute value 
of the negative result will be the correct answer. 

This indicates the convenience of using the word add, in Alge- 
bra, in a more extensive sense than it has in Arithmetic. 

Let X denote a quantity which is to be added algebraically to 
a ; then the algebraic sum is a + x, whether x be positive or neg- 
ative. 

Hence, the equation a + x = b will be possible algebraically, 
whether a be greater or less than b. 
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2. A's age is a years, and B's age is i years ; when ■will A be 
twice as old as B ? 

Let X = the required number of years ; then, by the question, 

a + a; = 2 (5 + a;); 

whence, x^ a — 25. 

K a = 40 and i = 15, then 

a; = 40 — 30 = 10. 

But suppose a = 35 and h = 20, then 

a; = 35 — 40 = — 5. 

Here, as in the preceding problem, we are led to inquire into 
the meaning of the negative result. Now, with the assigned 
values of a and b, the equation which we have to solve becomes 

35 + a; = 40 + 2a;. 

This equation is impossible, if a strictly arithmetical meaning 
is to be given to the symbols x and +, for 40 is greater than 35, 
and 22; is greater than x. But let us change the enunciation to 
the following: A's age is 35 years, and B's age is 20 years; when 
was A twice as old as B ? 

Let X = the required number of years ; then, by the question, 

35 — a; = 3 (20 — a;) = 40 — 2a;; 
whence, a; = 5. 

Here again, we may say the negative result indicates that the 
problem, in a strictly arithmetical sense, is impossible ; but that a 
new problem can be formed by appropriate changes in the original 
enunciation, to which the absolute value of the negative result 
will be the correct answer. 

We may observe that the equation corresponding to the new 
enunciation may be obtained from the original equation by 
changing x into — x. 

Suppose the problem had been originally enunciated thus: 
A's age is a years, and B's age is b years ; find the epoch at which 
A's age is twice that of B. 
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We cannot tell from the enunciation of the problem whether 
the required epoch is before or after the present date. If we sup- 
pose the required epoch to be x years after the present date, we 

obtain 

a; = as — 2J. 

If we suppose the required epoch to be x years iefore the 
present date, we obtain 

x=.%'b—a. 

If 25 is less than a, the first supposition is correct, since it 
leads to a positive yalue for x ; the second supposition is incorrect, 
since it leads to a negative value for x. 

If 25 is greater than a, the second supposition is correct, since 
it leads to a positive value for x\ the first supposition is incorrect, 
since it leads to a negative value for x. 

Here we may say, then, that a negative result indicates that 
we made the wrong choice out of two possible suppositions which 
the problem allowed. But it is important to notice, that when 
we discover that we have made the wrong choice, it is not neces- 
sary to go through the whole investigation again, for we can make 
use of the result obtained on the wrong supposition. We have 
only to take the absolute value of the negative result and place 
the epoch lefore the present date if we had supposed it after, or 
after the present date if we had supposed it before. 

3. A's age is a years, and B's age is 6 years ; when was A twice 
as old as B ? 

Let x = the required number of years ; then 

a — a; = 2 (5 — x); 
whence, a; = 26 — a. 

Now let us verify the solution. Substituting 25 — a for x, 

we have 

ffl — ic = a — (25 — a) = 2fl — 25 ; 

and 2 (5 — a;) = 2 (5 — 25 + a) = 2a — 25. 

If 5 is less than a, these results are positive, and there is no 
arithmetical difiBculty. But if 6 is greater than a, although the 
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two members are algebraically equal, yet, since they are both neg- 
ative quantities, we cannot say that we have arithmetically veri- 
fied the solution ; and when we recur to the problem, we see that 
it is impossible if a is less than i ; because, if at a given date A's 
age is less than B's, then A's age never was twice B's, and never 
will be. 

Or, without proceeding to verify the result, we may observe 
that if h is greater than a, then x is also greater than a, which is 
inadmissible. 

Thus it appears that a problem may be really absurd, and yet 
the result may not immediately present any difficulty, though 
when we proceed to examine or verify this result, we may discover 
an intimation of the absurdity. 

The equation 

a + x — '^ifi+x) 

may be considered as the symbolical expression of the following 
verbal enunciation : 

Suppose a and 5 to be two quantities ; what quantity must be 
added to each, so that the first sum may be twice the second ? 

Here the words quantity, sum, and added may all be under- 
stood in algebraic senses, so that x, a, and 5 may be positive or 
negative. 

This algebraic statement includes the arithmetical question 
about the ages of A and B. 

It appears, then, that when we translate a problem into an 
equation, the same equation may be the symbolical expression of 
a more comprehensive problem than that from which it was de- 
rived. 

When the solution of a problem leads to a negative result, 
and the student wishes to form an analogous problem that 
shall lead to the corresponding positive result, he may proceed 
thus: 

Change x into — a; in the equation that has been obtained, 
and then, if possible, modify^ the verbal statement of the problem, 
so as to make it coincident with the new equation. 

We say if possible, because in some cases no such verbal mod- 
ification seems attainable, and the problem may then be regarded 
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as altogether impossible. To iUustrate, take the following prob- 
lem: 

4. A's age is 20 years, and B's age is 30 years ; when will the 
age of A be twice that of B ? 

Let X = the required number of years ; then 

20 + iB = 2 (30 + a;) = 60 + 2a;; 

whence, a; = — 40. 

This negative result shows that the epoch is not in the 
future. Suppose it to be in the past, Changing x into — x, the 
original equation becomes 

20 — a; = 2 (30 — a;) ; 

whence, x = 40. 

This result seems to indicate that 40 years ago — that is, 20 
years before A was bom, and 10 years before B was bom— A was 
twice as old as B. A manifest absurdity. Hence, the problem is 
an impossible one. 

Peinciples — 1. A negative result may arise from the fact 
that the problem contains a condition luhich cannot be arithmet- 
ically satisfied J or from the fact that, of two possible suppositions 
respecting the quality of a quantity, tve adopted the wrong one. 

2. After a problem has been translated into an equation, the 
quality of any quantity involved will be changed, if we change the 
sign of the symbol of that quantity. 

mOBI^BMS. 

1. A father's age is 40 years, and his son's age is 13 years ; 
when will the age of the father be four times that of the son ? 

Ans. a; = — 4. 
Modify the enunciation so that the result shall be + 4. 

2. Find two numbers whose sum is 2 and difference 8. 

Ans. — 3 and + 5. 
Modify the enunciation so that the result shall be + 3 and + 5. 
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3. The difference of two numbers is 6, and four times tlie less 
exceeds five times the greater by 13 ; find the numbers. 

Ans. — 43 and — 36. 
Modify the enunciation so that the result shall be + 43 and 
+ 36. 

4. Two men, A and B, began trade at the same time, A having 
three times as much money as B. When A had gained $400 and 
B $150, A had twice as much money as B ; how much did each 
have at first ? Ans. A was in debt $300, and B $100. 

Modify as in the preceding examples. 

5. There are two numbers whose difference is a; and if three 
times the greater be added to five times the less, the sum will be 
i. What are the numbers ? 

. i + 5a , J — 3a 
Ans. — 5 — and — - — . 

Interpret this result when a = 34 and h = 48. 

6. Two men were traveling on the same road toward Boston, 
A at the rate of a miles per hour, and B at the rate of h miles per 
hour. At 6 o'clock a.m. A was at a point m miles from Boston, 
and at 10 o'clock a.m. B was at a point n miles from Boston. 
When did A pass B ? 

Ans. 5 — hours after 6 o'clock a.m. 

a — 

If m = 36, n = 28, a = 5, and 5 = 3, at what time did A 

pass B ? 

ZERO AND INFINITY. FINITE, DETERMINATE, AND INDETER- 
MINATE QUANTITIES. 

317. The symbol 0, called Nothing, or Zero, is used to 
denote the absence of value, or to represent a quantity less than 
any assignable value. 

A quantity less than any assignable value is sometimes called 
an Infinitesimal. 

318. The ^mbol oo , called Infinity , is used to represent a 
quantity greater than any assignable value. 
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319. A Finite Quantity is one whose absolute value is 
comprised between the limits and oo . 

330. A Determinate Quantity is one which has only 
a, finite number of values. 

331. An Indeterminate Quamtity is one which has 
an infinite number of values. 

A A „ 00 

INTERPEETATION OF THE EGEMS --, —, -r-, -r, 00 X 0, — , 

00 A 00 

AND 00 — 00 . 

333. In order to explain the meaning of these symbols, let 

us consider the fraction :5-, 
is 

1. Suppose A to be finite, and to remam unchanged, while B 
continually decreases ; then the value of the fraction ^ will con- 
tinually increase. 

Thus: If B = A; then ^= Ij 
IfB = ^; then 1 = 2; 
IfB = A; then 1 = 10; 
IfB = A; then ^ = 100; 

Hence, it is evident that, when B becomes less than any assign- 
able quantity, the fraction ^ will become greater than any assign- 
able quantity; hence, 

A 


3. If the denominator B is made to increase continually, while 
the numerator A remains unchanged, then the value of the frac- 
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tion p- will continually decrease ; and when the denominator B 

becomes greater than any assignable quantity, the fraction will 
become less than any assignable quantity ; hence, 

00 

3. If the numerator A is made to decrease continually, while 
the denominator B remains unchanged, then the value of the 

fraction ^ will continually decrease ; and when A becomes less 

than any assignable quantity, the fraction will also become less 
than any assignable quantity ; hence, 

4.\Multiplying both members of the equation -:5- = by B, We 

have, 

= B X 0. 

Dividing both members of this equation by 0, we have. 

But B is any finite quantity ; hence fj is a Symbol of In- 

determination (331). 

5. Multiplying both members of the equation — = by oo , we 

have 

A = 00 X 0. 

But A is any finite quantity; hence oo x is a symbol ofin- 
determination. 

6. We may place the equation k = B under the following 



form: 



2 = K 
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But - = 00 ; hence, 



00 T>. 



therefore ^ is a symbol of indetermination. 

7. In the identity -=■=. — z— make a = and 5 = 0; we 

■' a b ab 

then have 

1_1_0 

0~0 

that is, 00 — 00 = - ; 

hence oo — oo is a symbol of indetermination. 

OKDBES OF INFINITESIMALS AND INFINITIES. 

333. An Infinitesimal of the First Order is one 

that is infinitely small in comparison with a finite quantity; 
that is, so small that it may be contained in a finite quantity 
an infinite number of times. An Infinitesimal of the 
Second Order is one that is infinitely small in comparison 
with an infinitesimal of the first order. An Infinitesi- 
mal of the TJiird Order is one that is infinitely small 
in comparison with an infinitesimal of the second order; and 
so on. 

In order to illustrate, let us consider the continued identity 

1 X x^ x^ , 

X^ Q^~~ 1^~ Q!^' 

Let x be an infinitesimal of the first order ; then - = oo ; that 

' X 

is, 1 is infinitely great in comparison with x. Again, since 

-z=—, and - = 00 , it follows that -j = oo ; that is, x is infinitely 

great in comparison with ^ ; but x is, by hypothesis, an infinitesi- 
mal of the first order ; therefore ofi is an infinitesimal of the sec- 
ond order. In like manner, it may be shown that :>? is an infi- 
nitesimal of the third order, and so on. 
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224. Infinities are of different orders also. Let x be an infi- 
nitesimal of the first order, and A any finite quantity; then, 

AAA 

- = 00 ... (1), ^ = * ... (2), ^ = « • • • (3)» and so on. 

Now the denominator in the first member of (1) is infinitely 
great in comparison with the denominator in the first member of 
(2) ; therefore the second member of (2) is infinitely great in com- 
parison with the second member of (1). 

In hke manner it may be shown that the oo in (3) is infinitely 
great in comparison with the oo in (2) ; and so on. 

335. PKOBLEM OE THE C0T7EIEES. 

The discussion of the following problem, originally proposed 
by Clairaut, will serve to illustrate some of the preceding prin- 
ciples : 

Two couriers, A and B, were traveling along the same road 
and in the same direction, namely, from C toward C ; the former 
going at the rate of m miles per hour and the latter at the rate of 
n mUes per hour. At 12 o'clock, A was at P, and B was A miles 
in advance of A. When were the couriers together ? 

e [p [S IB c 

We cannot tell from the enunciation whether the couriers 
were together before or after 12 o'clock ; but in order to effect a 
statement of the problem, we will suppose the required time to be 
after 12 o'clock. We must then regard time after 12 o'clock as 
positive, and time before 12 o'clock as negative. 

Suppose E to be the point where the couriers met, and Q to 
be the point where B was at 12 o'clock. 

Let X = the required number of hours ; then, since A traveled 
at the rate of m miles per hour, and B at the rate of n miles per 
hour, we have 

PR = mx, and QE = nx. 

But PR = PQ + QR; 

mx=id ■\- nx\ 



whence, x = 
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d 



m — n 



DISCUSSION". 

I. Suppose «i > «. 

Under this hypothesis the value of x will be positiTe, because 
the denominator m — n is positive. Now, since x is positive, we 
infer that the couriers were together after 13 o'clock. 

This conclusion is consistent with the conditions of the prob- 
lem. For, the supposition is that A was traveling faster than B. 
A would therefore gain upon B, and overtake him some time after 
13 o'clock. 

II. Suppose m<_n. 

Under this hypothesis the value of x will be negative, because 
the denominator m — n is negative. This implies that the cou- 
riers were together iefore 13 o'clock. 

This interpretation, also, agrees with the conditions of the 
problem under the present hypothesis. For, since m <in, B was 
traveling faster than A ; and, as B was in advance of A at 13 
o'clock, he must have passed A before that time. 

III. Suppose m = 7i. 

Under this hypothesis we shall have 

d 
x = -^ = ^. 

This result implies that the time to elapse before the couriers 
are together is greater than any assignable quantity, or infinity ; 
therefore they can never be together. 

This interpretation is in accordance with the conditions of the 
problem under the present hypothesis. For, at 13 o'clock the 
couriers were d miles apart ; and, if m = m, they were traveling at 
equal rates. Hence, they could continue to travel forever without 
meeting. 

IV. Suppose (? = 0, and myn, or m<^n. 
Then x = ^ = 0. 
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That is, the time to elapse is nothing. This result impUes 
that the couriers were together at 13 o'clock, and at no other 
time. 

This interpretation is confirmed by the conditions of the prob- 
lem. For, i£d = 0, then, at 13 o'clock, B must have been with A, 
at the point P. Moreover, if ot > m, or m < «, the couriers were 
traveling at different rates, and must have been either approaching 
or receding from each other at all times except at the moment of 
passing. 

V. Suppose d = 0, and m = n. 



Then 




0" 



Here the value of x is represented by one of the symbols of in- 
determination. This result implies that the couriers were to- 
gether all the time. 

This conclusion is evidently confirmed by the conditions of 
the problem. For, if <? = 0, the couriers were together at 13 
o'clock ; and, if »? = w, they were traveling at equal rates, and 
would never separate. 
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SYNOPSIS FOE REVIEW. 



CHAP, VII.— Core. 
DISOUSSIOWS. 



Intbkfretationop J Principle 1. 
Neg. EESTJiiTs. I PHiicip 



Teems Used 



Zero. 

First order. 
Inflnitesvmal. \ Second order. 

Third order, etc. 



Indeterminate Quantity. 
L Mnite Quantity. 



Symbols op iNDETERMrNATiON. ■< ^, oo x q 5° , oo -co. 
(„ A 

O. \ 0, -r, — . 

j A' 00 



Symbols op zeki 
Pkoblem op Coumees. 



CHAPTER YIII. 

VMISHIKG FRACTIORS-INDETERMISATE EQUATIONS AND PEOB- 
LEMS.-INCOMPATBLE EQUATIONS. 



VANISHING FRACTIONS. 

327. A Vanishing Fraction is one which, on a cer- 
tain supposition, assumes the form of indetermination. Thus, 

ic^ ^— fls^ 

• assumes the form of ^j if a; = a. 

X — a 

The value of a fraction sometimes reduces to the form of-, for a 

particular supposition, in consequence of the existence of a factor 
common to both terms, which factor reduces to for that suppo- 
sition. Thus, the fraction '777-7 tt reduces to the form of ^, 

3o (a — 0) 

if a = 6, because the factor a — b becomes in that particular 
case. But if this factor be canceled, and the supposition that 

2 
a = 5 be made afterward, the value of the fraction will be 5. 

O 

Before deciding, therefore, upon the nature of the symbol ^, we 

must ascertain whether it results from a factor common to both 
terms, which reduces to for the supposition made ; if it does 
not, the value of the fraction is really indeterminate. 



MUZE. 

I. Reduce the given fraction to its lowest terms. 

II. Malce the supposition which would cause the original frac- 
tion to assume the form of indetermination ; the result will he the 
value of the fraction for that supposition. 
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MXAMPIiXlS. 

1. Find the value of ~% , when x = y. 

XT — y 

Canceling the common factor a? — y^, we have, 

which, when x=iy, reduces to %y^', 

^=^^ = 2f,whenx = y. 
This may he expressed algebraically as follows: 

\a?-y%=y ^ 

2. Find the value of ] ,/f^tv~"^\\ \ ^««- l^. 

{{l + x){x — l) ) x=l. 

3. Find the value of \ li\~^I \ Ans. 0. 

4. Find the value of ] ^4 \2 f 

5. Find the value of (-j — x — „ , „ , r) 

\a^ — 2aa? + 2aPx — a^Ja=a. 

6. Find the value of ] ^ x >" "~ .„ {■ -^'^- 1- 



INDETERMINATE EQUATIONS. 

338. An Indeterminate Equation is one in which 
each of the unknown quantities has an infinite number of values. 

339. .4 single equation containing two or more unknown 
quantities is indeterminate. 

Suppose we have an equation containing two unknown quan- 
tities, X and y; for example, 2a! — 3^ = 15. For every value 
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which we please to ascrihe to one of the unknown quantities we 
can determine the corresponding yalue of the other, and thus find 
as many pairs of values as we please which satisfy the given 
equation. 

Thus, if y = 1, 2, 3, 4, 5 .... ; 

then x—9, 10^, 12, 13^ 15 ... . 

Again, suppose we have an equation containing three unknown 
quantities, x, y, and z ; for example, a; + y + 2z = 90. For every 
value which we please to ascribe to two of the unknown quanti- 
ties we can determine the corresponding value of the third, and 
thus find as many sets of values as we please which satisfy the 
given equation. 

Thus,if I'^l'f' Jf'f ■■•■' 

1 2/ = 0, 1, 2, 5, 8 .... ; 

then X = 88, 85, 82, 77, 72 ... . 

A similar course of reasoning is applicable to an equation con- 
taining more than three unknown quantities. 

330. Equations are indeterminate if the numler of unknown 
quantities involved exceeds the number of equations. 

For, by eliminating, we can obtain a single equation contain- 
ing two or more unknown quantities, which is indeterminate 
(339). 

Thus, suppose we have the two equations. 

-x+ y + %z=: %Q . . . (1), 

5x + 2y — 2z = 36& . . . (2). 

Eliminating z, 

6x + 3y = 4:56 . . . (3), 

which is indeterminate. 

331. An equation containing only one unknown quantity 
may be indeterminate in consequence of certain relations which 
subsist between the known quantities. 
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K we solve the equation 




ax + b = cx + d 


• • (1), 


d-h 

we obtam x — . 

a — c 


. • (2). 


Now, if t? = S, and a = c, 







(3)1 



hence, under this hypothesis, the value of x is indeterminate. 

But, if <? = 5, and a = c, (1) becomes 

ex ■\- h ■= ex -\- 1) . . . (4), 

which is an identity, and may therefore be satisfied for any value 
of X (Its). 

Here, then, we have one unknown quantity and no equation ; 
that is, no equation of condition (ItO). 

232. Two equations involving two unknown quantities may 
he indeterminate in consequence of certain relations which subsist 
between the known quantities. 



If we solve the equations 

ax + hy = r 
ex + dy=:s 
dr — hs 



we obtain 



X=z 



ad— be 



and 



Now, if 



and 



as ^-cr 

^~ad — be 

dr^hs. . 

hc = ad . . 



(1), 
(3), 

(3), 

(*)• 

(5), 
(6), 



then, by multiplying (5) by (6), member by member, and re- 
ducing, 

cr — as (7) ; 

-•. (3) and (4) become 
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x = ^, and y = -. 

Let us now see what is implied by the relations (5) and (6). 

From (5) we have d=:—, and from (6), c = -t- = — . 

These yalnes of d and c reduce (3) to (1), and we then have only 
one equation containing two unknown quantities, which is inde- 
terminate. 

CoE.. — The four theorems which have just been demonstrated 
may be reduced to the following one : 

Indetermination arises if the number of unhnown quantities 
exceeds the number of equations. 

INDETERMINATE PROBLEMS. 

333. An Indeterminate Problem is one which ad- 
mits of an infinite number of solutions. 

We may often Hmit the number of solutions by imposing the 
condition that the values of the unknown quantities shall be pos- 
itive integers. 

When an indeterminate problem is expressed in algebraic lan- 
guage, it will be found that the number of unknown quantities 
exceeds the number of equations. 

FltOBI^MMS. 

1. A boy paid 50 cents for some apples and oranges, giving 2 
cents each for apples and 10 cents each for oranges. How many 
of each did he buy ? 

Let X = the number of apples, and y = the number of oranges; 
then, by the question, 

3a; + 10«/ = 50; 

whence, a; = 25 — by. 

Now, if X and y are to be positive integers, y must be some in- 
teger between and 5. Let 

y= 1, 2, 3, 4; 
then X = 20, 15, 10, 5. 
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2. Find two positive integers sucli that 12 times the one ex- 
ceeds 13 times the other by 9. 

Let X = one of the numbers, 

and ^ = the other; 

then, by the question, 

12a; — 132^ = 9; 

whence, x = ^^ = y + -^^ • 

w + 9 
Since x and y are to he positive integers, ■ ^^ must be 

an integer. Let 

12- = ^' 
whence, y = 12w — 9. 



Let. = 1,2, 3,4....; then |f-^^;j;'jj; 



y = 3, 15, 27, 39 
43 



3. A man bought 100 animals for $100 ; sheep at %%\ each, 
calves at $1^, and pigs at %\. How many did he buy of each kind ? 

Let x = the number of sheep, 

y = the number of calves, 
z = the number of pigs ; 

then, by the question, 

x+ y+ 2 = 100 ... (1), 

3|^^ + Hy + i« = 100 . . . (2). 

Combining (1) and (2), ehminating z, 

18a; + % = 300 . . . (3); 

whence, ^ = 60 — . . . (4). 

Prom (1) it is evident, that if x and y are positive integers 

whose sum is less than 100, z will be a positive integer also. 

From (4) it is evident that x must be a multiple of 5, and that 

18a; 

-=- must be less than 60. 
a 
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Let x= 5, 10, 15 ; 

then J' = 43, 24, 6, 

and z = 53, 66, 79. 

4. The sum of three positive integers is 11 ; and if the first be 
multiplied by 3, the second by 5, and the third by 7, the sum of 
the products will be 57. What are the numbers ? 

lx = 4, 3, 3, 1, 

Ans. -j y = 3, 4, 6, 8, 

i'z—5, 4, 3, 3. 

5. Divide 300 into two parts, such that if one of them be di- 
vided by 6 and the other by 11, the respective remainders may be 
5 and 4. Ans. 185, 15 ; 119, 81 ; 53, 147. 

6. Can the equation 4a; + 6?/ = 27 be solved in positive in- 
tegers ? 

7. Find the least number which, being divided by 5, leaves a 
remainder 3, and divided by 7 leaves a remainder 5. Ans. 33. 

8. Solve the equation 8x + 13y = 159 in positive integers. 

Ans 1=^ = 15,3. 
^'^'- U = 3, 11. 

INCOMPATIBLE EQUATIONS. 

234. Incompatible Equations are those which can- 
not be satisfied for the same values of the unknown quantities. 

335. Equations are said to be Independent when they 
express conditions essentially different, and Dependent when 
they express the same conditions under different forms. 

Thus, -j „ K _ qq f ^^^ independent equations. 

f a; -I- 3w = 19 ) 
But -j n n _oq\ ^^^ dependent equations, since the 

second may be obtained from the first by multiplying both mem- 
bers by 3. 

236. If the number of independent equations exceeds the 
number of unknown quantities, these equations may be incom- 
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Let us consider the three equations 




x + y = d, . . . 


(1), 


x—y=2 . . . 


(3), 


?=2 . . . 


(3). 



Combining (1) and (2), we find a; = 5, and y = 3; but these 
values will not satisfy (3). In like manner it may be shown that 
the values which satisfy (2) and (3) do not satisfy (1), and that 
the values which satisfy (1) and (3) do not satisfy (2), 

337. If the number of independent equations exceeds the 
number of unknown quantities, such relations between the known 
quantities can be found as will make the equations compatible. 

Let us consider the equations 



x+y=s . . . 


(1), 


x—y=d . . . 


(2), 


x^ay . . . 


(3). 


Combining (1) and (2), we find 




s + d 
X- ^-, 




s — d 

y- 3 • 




Substituting these values in (3), 




s + d Is — i 

3 =n 2 


'-)■■ 


whence, a = y . . . 

' s — d 


(4)- 


If the relation expressed by (4) subsists, (1), (2), and (3) will 
be compatible. Thus, the equations, 


x + y = % 




a; — «/ = 3, 




a; = 2y, 
are compatible, for 

„_9 + 3 





3" 
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CoK. — In order that a proWem may be determinate, the con- 
ditions must furnish as many independent equations as there are 
unknown quantities. 

ScH. 1. — ^When a problem contains more conditions than are 
necessary for determining the values of the unknown quantities, 
those that are unnecessary are termed redundant. 

ScH. 2. — A problem, from which incompatible equations are 
deduced, is caUed an impossible problem. Such a problem is said 
to involve incompatible conditions. 



238. 
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CHAPTER IX. 
INEQUALITIES. 



339. An Inequality consists of two expressions con- 
nected by the sign of inequality. 

The First Member of an inequality is the expression on the 
left of the sign of inequality, and the Second M&mier is the ex- 
pression on the right of the sign. 

340. Two inequaUties subsist in the same sense when the 
first member is the greater in each, or the less in each. Thus, 
5 > 3 and 7 > 4 subsist in the same sense. 

Two inequalities subsist in a contrary sense when the first 
member is the greater in one, and the less in the other. Thus, 
5 > 1 and 4 < 8 subsist in a contrary sense. 

341. If the same quantity be added to, or subtracted from, 
each member of an inequality, the resulting inequality will subsist 
in the same sense. 

For, suppose a > 5 ; then a — 5 is positive (118). Again, 
since a ± c — (J ± c) = a — J, it follows that a ± c — (S ± c) 
is positive ; 

a±c>b ±0. 

Cob. 1. — The rule for the transposition of terms in equations 
is applicable to inequalities. Thus, if 

a^ + V>>2ab + c>; 

then dl> + V^ — 2ab > 2ab — 2ab + g>, 

or a» — 3a6 + J2>c2; 
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COE. 2. — If an equation be added to an inequality, member to 
member, or subtracted from it, member from member, the result- 
ing inequality will subsist in the same sense. Thus, if 

a>i, 

and x=zt/, 

then ci±x'>b ±y. 

343. If an inequality le subtracted from an equation, mem- 
lerfrom member, the sign of inequality will be reversed. 

For, suppose x = y, 

and ayb; 

then x — a — {ji — b) = b — a, 

and b — a is negatiye ; 

X — a<iy — b. 

243. If both members of an inequality be multiplied or di- 
vided by the same positive quantity, the resulting inequality will 
subsist in the same sense. 

For, suppose m to be positive, and 
a>b; 
then, since a — 5 is positive, m{a — i) and — (a — S) are pos- 
itive ; 

may-mb and — > — 
m m 

244. If both members of an inequality be multiplied or di- 
vided by the same negative quantity, the resulting inequality will 
subsist in a contrary sense. 

For, suppose m to be negative, and 

a>b; 

then, smce a — 6 is positive, m{a — b) and —{a — h) are neg- 
ative ; 

ma<imb and — < — 
m m 
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Cor. — If the signs of all the terms of an inequality he changed, 
the sign of inequahty must be reversed. For changing the signs 
of all the terms is equivalent to multiplying each memher by — 1. 

34:5. If two or more inequalities subsisting in the same sense 
he added, member to member, the resulting inequality will subsist 
in the same sense as the given inequalities. 

For, if a>b, a'>V, and a">l", 

then a — b, a' — b', and a" — b" are positive ; therefore, 

a-b + a' -V + a" - b", or a + a' + a" -{b + V + b"), 

is positive ; 

a + a' + a">b + b' + h". 

ScH. — If one inequality be subtracted from another subsisting 
in the same sense, the result will not always be an inequality sub- 
sisting in the same sense as the given inequalities, or an inequality 
at all. 

Take the two inequalities 

4<7, 
and 2 < 3. 

By subtraction, 3 < 4. 

Here the result is an inequality subsisting in the same sense 
as the given inequalities. 

But take 9 < 10, 

and 6 < 8. 

By subtraction, 3 > 3. 

Here the result is an inequality subsisting in a sense contrary 
to that of the given inequalities. 

Again, take 9 < 10, 

and 6< 7. 

By subtraction, 3=3. 

Here the result is an equation. 
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346. OChe Seduction of an inequality consists in trans- 
forming it in such a manner that the unknown quantity may 
stand alone as one of its members. The other member wiU then 
denote one limit of the unknown quantity. 

JSXAMJPZES, 

Eeduce the following inequalities : 

a; 2a; 3a; 9 

^- a + T>T + r 

Multiplying both members by 20, 

10a; + 8a; > 15a; + 45 ; 
traJisposing and reducing. 



Ans. a; > 4. 

Ans. a; < 3. 

Ans. a; < 14. 

341'. If there be given an inequality and an equation, involv- 
ing two unknown quantities, a limit of each unknown quantity 
may be found by ehmination. 

XIXAMJPIMS. 

1. Find a limit for a; and ?/ in the following groups: 
2x + 5y>16 . . . (1), 







3a;>45; 


enc 


;e, 


a;>15. 


2. 


5x>^+U. 




3. 


2x 2a; ^ 2a; _ 




4. 


5a; 5 11 7a; 
8 +4"^ 6 "^ 12' 





I: 



:2a; + 2/ = 13 . . . (2). 

Subtracting (2) from (1), 

4y>4; 

whence, y>^- 

10 
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If we substitute 1 for y in (2), the first member will be made 
less than the second; hence, 



whence, 

2, 



2a; + l<13; 



■ (3a; + 2?/ = 31 J 

j5a;-3«/<151 
(9a; + 2?/ = 46) 

I 7a; - 10?/ < 59) 
(4a;+ 5?/ = 68) 



j 5a; + 3?^ > 121 ) 
(7a; + 4w = 168) 



7a; + 4?/ = 168 
a:— 4 y— 10 



6. 



8 



6 



>1 



3a;— 24 , x—i 



+ 



3 



:13 



-4ms. a; < 8, y>^\. 

Ans. x<m,y>Wc 

Ans. x<lZ, y> Z\. 

Ans. a; < 30, ^ > 7. 



348. 



CHAPTEB IX. 
. INEQUALITIES. 



SYNOPSIS FOR REVIEW. 

Membebb. 

Stjesibting in the same beksb. 

Subsisting in a contbakt sense. 

241.— Cor. 1, 2. 

242. 

243. 

244.— Cor. 
_ 245.— ScA. 
Reduction. 

. Combination of an Equation with an Inequalitt. 



Theobems 



OHAPTEE X. 
IIT^OLUTION ANT> EYOLUTIOJS". 



INVOLUTION. 



349. A Power of a quantity is the product of factors each 
of which is equal to that quantity. A quantity is said to he raised 
or involved when any power of it is found. 

350. Involution is the process of raising a given quantity 
to any required power. 

351. The jBase or Moot of a power is one of the equal 
factors of the power, and the Degree of a power is equal to the 
number of times the base is used as a factor to produce the power. 
Thus, a^ is the third power or cube of a, and a is the base of a'. 

353. The JSxponent of the Power is the exponent 
which indicates the power to which the giren quantity is to 
be raised. 

353. A. Perfect Power of the n^^ degree is a quantity 
which can be resolved into n equal factors. Thus, d^ — %ab + 5^ 
is a perfect power of the second degree. 

354. An Ivnperfect Power of the «** degree is a quan- 
tity which cannot be resolved into n equal factors. Thus, a^— J* 
is an imperfect power. 

A quantity may be a perfect power of one degree, but an im- 
perfect power of another degree. Thus, a^ — ^ab + S^ is a perfect 
power of the second degree, but an imperfect power of the third 
degree. 



Again, 


{a'^f = a" X a" = «"+" = a\ 




((ff = a" X a" X a" = (in+n+, 




(a")" = a™. 
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355. The Sign of the Power, — Any power of a posi- 
tive quantity is positive ; for, when all the factors are positive, the 
product is positive. If the quantity to be involved is negative, 
the even powers will be positive, and the odd powers wiU be neg- 
ative. 

For, ( — a) (_ as) = a\ (_«)(_ a) (— a) =0? {—a) = —a% 
{—a)( — a){—a){—a)=— d^ (— a) = «*, and so on. 

356. The n*^ Power of a Product. — It follows, from 
Art. 349, that {aiy^ab xabxai . . .to n factors=a xaxa. . . 
to n factors xoxixi • . . to n factors = O^b". In like manner, 
(aSc)" = a^b^cf; and {abc . . . k)" = (t¥ff' . . . 1<f: 

■ ■. The 'nfi' 'power of the product of any number of factors is 
equal to the product of the 'nf'^ powers of those factors 



= a=' 



. • . If the n*^ power of a quantity be raised to the m*^ power, 
the result will be the mn*'^ power of that quantity. 

357. The Coefficient of the Power.— Since (pay = 
5a X 5a X 5a = 5W = I25a% and (Sa)" = 5"^", it follows that 

The coefficient of the n*^ power of a quantity is the n*^ power 
of the coefficient of that quantity. 

358. To find any power of a monomial. 

RULE. 

Raise the numerical coefficient to the required power, and write 
after the result all the letters of the given monomial, giving to each 
an exponent equal to the product of its original exponent by the 
exponent of the power. 

1. Find the 3d power of 2a^b^G. Ans. Sa^b^d^. 

2. Find the 6th power of the 5th power of a%c^. 

Ans. a^b^c^. 
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3. Find the 5th power of — ahx". Am. —a^¥afi". 

4. Find the 4th power of — c^lficdK Ans. d^b'^c^d\ 

5. Find the 5th power of ^aJ>x\ Ans. 243a%i''. 

6. Find the 7th power of a^Wc (— xY^)- 

Ans. — ai*58icVyi«28. 

7. Find the 3d power of (— a¥c^) (— aWc). Ans. a?Wc^ 

8. Find the 5th power of (— af (— if (— cf. 

Ans. —aP¥^c^. 

9. Find the m*^ power of — a^H^ when m is an even positive 
integer. Ans. a^V^(^. 

10. Find the m*'^ power of — {dbcY when m is a positive in- 
teger. Ans. ± c^'^b^G^. 

359. To find any power of a polynomial. 

ItTTLE. 

Find the product of as many factors, each of which is equal 
to the given polynomial, as there are units in the exponent of the 
required power. 

11,1. TrsiBJ-Tioiirs. 

a +b a^+2ab +¥ a^+3a^ + 3ab^ +5^ 

a +b a +b a +b 



a^ + ab a^+2a^b+ ab» a''^M^b-\-3aW-\-a¥ 

-\- ab-\-W +a% +%ab^+¥ + a^b + 3aW +3alfi +¥ 

a^ + 2ab + ¥, a^+M^b + (ial^ + ¥, a'^+4:a^b + QaW+4:alfi + bK 

{a + bf = a^ + 2ab + ¥, 

\a + If = «3 + 3a% + 3am + ¥, 

\a + bf = a^ + 4ffl35 + QaW + U¥ + ¥. 

In like manner it may be shown that 

{a — by = a^- 2ab + t% 

{a — by = a^ — 3a^b + 3aP — ¥, 

{a — by = «* — ia^ + QaW — iab^ + ¥. 
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CoE. 1. — Since {otY = (a")" (356), we may reacTi the same 
result by different processes of involution. For example, we may 
find the sixth power of a + 5 by repeated multiplication by a + 5; 
or we may first find the cube of a + 5, and then square the re- 
sult ; or we may first find the square of a + S, and then cube the 
result. 

The work may sometimes be abridged by using the piinciple 
expressed by the equation a"a"=a'^''. Thus, we may find the 
fifth power of a + & by multiplying the cube of a + 5 by the 
square of a + 5. 

CoE. 3. — It may be shown by actual multiplication, that 
{a + l + cf=a^+%a{Jb + c) + ¥+'ilc + c>, and 
{a+l+c+c[f=a^+%a{h + c+d) + V^+2i{c+d)+c>+'ilcd+ci:>. 

Hence, we may infer that 

The square of any polynomial is equal to the sum of the 
squares of its terms, together with twice the sum of the products 
obtained by multiplying each term by the sum of all the terms 
which follow it. 

EXAMPI,ES. 

1. Find the square of {a — b + c). 

Ans. ffi« + 6* + c2 — 3a5 + 3ac — 2bc. 

2. Find the square of 1 + x + x> + a^. 

Ans. 1 + 3a; + 3a;8 + 4a^ + 3a!* + 2a;S + a^. 

3. Find {l — 2cc + 3x>y. 

Ans. 1—4:X+ lOa;^ — 12a;3 + 9a;*. 

4. Find {a + b — c)». 

. Ans. a^+l^—(^+3a\b-c)+db\a-c) + 3(y'{a + b)-6abc. 

5. Find (1 + 3a; + x'^y. 

Ans. 1 + 6a; + 15a;3 + 30a;3 + 15a!* + Gsfi + afi. 

6. Find (« + by. 

Ans. a« + 6a^b + 15a^P + 2QaW + ISa^J* + Qal^ + ¥. 
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360. To find any power of a fraction, 

(-Y— - ^ ^f f i _a X a x-a . . . ton factors _ a" 
Kb) ~i i i b X h X i . . . to n factors "" b"' 

Hence, 

The w*^ power of a fraction is a fraction whose numerator is 
the n*''^ power of the given numerator, and whose denominator is 
the #* power of the given denominator. 



ESLA-MFXiES. 



1. Find (fm\ 



4. Find 



ind (± 



aWc \ 



u^^l ■ 



Ans. 



Ans. 



d^^ehn^' 
aW^ 



cfi+2ab+^ 
a»—2ab + b^' 



5. Show that (^y«--y-iy^ (9«--g-^(f-«-)^^. 



(8a5)2 



EVOLUTION. 
361. Let n be any positive integer; then 

T/ie ^J-"' Moot of any given quantity is a quantity the w'* 
power of which is equal to the given quantity. 

363. Evolution, or The Extraction of Roots, is 

the process of finding any root of a given quantity. Evolution is 
the converse of involution. 

363. Tlie Sign of the Hoot. — If the index of the root 
to be extracted be an odd number, the sign of the root will be the 

same as the sign of the given quantity (355). Thus, V«* = <^) 

and V— «^= — a. 
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If the index of the root to be extracted be an even number, 
and the given quantity be positive, the root may be either positive 
or negative. Thus, V^ = ±a. 

S64, If the index of the root to be extracted be an even num- 
ber, and the given quantity be negative, the root cannot be ex- 
tracted ; because no quantity raised to an even power can produce 
a negative result (255). The indicated even root of a negative 
quantity -is called an Imaginary Quantity. Thus, V— 9> 
V— «^, and V — {a + Vf are imaginary quantitiee. 

365. To find any root of a monomial. 
(Sa^^O" = 3''a^»J"' (358) ; 

V'3"a"'"6'-" = So^Zf (361). 

RULE. 

Extract the required root of the numerical coefficient, and write 
after the result all the letters of the given monomial, giving to each 
an exponent equal to the quotient obtained hy dividing its original 
exponent by the index of the root. 

EXAM FIjBS. 

1. Find VSo^PcS. Ans. 1a%H. 

2. Find Va*W»- ^»»«- ± a«SV. 

3. Find \/ —a%^:^. Ans. — absf. 

4. Knd VM'^(^d\ Ans. ± , 



5. Find Va^6*"c*"5 when m is an even positive integer. 

Ans. ± a%h\ 

6. Find V— a^Wc\ 

366. To find the square root of a polynomial. 

Since the square root of a^ + '^ab + 1^ ia a + I, we may be 
led to a general rule for the extraction of the square root of a 
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/ 

polynomial by observing in what manner a + b may be deriTcd 
from a^ + 2ab + IK 

^ ' 

%a + l)\2ab-\-¥ 
I %ab + ¥ 

Arrange the terms according to the descending powers of a ; 
then the square root of the first term, a^, is a, which is the first 
term of the required root. Subtracting its square, that is, a% 
from the given polynomial, we obtain the remainder 2ab + W. 
Dividing 2ab by 2a, we obtain b, which is the second term of the 
root. Multiplying 2a + 5 by b, and subtracting the product from 
the first remainder, we obtain for the second remainder ; hence 
« + 5 is the required root. 

When the root contains three or more terms, it may be found 
by a similar process. Thus, 

a^ + 2ab + ¥ + 2 (a + b) c + c^ \a + b + c 

^ ' 

2a + b\2ab + V 

^2ab_+¥_ ' 

2{a + b) +c\2{a + b)c + c* 
^ 2{a + b)c + c> 



The first term of the required root is a. Subtracting a? from 
the given polynomial, we obtain the remainder 2ab + ¥ + 2{a + b)c 
+ c^. Dividing the first term of this remainder by 2a, we obtain 
the second term of the root. Multiplying 2a + b by b, and sub- 
tracting the product from the first remainder, we obtain the sec- 
ond remainder, 2 {a + b) c + (?. Dividing the first term of the 
second remainder by 2a, we obtain the third term of the root. 
Multiplying 2 (a + J) + c by c, and subtracting the product fr-om 
the second remainder, we obtain for the third remainder ; hence 
a -j- J -j_ c. is the required root. 

We call 2a the partial divisor, 2a -\-b the first complete divi- 
sor, and 2 (a + J) + c the second complete divisor. 
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RULE. 



I. Arrange the given polynomial according to the powers of 
one of its letters. 

II. Extract the square root of the first term; the result will be 
the first term of the required root. Subtract the square of this 
term from the given polynomial, 

III. Divide the first term of the remainder by twice the first 
term of the root, and annex the result to the first term of the root 
and also to the divisor ; then multiply the divisor thus completed 
by the second term of the root, and subtract the product from the 
first remainder. 

IV. Tahe twice the sum of the first and second terms of the 
root for a second divisor. Divide the first term of the second re- 
mainder by the first term of the second divisor, and annex the re- 
sult to the part of the root already found and also to the second 
divisor ; then multiply the divisor thus completed by the third 
term of the root, and subtract the product from the second re- 
mainder. 

V. If the required root contains additional terms, proceed in 
like manner until all the terms are found. 

Cor. 1. — If the first term of the arranged polynomial is not a 
perfect square, or if the first term of any arranged remainder is 
not divisible by twice the first term of the root, the exact square 
root cannot be found. 

CoE. 2. — All even roots admit of the double sign (363) ; 
hence the square root of c^ + %ab + J* is — (a + b), as weU as 
a + b. In fact, the first term in the root, which we found by 
extracting the square root of a^, might have been — a ; and by 
using this we should have obtained — b for the second term of 
the root 

EXAMFZES 

Knd the square root of each of the following expressions: 

1. 4a;* — 13a;3 + bx^ + 6a; + 1. Ans. ± (%x^ — 3x — 1). 

2. 1 + 4cB + 10a;8 + 12a;S ^ 9^4. ^^5, ± (1 + 2a; + 3x^). 
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3. 9a^ + 132)3 + 23a;2 + i2x + 9. Ans. ± {Za? + 2x + 3). 

4. 9a2 + 12aJ + 4*2 + 6ac + dJc + <?. 

Ans. ± (3a + 36 + c). 

5. 4a* — 12a3 + 25«2 — 24a + 16. Ans. ± {W— Za + 4). 

6. 16a;* — leate^ + l&l^i? + AaW — Sajs + 454. 

7. a;6 — 4x5 + lOx* — 2Qx^ + 26a^ — 24a; + 16. 

8. 81a;* — 432a;3 + 864a;3 — 768a; + 258. 

9. {a — by — 2 (a^ + P){a — by + 2 (a* + 6*). 

10. ft* + 54 + c* + <Z* — 2a^ (52 + ^)-2b^{c^-d^) + 2<^{a^-d^). 

SGT. When a Trinomial is a Perfect Square. — 

Since (a ± by = a^ ± 2ab + V, it follows that a trinomia] is a 
perfect square, if two of its terms are squares, and the other term 
is twice the product of the square roots of these two. 

When a trinomial is a perfect square, its square root may be 
found by extracting the square root of each of the square terms 
and connecting the results by the sign of the other term. 



EXA.m:px,ES. 

1. Extract the square root of ^x^ — 12xy + %y\ 

This is a perfect square, because 4a;^ and 9«/5 are squares, and 
12xy is equal to twice the product of the square roots of these 
terms. The square root of ^x^ is 2a;, and the square root of Qy^ is 
Zy. Connecting these results by the sign of the term 12xy, we 
obtain 2a; — Zy, or Zy — 2x. 

2. Extract the square root of x^ + Qxy + 9^^. 

Ans. ± (a; + Zy). 

3. Extract the square root of 9a^ + 355' — 30a6. 

Ans. ± {Za — bb). 

4. Extract the square root of 9a' — 12a5 + 1651 

368. An expression which, in its simplest form, is a bino- 
mial, cannot be a perfect square. For the square of a monomial is 
a monomial, and the square of any polynomial contains at least 
three terms. • 
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369. To find the square root of a number. 

Principles. — 1. The square of a number consisting of tens 
and units is equal to the sum of the squares of the tens and the 
units increased iy twice their product. Thus, 

782 = (^0 + 8)2 = 702 + 2 X 70 X 8 + 82 = 6084. 

2. Tlie square of a number expressed by a single figure con- 
tains no figure of a higher order than tens. 

For 9 is the largest number which can he expressed by a single 
figure, and 9^ := 81. 

3. The sqtiare of tens contains no significant figure of a lower 
order than hundreds, nor of a higher order than thousands. 

Thus, 102 _ 100, and 90^ = 8100. 

4. Tlie square of a number contains twice as many figures as 
the number, or ttvice as many less one. Thus, 



12= 1, 


102 = 100, 


92 = 81, 


1002 — 10000, 


992 =9801, 


10002=1000000. 


Hence, 





5. If a member be separated into periods of two figures each, 
beginning at units' place, the number of periods will be equal ta 
the number of figiores in the square root of that member. Thus, 
there are two figures in the square root of 43,56. 

1. Let it be required to extract the square root of 4356. 

Let a represent the , 

value of the first figure 43,56(60 + 6=66 

of the root, and b that a^=36 00 

of the second figure. 2a + 5=120+-6 = 126")7'56 

Since 56 cannot be a 2a5 + 52=7 56 

part of the square of the 

tens (Peih. 3), a must be the greatest multiple of ten whose 
square is less than 4300 ; this is found to b^ 60. Subtracting a% 
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that is, 3600, from the given number, we find the remainder to be 
756. This remainder consists of twice the product of the tens ly 
the tmits, and the square of the units (Feus'. 1). But, since the 
product of tens by iinits cannot be of a lower order than tens, the 
last figure, 6, cannot be a part of twice the product of the tens by 
the units; this double product must therefore be found in the 
part 750. 

Now, if we double the tens and divide 750 by the result, the 
quotient, 6, will be the units' figure of the root, or a figure greater 
than the units' figure. This quotient figure cannot be too small, 
for the part 750 is at least equal to twice the product of the tens 
by the units ; but it may be too large, for 750, besides the double 
product of the tens by the units, may contain tens arising from 
the square of the units (Pein. 3). 

To ascertain if the quotient, 6, is correct, we add it to 130 and 
multiply the sum by 6. Subtracting the product from 756, we 
find the remainder to be ; hence 66 is the required square root. 

2. If the square root contains more than two figures, it may be 
found by a similar process, as in the following example, where it 
will be seen that the partial divisor at each step is obtained by 
doubling that part of the root already found. The letters show 
how the different steps correspond to those of the algebraic process 
in Art. 366. 

a h c 
18,66,34(400 + 30 + 3=432 

a2=16 00 GO 



2a + 5=::800 + 30=830)36624=2aJ + 534.2ac + 35c+c3 
24900=2a5 + 52 
2(a + 5) + 0=800 + 60 + 3=863)1734=: 3ac + 35c + c3 

1734=3ac + 25c + c3 

For the sake of brevity, the ciphers on the right are usually 
omitted; thus, 

43,56(66 18,66,34(433 

36 16 

136)756 83)366 

756 249 

862)1734 
1724 
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MULE. 



I. Separate the given numler into periods of two figures each, 
beginning at the units' place, 

II. Find the greatest number whose square is contained in the 
period on the left; this will be the first figure in the root. Sub- 
tract the square of this figure from the period on the left, and to 
the remainder annex the next period to form a dividend. 

in. Divide this dividend, omitting the figure on the right, by 
double the part of the root already found, and annex the quotient 
to that part, and also to the divisor ; then multiply the divisor 
thus completed by the figure of the root last obtained, and subtract 
the product from the dividend. 

IV. If there are more periods to be brought down, continue the 
operation in the same manner as before. 

Find the square root of each of the following numbers : 

1. 177241. Ans. 431. 

2. 4334724. Ans. 2082. 

3. 14356521., Ans. 3789. 

4. 17.338896. Ans. 4.164. 

5. 2.5. A71S. 1.5811 + . 

STO. To find the cube root of a polynomial. 

{a+b + cy=za»+3a^ + 3al>!> + b^+3{a + bYc + 3{a + b)(^+(fi. 
Let us now find the root a + b + c from its cube. 



a^+3a^ + 3ail^+b^+3{a + byc+3{a + b)(^+(fi 



a+b 
+ c 



Ba^+Sab + b^ 



3a^ + 3a1^ + b^ 
3a^ + 3ab^+b^ 



3{a + bY + 3{a + b)G + c^ 



3{a + bYc + 3{a + b)d^ + (? 
3\a + bfc + 3\a-\-by+c? 
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The first term of the root is obtained by extracting the cub6 
root of al Subtracting a^ from the given polynomial, and dividing 
the first term of the remainder by 3a% we obtain the second term 
of the root. Multiplying 3a^ + 3ah + i^ by 5, and subtracting the 
product from the first remainder, we obtain the second remainder. 
Dividing the first term of the second remainder by 3a% we obtain 
the third term of the root. Multiplying 3{a+i'y+3{a + i)c + c^ 
by c, and subtracting the product from the second remainder, we 
obtain for the remainder. 

It VLE. 

I. Arrange the given polynomial according to the powers of 
, >ie of its letters j then the cube root of the first term will be the 
first term of the root. Subtract the cube of the first term of the 
root from the given polynomial. 

II. Divide the first term of the remainder by the partial divi- 
sor, which is three times the square of the first term of the root ; 
the quotient will be the second term of the root. 

III. To the partial divisor add three times the product of the 
first and second terms of the root, also the square of the second 
term; the result will be the first complete divisor. 

lY. Multiply the complete divisor by the second term of the 
root, and subtract the product from the first remainder. 

V. Divide the first term of the second remainder by the par- 
tial divisor, which is three times the square of the first term of the 
root ; the quotient will be the third term- of the root. 

VI. To three times the square of the sum of the first and sec- 
ond terms of the root, add three times the product of the sum of 
the first and second terms by the third, also the square of the third 
term ; the result will be the second complete divisor. 

VII. Multiply the second complete divisor by the third term of 
the root, and subtract the product from the second remainder. 

VIII. If the required root contains additional terms, proceed 
in. like manner until all the terms are found. 
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Cor. — ^We may dispense with the complete divisor, if, after 
each time that we lind a new term of the root, we subtract the 
cube of the sum of the terms already found from the given poly- 
nomial. 

Find the cube root of each of the following expressions : 
1. a^ -I- ex'y + 12xy^ + 8y^ Ans. x + %y. 

3. x^ + 13a;2 + 48a; + 64. Ans. a; + 4. 

3. flS — 9a3 + 27a _ 37. Ans. a — Z. 

4. 8«s _ 36a25 + 54a5« — %W. Ans. 2a — 35. 

5. 3fi + 6a? — iOa^ + 96a; — 64. Ans. a^ + 2x — 4:. 

6. a« + 6a5 + 15a^ + 30as + 15»a + 6a + 1. 

Ans. a^ + 2a + 1. 

t. 3^ — 13a;5 + 54a;* — llSa;^ + lOSa;^ — 48a; + 8. 

Ans. x^ — ix + 2. 

8. a« — 3a^b + Qa^¥ — laW + Qa^¥ — ZaW + ¥. 

Ans. a^ — ai + h\ 

9. a^ — ¥ + (^ — 3 {a^b — a^c — al^ — ac^— Wc + lc^)—^abc. 

s. a — i -\- c. 



10. 1 — 6a; + 31a;8 — 56a;3 + m^^ _ 1743^ ^ gig^je _ 204a;' + 
1442)8 _ 64a;9. A71S. l — 2x + 3x^ — lA 

11. 8a;« + 48ca;5 + eOc^a;* — SOcSa;^ _ 90c4a;2 + lOBcSa; — 27c6. 

Ans. 2a? + 4ca; — 3c*. 

12. 3? — Zoi? + Qx"' — 10ofi+ 12a;S— 12a;* + 10a;S— 6a;2+ 3a; — L 

Ans. x^ — x^ + X — 1. 

13. a;9 + 6a;8 _ 643^6 _ 96a:5 + 193^4 + 5i2a;3 _ 768a; — 513. 

Ans. SI? + 2a;* — 4a; — 8. 

14. 8a' — 12a% + Ma%c + WV — Z<aa%\ — a%s ^. 54^52^2 + 
^aWc - 2'1a¥c^ + 2Wc\ Ans. 2a — ab + 35c. 
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371. To find th9 CTibe root of a number. 

Pkinciples. — 1. The cule of a number contains three times 
as many figures as the number, or three times as many less one or 
two. Thus, 

18= 1, 103= 1000, 

33= 37, 1003= 1000000, 

93= 729, 10003= 1000000000, 

993 = 907399, 100003 = 1000000000000. 

Hence, 

% If a number be separated into periods of three figures each, 
beginning at unit^ place, the number of periods will be equal to 
the number of figures in the cube root of that number. Thus, 
there are two figures in the cube root of 405,224. 

1. Let it be required to extract the cube root of 405224. 

a b 

405,234(70 + 4=74 
ff3=343 000 



3aa= 70^x3= 7^x300=14700 

3a5=70x4x3=7x4x30= 840 

¥= 4? =16 



e222i=da^ + 3ab^+¥ 
62224:={3a^ + 3ab + b^)b 



3a^+3ab + b^= 15556 

Denote the tens of the root by a, and the units by b; then, 
since the cube of tens contains no significant figure of a lower 
order than thousands, a must be the greatest multiple of ten 
whose cube is less than 405000 ; that is, a must be 70. Subtract- 
ing the cube of 70 from the giyen number, we find the remainder 
to be 63234. Dividing this remainder by 3a% that is, by 14700, 
we obtain 4 for the value of b. Adding 3ab, that is, 840, and b% 
that is, 16, to 14700, we find the complete divisor to be 15556. 
Multiplying the complete divisor by 4, and subtracting the pro- 
duct from 63224, we find the remainder to be ; hence, 70 + 4, 
that is, 74, is the required cube root. 

3. If the cube root contains more than two figures, it may be 
found by a similar process, as in the following example, where it 
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■will be seen that the partial divisor at each step is obtained by- 
multiplying the square of that part of the root akeady found by 3. 



12,812,904(300 + 30+4=234 
8 000 000 



200^x3=120000 

200x30x3= 18000 

303= 900 



138900 



2302x3=158700 

230x4x3= 2760 

4^= 16 



161476 



4812904 
4167000 



645904 
645904 



The work in the preceding example may be abridged as 



follows : 



12,812,904(234 
8 



2^x300= 

2x3x30= 

32= 



1200 

180 

9 



1389 



23' X 300=158700 

23x4x30= 2760 

4?— 16 



161476 



4812 
4167 



645904 
645904 



MULE. 

I. Separate the given number into periods of three figures each, 
beginning at the units' place. 

II. Find the greatest number whose cube is contained in the 
period on the leftj this will be the first figure in the roof . Sub- 
tract the cube of this figure from the period on the left, and to the 
remainder annex the next period to form a dividend. 

III. Divide the dividend by the partial divisor, which is three 
hundred times the square of the part of the root already found ; 
the quotient will be the second figure of the root. 
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IV. To the partial divisor add thirty times the product of the 
first and second figures of the root, also the square of the second 
figure ; the result will ie the complete divisor, 

V. Multiply the complete divisor by the second figure of the 
root, and subtract the product from the dividend. 

VI. If there are more periods to be brought down, contitiue the 
operation in the same manner as before. 

EXA.MPJLMS. 

Extract the cube root of each of the following mimhers : 

1. 9261. Ans. 21. 

2. 15625. Ans. 25. 

3. 12167. Ans. 23. 

4. 32768. Ans. 32. 

5. 103.823. Ans. 4.7. 

6. 884.736. Ans. 9.6. 

7. 12.812904, Ans. 2.34. 

8. 8741816. Ans. 206. 

9. 2.5. Ans. 1.357 +. 
10. .2. Ans. .5848+. 

2il2i. Tlie Higher Roots of Quantities. — When the 
index of the required root contains no prime factor greater than 
3, the root may be found by methods already explained. In order 
to show this, it wUl be necessary to prove the following principle : 

The mn*^ root of a quantity is equal to the m^^ root of the n*^ 
root of that quantity. 

Let a/ ^/a = r . . . (1). 

Eaising both members of (1) to the m'* power, 
V« = ^ . . . (2). 
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Eaising both members of (2) to the rf^ power, 

Extracting the mn*'^ root of both members of (3), 

Va = r . . . (4). 
Comparing (1) and (4), 

ya = a/ y a. 



Thus, Vie = yVl6 = ^4 = 2, V64 = yV^ = -V^=2, 
and Va = |/V^. 

EXAMPLES. 

1. Extract the fourth root of QaW + a* — 4:a^h — 4a5s + ¥. 



I —4«s5 + 4^353 



2a8— 4a5 + 53j 2w>P—4:ab^+¥ 



3fl_S| —%ab + l^ 
I —2ab + ¥_ 

We extract the square root of the given polynomial, and thus 
obtain a^ — 2ab + ¥; we then extract the square root of this 
last expression, and iind the root to be a — l; this is, therefore, 
the fourth root of the proposed expression. 

2. Extract the fourth root of 81a^ — iZ23? + 864a;2 — 768a; + 
256. Ans. ± (3a;— 4). 
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3. Extract the sixth root of &a^h + l^a^l? + a" + 2QaW + 
15a%^ + ¥ + Qa¥. Ans. ± {a + h). 

4. Extract the eighth root of a? — l&x' + IViiofi — 448a;= + 
1130a;* — 1793a;' + 1793is2 — 1024a; + 356. Ans. ±{x — 3). 

373. Moots of Fractions. — The n*''' root of a fraction is 
a fraction ivJiose numerator is the w'* root of the given numerator, 
and whose denominator is the n*^ root of the given denominator. 



Thus, 






for 






374. 



SYNOPSIS FOE REVIEW. 



CHAPTER X. < 



!2i 

o 

I— I 

O 



o 
1— I 
EH 
P 
1-^ 
O 



POWEB 



Degree. 
Exponent. 
Perfect. 
Imperfect. 



Powers of Prod/ucta. 
Coefficient. 

POWBK OF MONOMIAIi. JRule. 
POWBK OF POLTNOMIAL. BulC. 
POWEE OF FEACTIONS. 



Root 



j Sign 
( Inde 



Index. 

Imaginaet Quantities. 
Root of Mojtomiai. Sule. 



Polynomial. Rule. Cor. 1, 3. 
Trinomial. 



Squaeb Root. 



Cube Root of Polynomial. Rule. Cor. 
Highee Roots. 
Roots of Fractions. 



OHAPTEE XI. 
THEOET OF EXPOI^ES"TS. 



315. We haye defined a™, where wi is a positive integer, as 
the product of m factors, each equal to a, and we have shown that 



and that 



a™ X a" = a'"+"; 



a™ 1 
— =: a™"", or J 



according as m Is greater or less than n. Hitherto an exponent 
has been regarded as a, positive integer ; it is, however, found con- 
venient to use exponents which are not positive integers, and we 
now proceed to explain the meaning of such exponents. 

2ilG. As fractional exponents and negative exponents have 
not yet been defined, we are at liberty to define them as we please. 
For the sake of uniformity, we shall give such a meaning to them 
as will make the relation 

a"" X a" = Q[m+« 

true, whatever m and n may be. 

1 ''' 

31")'. Find the meaning of d^. 

a*xa* = ai = a(3'76); 

that is, c^ must be such a quantity that if it be squared, the re- 
sult will be a ; hence, a^ = Va. 
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378. Find the meaning of a* 

a* X a^ X a* = a^"*"^"*^^— oji = a; 

3'79. Find the meaning of a^. 

a* X a^ X a* X a^ = a?', 



a* = va' 

1 

380. i?Vw<? ^Ae meaning of «", w^ere ?i is a positive integer. 

i i — — +-i +i+ . . . . to ji lennB 

a" X a" X a" X ... to w factors = a" " " =ai=a; 

J. 
a" = a/«- 

381. Find the meaning of a", where m and n are positive 
integers. 

— ~ — ( n . — I ' 1- . . . to » tenoB 

a" X a" X a" X .... to w factors = a" » » —a"'; 



a^^ya'". 

Hence, the numerator of a positive fractional exponent denotes 
the power to which the quantity is to be raised, and the denomi- 
nator denotes the root to be extracted. 

383. Find the meaning of ar\ 

«3 X ar^ = a*-2 = a. 

Dividing both members of this equation by a% 

-2 _ ^ _ i.. 
^ a^~ a^ 

383. Find the meaning of ar^, where n is any positive nutn- 
der, integral or fractional. 

ffl"+i X a~" = a. 
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Dividing both members by a"+\ 

Hence a~" is the reciprocal of a\ 

384. It follows, from the meaning which has been given to a 

a'" 
negative exponent, that — = a™"^ when m is less than n, as well 

as when m is greater than n. For, suppose m less than n ; then 

_-- yv— Cn-m) ^ /k'"~'* 

385. Gbnekal. ScHOiiTiM. — It thus appears that it is not 
absolutely necessary to introduce fractional ' and negative expo- 
nents into Algebra, since they merely supply us with a new nota- 
tion for quantities which we had already the means of represent- 
ing. Thus, 

a^ = Vc^, a* = 's/a>, a^ = v^ = a% 

, 1 -i 1 1 -111 

If m is a positive integer, the expression «™ is read the mf^ 
power of a, or a mP^ power. But if in is not a positive integer, 

a™ should be read a exponent m. Thus, «* is read a exponent 
two-thirds, not " a two-thirds power" for there is no such power. 



1 1 
386. To show that a" x V 


= {ahy. 


Let 





a; = a" X 5"; then a;" = ia" x &"^ = W"/ x w) . 

But (a") X (57 =aJ(380); 

a;'' = a5; 
i 
whence, x = (aJ)". 
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111 11 1 

CoE. a" X 5" X c" = {aby x c" = {obey. In like manner 
it may be shown that 

111 1 i 

a" X 6" x c" X . . . . ^" = {abc .... *)". 

Suppose now that there are m of these quantities a,b,c.,.k, 
and that each of them is equal to a ; then the last equation be- 
comes 



/ i\»» 1 



1 



But (a™)» = fl™(381); 

giij = a". That is, 

The mP^ 'power of the nP^ root of a is equivalent to the w** root 
of the mP^ power of a. 

1 1 

387. To show that \^\^ • 

in 



1 1 



5" 



Let 3!=^; then a?»= /^\ =^(380-360); 

\bn} 



whence, x = wj . 

388. To show that la™) = a»»». 

/ i\™ 1 

Let a; = \a™/ ; then a?' = a"; therefore «?""=«; 

whence, a; = a"^. 

389. To show that a'' = a^. 

Let »;=:«"; then a;" = a*"; and a;"^ = a^^; 

mp 

•whence, x = a^p. 
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390. EXAMPLES. 

1. Simplify (a;* x x^y^. Ans. a;* 



3. Find the product of a* a ^, a ^, and a *. 



i 60 



Ans. a 
3. Find the product of (f ) , (|) , and (^^ . 

Ans. " . 
4 Multiply a* + 6^ + a~^5 by dlT^ — a'^ + S^. 

5. Multiply ^ — xy^ + s^y — y^ by a; + o^y^ + y. 

^ws. a;^ + a;% — a;«/'^ — y^. 

6. Multiply a^ — ftS + a^ — a2 + a^ — a + a*— 1 by a*+l 

"^ ^ws. a* — 1. 

7. Multiply fls'^ — a* + 1 — a""^ + a~^ by a^ + 1 + a^. 

Ans. a + d^ — 1 + cT'^ + a~^ 

8. Divide x^ — xy^ + a;^y — V ^1 ^ — V ' 

Ans. x + y. 

9. Divide x* + x^a^ + a* by x^ + x*a^ + a* 

^ws. a;^ — a;*a* + a* 

10. Divide a * — a * by «« — a 2. ^ws. a» + 1 + «-». 

11. Divide a^ — ah + db^ — ^^W +'s* by a* — al^ + 
a^j _ jt Ans. a + a^6^— 5. 
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13. Simplify 



a* — ao^ + (^x — ^ 



a^ — d>x^ + M^x — 3ax^ + aK^ — x^ 

a + X 



Ans. 



a? + Zax + ^' 



iji Qyi 2iA X' 

13. Extract the square root of — + ^ — 1- — i — 



x^ %y^ 



14. Extract the square root of 4a — 12aH^ + 95^ + 16a^c* 
— 24sM + leA -Jws. 2a* — 35* + 4A 



- ) = «» ; and if a = 3S, show 
that 1 = 2. 



391. SYNOPSIS FOR REVIEW. 

' BaMs of theory (2T6). 





Meaming of or, a , a\ 




1 m 

Meaning of a», a». 




Meaning of a~^, aT". 


CHAPTER XI. 


General SchoUum. 


THEORY OF EXPONENTS. 


1 1 




a" /fljX" 
Mow *Aa* — = Ij-j, 




Show that („-)^ „- 




m mp 

.Show that a'=a'^. 



CHAPTER XII. 
RADICAL QTJAl^TITIES. 



DEFINITIONS. 

393. A Simple Radical Quantity is an expression 
of the form of a VX or atn. Thus, 2\/9, sVs, b^/a, and 
[(a + 6)^] c are simple radical quantities. 

393. The Radical Factor is the indicated root, and the 
Coefficient of the radical factor is the quantity afBxed to the 
radical sign. Thus, in the expression 3 V^, the radical factor is 

-y/Q and 2 is its coefflcient ; and in the expression [(a + if^c, 

the radical factor is [(a + FfY ^-nd c is its coefiBcient. 

If the coefELcient of a radical factor is 1, it is usually omitted. 

Thus, -v/S is equivalent to 1 a/S- 

394. The Degree of a simple radical quantity is denoted 
by the index of the radical sign, or by the denominator of the 

fractional exponent. Thus, h '/a and a (S + cy are of the 

second degree ; I Va and ffl (5 + cy are of the third degree ; 

6 V^ and a ( J + c)* are of the fourth degree ; and so on. 

395. Two or more simple radical quantities are said to be 
8imila/r if their radical factors are identical. Thus, 2 Vs and 
4:V3 are similar. 

396. A simple radical quantity is said to be in its Simplest 
JPorm> when the quantity under the radical sign is entire and 
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does not contain a factor -wliicli is a perfect power corresponding 

to the degree of the indicated root. Thus, 3^/5 is in its simplest 
form. 

397. A national Quantify is one which may be ex- 
actly expressed without using the radical sign or a fractional ex- 
ponent. Thus, 5, — 3, 4^, and a + b are rational. 

Any rational quantity may be expressed under the form of a 

radical quantity. Thus, 5 = -v/35, — 3 = — a/9, 4?=V'^, and 
a + I>= V{a + b)K 

398. An Irrational Quantity is one which cannot be 
exactly expressed without using the radical sign or a fractional 
exponent. Thus, 3a/8, 2V9> and sVs are irrationaL 

Irrational quantities are sometimes called surd quantities, or 
simply surds. 

REDUCTION OF SIMPLE BADICAL QUANTITIES. 

399. The Reduction of radical quantities consists in 
changing their forms without altering their values. 

300. To reduce a rational quantity to a radical 
quantity of the w* degree. 

3 = -v/a = V37 = VsT = Va^; 

and a + x= -v/(« + xY — Via + *)"■ 

MULE. 

Raise the given quantity to the n^ power and indicate the n*^ 
root of the result. 

JEXAMPIES. 

1. Eeduce 3a^ to a radical quantity of the third degree. 

Ans. VSo*. 

2. Eeduce a + a; to a radical quantity of the fifth degree. 

,:, Ans. V(fl + ^Y- 
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3. Eeduce - to a radical quantity of the sixth degree. 

4. Eeduce — 5a'5 to a radical quantity of the third degree. 

Ans. V— 125a^5'. 

5. Eeduce — {x + y) to a radical quantity of the fourth de- 
gree, ^ns. —VW+W- 

6. Eeduce (a — 5)* to a radical quantity of the w'* degree. 

Ans. V(a — by"- 

301. To introduce the coeflacient of the radical 
factor under the radical sign. 

4a/2 = Vl6 X V2 (397) = ■\/33"(386); 

«/ = («¥)*; 

a; V^a — a; = V^ x V^a — a; = V^aafi — a;*. 

Hence, denoting the degree of the radical quantity hy n, we 
have the foUowiug 

It ULE. 

Multiply the quantity under the radical sign iy the «'* power 
of the coefficient and indicate the «** root of the product. 

Cob. — In a similar manner any factor of the coefiBcient may 
be placed under the radical sign. Thus, 3x2 VS = 3 V^O. 

I:XA.MPI,ES. 

Introduce the coefficient of the radical factor, in each of the 
following expressions, under the radical sign : 

1. 6V5, Ans. VISO. 

a. 3V3^ Ans. V243. 
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3. (a + b) VaTi' Ans. V(a + bf. 



4. 



aif -. Ans. ^fab. 

^ a 



-l)\f- '"'' 



■ 5. (a — l)y— , . „ • Ans. VSaS'. 



6. "L^/r:^"^. Ans. v^Ts 



7. 5a -y/Jc. w4ws. VBvdc. 



8. 5a; V25«-a 2lws. V¥+^^^. 

9. 3»3 (a; _ y)i ^as. (37^7 _ 27a;62^)* 

1 
10. a; (1 _ -^ + ^y Ans. (a:— 1 — aa:"-' + a'x"-''^. 

303. To remove a factor from iinder the radical 
sign to the coeflacient. 

The reduction is performed by reversing the process of 
Art. 301. 

Thus, 2V8 = 2Vix V2 = 2 x2V2, and aV^ = 

db -v/c. 

Hence, denoting the degree of the radical quantity by n, we 
have the following 

B, TILE. 

Divide the quantity tinder the radical sign by the factor to be 
removed; and to the indicated n^ root of the quotient prefix, as a 
coefficient, the product of the given coefficient and tJie n^^ root of 
the factor to be removed. 

IlXA.mVI.MS. 

1. Eeduce a/SO to such a form that the factor 4 shall not 
occur under the radical sign. _^jjs. 3 -v/5. 



176 RADICAL QUANTITIES. 

2. Eeiiuce V^i to such a form that the factor 8 shall not 
occur under the radical sign. ^^jjs. 2 V3- 

3. Eeduce 3 -v/TS to such a form that the factor 25 shaD not 
occur under the radical sign. ^^s. 15 y^_ 

4. Eeduce {a — I) Via + b)^o- to such a form that the factor 
(a + 5)* shall not occur under the radical sign. 

Ans. (v? — W)Vc. 

5. Eeduce a{b ->r c) Vb"c to such a form that the factor fin 
shall not occur under the radical sign. 

303. To reduce the indicated root of a fraction to 
an equivalent expression in ■which the quantity under 
the radical sign shall be entire. 



_ 1 /3 X 25 _ l/W _ \fT Z _ \/2i 
5 "" ^ 6 X 25 ■" '^ 125 ~ ^ 135 ^ '♦'^ 125 ^ 

= JV75; 

Hence, denoting the degree of the radical quantity by n, we 
have the following 

RULES. 

I. If the fraction under the radical sign has a denominator 
which is a perfect n*^ power, prefix to the indicated n*^ root of the 
numerator the reciprocal of the w** root of the denominator. 

II. If the fraction under the radical sign has a denominator 
which is not a perfect n*^ power, multiply or divide ioth of its 
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terms by such a quantity as will reduce it to one whose denomina- 
tor is a perfect n*^ power j then substitute this fraction for the 
given one and proceed as directed in I. 

CoE.— If the giTen radical quantity has a coefficient, the re- 
sult obtained by the rule must be multiplied by it, in order to 
obtain an expression equiyalent to the giren one. Thus, 

21/^ = 2 x|^/6 = |v^. 

HXAMPZES. 

Eeduce each of the following expressions to another in which 
the quantity under the radical sign shall be entire : 

1. -/I- Ans.^Ve- 

2. ||/f. Ans.lV600. 
'3 



3. 2V~- Ans. a/S. 

' 4 



^-VT^. Ans. g' 



, 2a\f¥ . Is/Tq- 

5. -rrV T-i' Ans. ^yi-oa. 



3 ^ 4:a^ "3 



6. m{a + x)\/ ^"7^ ■ Ans. mV{a — x){a-{- a;)"-i. 

304. To reduce a simple radical quantity to its 
simplest form. 

1. Eeduce 3 VS to its simplest form. 

The largest perfect square which is a factor of 8 is 4. EemoT- 
img this factor from the radical sign to the coefficient, we have 

3 -v/S = 6 V2 (303). 
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3. Eeduce 5 V^SaW to its simplest form. 

The largest perfect cube which is a factor of ^8a^x^ is 8a«a^. 
Removing this factor from the radical sign to the coefficient, we 

have 

5 V48fl^ = lOaH yiox. 

3. Eeduce 4 y ^ to its simplest form. 

4V^=4l/| = |V3l(303)=|x2V3(303)=|V3. 

Hence, denoting the degree of the radical quantity by n, we 
have the following 

B, TJI,ES. 

I. If the quantity under the radical sign is entire, resolve it 
into two factors, one of which is the greatest w** power contained 
in that quantity ; then remove this factor from the radical sign 
to the coefficient. 

II. If the given radical quantity contains the indicated root of 
a fraction, reduce it to such a form that the quantity under the 
radical sign shall be entire, and proceed with the result as directed 
in I. ^ 

Eeduce each of the following radical quantities to its simplest 
form: 

Ans. 5a Vab. 

Ans. Sa^cVSbx. 

Ans. 8aWc^V3ac. 

Ans. 3a V^- 



1. 


V25a»b. 


2. 


V2Wific^x. 


3. 


Vl93aSS8c7 


4 


VlOSaSJ, 


6. 


6 Vaa;' + fe«. 


6. 


7V635a*6^c. 



Ans. %x "s/a + bifi. 
Ans. 35a5Vc. 
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7. 3 Va™+"&. Ans. 3a Va"b. 

8. VCa + x)'"b« Ans. {a+x)'V^. 

9. |/|- Ans.^V^. 

10. 6 1/ 1- ^ras. 2 Vl8. 

11. Ty-T* Ans. -r^^/d. 
' a la 



12. 2 i/— -2^ . ^Ms. — ?— A/(a + x) a. 

13. (— ) . ^ws. — [oRfioi^'ifi^. 
\xy / xy^ " ' 

14. (^^) • ^ws. ^(«'6a!«)* 



15. 




16. 


(« + ')i4||- 



«» 



^ws. ^VS (1 + o5) S2. 

17. (a — b)\/ ■ ; — Ans. Vc(m + n). 

^ ' ' m + n m + n ^ ' 

1 
!«• (^r Ans.^^lia-x)ia + xr-nk 

305. To reduce a radical quantity of the form of 
Vfl" to another of a lower degree. 

V9 = |/v^(3Y3) =a/3; 
V8 = '/Vi=V^; 



mti/ — ^ /n , — '■ my— 

Va'^ = j/ V a« = V«. 
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Hence, denoting the factors of the index by m and n, we have 
the following 

HXIIjE. 

Extract the rfi^ root of the quantity under the radical sign, 
and indicate the m^ root of the result. 

1. Eeduce V^a^ to a radical quantity of the third degree. 

Ans. V^a- 
3. Eeduce %/Qic^ to a radical quantity of the second de- 
gree. Ans. VSoS. 



3. Eeduce Vl^a^S^c^ to a radical quantity of the second de- 
gree. Ans. V^oScS. 



4. Eeduce V^oa^S^c* to a radical quantity of the third degree. 

Ans. \^babc\ 

5. Eeduce Va%%' to a radical quantity of the third degree. 

Ans. %/c^h<?. 



6. Eeduce '\/aW(^ to a radical quantity of the fifth degree. 

Ans. VaS^c'. 

306. To reduce a simple radical quantity to another 
of a higher or lower degree. 

Va = a* = «^ = / = «* = a^ = ^^^; 

7^ = a^=«^ = a* = ffl^ = «* = V«. 

RULE. 

Express the given radical quantity ly means of a fractional 
exponent ; then sulstitute for this exponent any equivalent frac- 
tion having a denominator greater or less than thai of the given 
fractional exponent. 
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OoR. 1.— If equal factors be introduced into tlie index of the 
root and the exponent of the quantity under the radical sign, 
the result will be equal to the given radical quantity. Thus, 

OoE. 2. — Conversely, if equal factors be canceled in the index 
of the root and the exponent of the quantity under the radical 
sign, the result will be equal to the given radical quantity. Thus, 

Va" = ya- 

EXAMFIjES. 

1. Eeduce Va to a radical quantity of the 12th degree. 

Ans. V«^- 

2. Eeduce '^/a to a radical quantity of the mn*^ degree. 

Ans. yaP, 

3. Eeduce %/a — h to a radical quantity of the 20th degree. 

Ans. ^/(a — Vf- 



4. Eeduce ^(a + Vf to a radical quantity of the 10th degree. 

Ans. ^^/(ft -\-l)K 

5. Eeduce ^^/(a — V)"^ to a radical quantity of the 3d degree. 

Ans. V(« — Vf. 

307. To reduce simple radical quantities having 
unequal indices to equivalent ones having equal in- 
dices. 

1. Eeduce V^ and \/a to equivalent expressions having 
equal indices. 

^ _ „i _ „f _ «. 



a' = a" = v«"; 



1 2 

and Va = a^ = a^ = Va'- 

2. Eeduce ^/a and V« to equivalent expressions having 
equal indices. 
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1 






B,ULE. 



Express the indicated roots ty means of fractional exponents, 
and reduce the expressions thus obtained to equivalent ones, in 
which the fractional exponents shall have equal denominators. 



EXAMPJjJSlS. 



1. Eeduce y^ and 3 \^ to equivalent expressions having 
equal indices. ^ ji^s. \k and 3 '-v^. 

3. Eeduce -v/S, ^/S, S/i, and Vs to equivalent expressions 
having equal indices. j^^s. 'V^, '-V^, V^, '-^, 

3. Eeduce V^, VS, V^j and \/^, to equivalent expres- 
sions having equal indices. 

Ans. v''4096, v^729, '-^625, '-v^'343. 

4. Eeduce 3* 2*, and 5^ to equivalent expressions having 
equal indices. Ans. B^ 2^ 5* 

1 1 

5. Eeduce a» and 5»» to equivalent expressions having equal 

indices. ^^5, "^ and ^6^. 

6. Eeduce vox, Vxy, and -\/ct to equivalent expressions 
having equal indices. 

Ans. ^v^^V" '^v^Y^ ^A^/^"^. 

7. Eeduce Va^, V^', Vc*, V**, and V e^ to equivalent 
expressions having equal indices. 

Ans. Va, ^/i, Vc, Vd, Ve. 
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COMBINATIONS OF RADICAL QUANTITIES. 

308. To find the sum of two or more simple radi- 
cal quantities. 

1. Find the sum of 6 v^ and 8 V^. 

2. Find the sum of 2 V^ and 3 Vl93. 

2V24 =2V8ir3 = 4V3, 

and 3 Vi92 = 3V64ir3 = 12V3; 

2V35 +3Vi92 =16V3. 

3. Find the sum of V^, V^A and V^. 

and '\/^= aV^; 

4. Find the sum of 2 V1O8 and 5 V24. 



2Vl08 = 2V27 x4= eVi, 

and 5V24 =5V8^3 =10V3; 

2Vi08 + 5V2l = 6V4 + I0V3. 

In this example the radical quantities cannot be made similar; 
hence the addition can only be indicated. 

5. Find the sum of 2 V36 and 3 ^fl. 
3 •v/6 = 3 V36 (306, Cor. 1). 
.-. 2 V36 + 3 A/e = 2 V36 + 3 V36 = 5 V36 = 5 -v/e (305). 
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It ULES. 

I. If the given radical quantities are similar, prefix the sum 
of the coefficients to the common radical factor. 

II. If the given radical quantities are of the same degree, hut 
not similar, reduce them, if possible, to equivalent similar ones by 
the rule of Art. 304, and proceed with the results as directed 
in I. If they cannot be so reduced, indicate their sum. 

in. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed 
with the results as directed in 11. 



EXAMPLES. 

1. Find the sum of 7 -v/lO and 3 •v/90. Ans. 13 -v/lO- 

3. Find the sum of VsOO and V256. Ans. 9 Vi. 

3. Find the sum of 4 -v/500 and 3 ^^108. Ans. 29 VI. 

i. Find the sum of y^) y -, and Vjo- ^'"'S- V^. 



5. Findthesumof ^/|, f/f , and l\/^ 



3 ' 4 r 6 ' 8 '^ 25 ■ 



Ans.^V6. 



6. Find the sum of V^ and "/^ Ans. {a + b) <s/x. 

7. Find the sum of a/M, 2 Vn, and a Vo^- 

Ans. 2 (Vg 4-6\/2) + ax V6. 

8. Find the sum of y —^j— and y -- . 
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9. Find the sum of V{1 + a)-\ Va^ (1 + a)-\ and 
a V(l + a) (1 + ay. Ans. {a? + a + 1) Vl+^. 

10. Find the sum of 3 %/1W¥g^ and 5 V^Mbc\ 



Ans. (3c + 5(?) '/^abc. 

11. Find the sum of V^aa^— 4aa; + 3a and Vlo^+Iaac+affli 

Ans. 2a;V3a. 



12. Find the sum of V54a™+¥, Vl6a™-%6^ V3a*'"+', and 



^^^^^- Ans. (3a«5 + ^ + a^+b + ,) S^/3^. 

13. Find the sum of a \/W and c a/^®. 

^ws. ah Vw + c&« Vs. 

14 Find the sum of a (l + ^] and l{l^^ . 

cfi J* 

Ans. \-\cr + h^) \ . 

309. To find the difierence of two simple radical 
quantities. 

1. Subtract 6 Vs from 8 V^. 

8a/3-6-v/3 = (8-6)V2 = 2V3. 
3. Subtract 2 V2I from 3 Vl92. 



3 Vl92 = 3 V64 X 3 = 12 Vs, 
and 2V2i =2V8"x~3 = dVS; 

3Vi92 — 2V24 = 8V3. 
3. Subtract V^ from V4^. 

V^ z= 2a;\/S, 

and V^ = a;V«; 
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4. Subtract 2 {/fOS" from 5 Vu. 

and 2 Vl08 = 2 V27"x~i = cVi; 

5V24-2V1O8 =10V3-6V2. 

In this example the radical quantities cannot be made similar; 
hence the subtraction can only be indicated. 

5. Subtract 2 V36 from 3 V6. 

3 -/e = 3 V36 (306, COE. 1) ; 

... 3 Ve — 2 V36 = 3 V36 - 2 V36 = V36 = Ve (305). 

MULES. 

I. If the given radical quantifies are similar, subtract the co- 
efficient of the radical factor in the subtrahend from that of the 
radical factor in the minuend, and prefix the remainder to the 
common radical factor. 

II. If the given radical quantities are of the same degree, but 
not similar, reduce them, if possible, to equivalent similar ones by 
the rule of Art. 304, and proceed with the results as directed in 
I. If they cannot be so reduced, indicate the subtraction. 

III. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed with 
the results as directed in 11. 

JEXAMPZES. 

1. Subtract V^a from VJSa. Ans. 2'v/5a. 

2. Subtract •v^24 from \^lM. Ans. 2 \fl. 

3. Subtract "-^/c^ from Za Vb. Ans. 2a \fh. 

4 Subtract 3 V^ fro™ 6 V^. Ans. 3 Va. 
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/ (t -I— 'JJ . ■ ..— 

5. Subtract {a — x)y from (a — x) v a' — x\ 



a — x 



Ans. {a — x — 1) Va^ — x\ 



6. Subtract y „,,,,,,„ from y —5 — „ a , ?,2 • 

Ans. -i r-Vi- 

• 

7. Subtract %/Z%a from 3 V^Oa. Ans. 4 V5« — 3 V^ffl. 

8. Subtract 3 VHI from 6 V330. ^?is. 34 VB — 6 V^. 

310. To find the product of two or more simple 
radical quantities. 

1. Multiply 6 -v/SI by 3 ^2. 

6 V54 X 3 a/2 = 6 X 3 a/54 x a/3 = 18 a/54 x 3 (386) = 
18 a/108 = 108 a/3. 

2. Multiply 3 a/Ss by 3 VSa. 

3 A/2ffi X 2 VSa = 3x2 A/3a X VSa = 6 V(3«P X V(3a)» 
(306, CoE. 1) = 6 A/(3a)^(3a)3 = 6 Vt^'- 

I. i/" {he given radical quantities are of tJie same degree, find 
the product of the radical factors ly the principle of Art. 386, 
and to the result prefix the product of their coefficients. Express 
the final result in its simplest form. 

II. If the given radical quantities are of different degrees, re- 
duce them to equivalent ones of the same degree, and proceed with 
the results as directed in I. 

CoE. 1. — If the roots are indicated by fractional exponents, 
the product may be found by the principles of Art. 69. 

Cor. 3. — The product of two or more simple radical quantities 
can always be reduced to a simple radical quantity. 
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MXAMPI^MS. 

1. Multiply i a/6 by ^ v^. Ans. -^ V^ = tV a/6. 

2. Multiply 4 4/I by 3 -/I . Ans. 4:V^. 



3. Multiply 3 -y/i by 4 VS. Ans. 13 V433. 

4. Multiply V^i^ by -\/i3^. ^ws, 12ax^~2. 

5. Multiply i V^ by c V^^- -^ws. 5c %/a^of"y\ 

6. Multiply 3 V& by 4 V^- Ans. 13 V^- 
'7. Multiply (« + S)i by (a + 5)*. ^ws. a + 5. 

8. Find the product of Ve^S Va, \fW^, and Va^'- 

9. Multiply (a + 5)^ by (a — 5)^. Ans. (a^ — ¥)^. 

10. Multiply a^/x by 5 V^- -4«s. ab Vk^. 

311. To find the product of polynomial radical 
quantities. 

The product of two polynomial radical quantities is found by 
combining the rules of Art. 310 with that of Art. lO. If frac- 
tional exponents are used to indicate the roots, the rule of Art. 70 
is sufiBcient. 

MXJlMFIjIIS. 

1. Multiply -3 + a/5 by 3 — Vs. 

3+ \/5 
3— VS 

6 + 3V5 
— 3^/5 — 5 

Product, 1 — Vs. 
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2. Multiply x + 2Vy + 3Vz'byx — 2Vy + ZVz- 

x+ %Vy+ 3 V2 

X— 2's/y+ 3V^ 

x^+^X'Vy+^xVz 
—2x V^ — 4y — 6 Vy X V^ 

+3xVz + QVy X Vz + qV^ 
Product, x^—4^ + 6x \f% + 9 V^- 

3. Multiply (^ + c^^ + a^S + 6^ by a^ — 6^ 



a* — 6" 




_ a* ji _ flij _ ^1% _ 


■62 



Product, a — W. 

4. Multiply a/S + VS by VS — VS. Ans. 5. 

5. Multiply a/o* + V^ by '/a — 2'/^. 

Ans. «2 + V^^ -3 Va^ -2 V^ 

6. Multiply Vffl + Vb + X by V« — V5 + x- 

Ans. a — b — x. 

7. Multiply a^ — 2a^^ + iah^ — 8ai + 16ah^ — 335^ by 
a^ + 2bk Ans. a^ — %a\ 

8. Multiply a^ + a^b^ + 5* by a* — S* Ans. a — b. 

9. Multiply a;^«/ + ^ by a;^ — y~^. Ans. ofly — «/* 

313. To find the quotient of two simple radical 
quantities. 

1, DiTide 6 ^/hi by 3 a/2. 

^ = ^ = 2a/37(387) =6 Vs. 
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3. Divide 8 '\/%a by % Va. 



8V§ iV^^lVW^^J/W^^e/g^ 
%\ra - Va V^ «' 

I. 7/" ^^e given radical quantities are of the same degree, 
divide the radical factor in the dividend iy that in the divisor, 
hy the principle of Art. 387, and to the result prefix the 
quotient obtained by dividing the coefficient in the dividend by 
that in the divisor. Express the final result in its simplest 
form. 

II. If the given radical quantities are of different degrees, 
reduce them to equivalent ones of the same degree, and proceed 
with the results as directed in I. 

CoE. 1. — If the roots are indicated by fractional exponents, 
the diTision may be performed by the principles of Art. 84. 

Cob. 3. — The quotient of two simple radical quantities can 
always be reduced to a simple radical quantity. 

X!XA.MFI,ES. 

1. Divide 8 VlOS by V^. Ans. 24 Va. 

3. Divide VHIS by 4 5/3- Ans. VI- 

3. Divide 12 VSi by 3 V^. Ans. 12. 

2, 



4. Divide 4 Vl2 by 2 VS. Ans. | Vl6 x 3=. 



5. Divide a by Va. Ans. V«. 

1„ 
b' 

2d' 



6. Divide Va by Vs. Ans. tV«5"'~^ 

7. Divide 'Ml^(^})j iVc^b^. Ans. ^V¥^. 
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8. Divide y^ by j/|. Ans. ^V^- 

9. Divide a^ by a* Ans. a*. 

m p mq—np 

10. Divide a» by as. J^ras. a m . 

313. To find the quotient of two polynomial radical 
quantities. 

The quotient of two polynomial radical 'quantities is found by 
combining the rules of Art. 313 with that of Art. 86. K frac- 
tional exponents are used to indicate the roots, the rule of Art. 
86 is suf&cient. 

JEXAMPIiES. 

1. Divide V^ — V^ — Va + V« by V« — 1. 

V^_ V^ _ V^ + Va I Va-1 

— v^ + Va 

3. Divide «« + 3a^J* — 4ffl^5^ — %^ by a^— 45^. 

a2 — 4«*5*+ 2a^6*— 85^ | a*— 45* 
oS_4alsi a^+35* 



3. Divide a^ + a VS — 65 by a — 3 a/5. Ans. a + 3 VS. 

4. Divide a - 41 V«- 130 by V^ + 4 Va + 5. 

Ans. V^ - 4 V^ + 11 Va - 24. 

5. Divide ^ — a%2 _ 4fl;a;l+ gala; _ '^^%r^ \f^ ^ _ 4^3.! _^ 
3« • ^ws. a; — a%* 
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6. Divide x^ — y^ by o^ — 'ip. Ans. x* + y^. 

7. Divide # — Zx^y^ + y^ by x^ — y^. Ans. (^ — y^. 

INVOLUTION OF RADICAL QUANTITIES. 

314. To find any power of the indicated vf^ root of 
a quantity. 

( Vs)' = V3 X Vs = V35 (310) ; 

(V3)' = V35 X V3 = V35= 3; 

(Va)'"=V^(386, COE.). 

Hence, denoting the index of the given indicated root by n, 
we have the following 

RULE. 

Raise the quantity under the radical sign to the required 
power, and indicate the w*^ root of the result. 

CoK. 1. — If th§, index of the given indicated root is equal to 
the exponent of the power to which that root is to be raised, the 
required power may be obtained by simply removing the radical 

sign. Thus, (Va) = a, (V«) = a, and (Va) = a. 

Cor. 3. — If the index of the given indicated root and the ex- 
ponent of the required power contain a common factor, the result 
obtained by the rule may be reduced to a radical quantity of a 

lower degree. Thus, (Va)* —Va^= V^ (306, CoE. 2). 

OoE. 3. — If the root is indicated by a fractional exponent, the 

rule of Art. 358 is sufiBicient. Thus, U j = a* («"/ =«". 

315. To find any power of a simple radical quan- 
tity. 

(5 y^f = 5V3x5V3 = 5x5xV3xV3 = 53 V^; 

{aVbT = a'^V^. 
13 



INVOLUTION. 193 

Hence, denoting the exponent of the required power by m, we 
have the following 

RULE. 

Raise the given radical factor to the m*''' power (314), and to 
the result prefix the m*'^ power of the given coefficient. 

CoE. — If the root in the given expression is indicated by a 
fractional exponent, the rale of Art. 358 is sufBcient. Thus, 





EX^MFZES. 




1. 


Find the square of 5 V«- 


Ans. 25 \/a^. 


2. 


Find the third power of 5a \/x. 


Ans. 125a^. 


3. 


Find the square of a* ^6. 


Ans. a^VSQ. 


4. 


Find the 3d power of | ^f^. 


Ans. |-\/3. 


5. 


Find the 4th power of — V^- 


Ans. c^\/c^. 


6. 


Find the nhih. power of x 'Vy. 


Ans. k'^VP- 


^ 


Find the square of x ■\/y. 


Ans. ^\fy. 


8. 


Find the w«* power of x'^\/y. 


Ans. a?''Vy. 


9. 


2 4- 
Find the 4th power of ^a . 


Ans. g-a^ 



10. Find the 6th power of a (5 + c)^. Ans. a« (J^+aSc + c^). 

316. To find any power of a polynomial radical 
quantity. 

Any power of a polynomial radical quantity is found by com- 
bining the rule of Art, 315 with that of Art. 359. If fractional 
exponents are used to indicate the roots, the rule of Art. 359 is 
sufiBcient. 
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EXAMPZJBIS. 

1. Find the square of ^3 + a Va. 

Ans. 3 + 2fl a/g + 2a^ . 

3. Find the thi^d power of 3 + VS- Ans. 73 + 32 a/5. 

3. Find the square of a^ + 5*. ^res. a + 2ah^ + J^. 

4. Find the 4th power of a* — 5* 

^ns. a2 — 4a^6^ + 6a5 — 4»M + §2. 

EVOLUTION OF RADICAL QUANTITIES. 

317. To find any root of the indicated root of a 
quantity. 



YW'= 'v^ (^'5'^) = ^ (306, Cob. 2>; 

Hence, denoting the index- of the given indicated root by n, 
and that of the required root by m, we have the following 

MJJLBS. 

I. If tM quantity under the given radical sign is a perfect 
m*'^ power, extract the m'* root of it, indicate the n*^ root of the re- 
sult, and, if possible, reduce to a lower degree. 

II. If the quantity under the given radical sign is not a per- 
fect m*''' power, indicate the mn^roqt of it, and, if possille, re- 
duce the result to a lower degree. 

Cob. — If the given indicated root is expressed by a fractional 
exponent, the rule of Art. 365 is sufficient. Thus, 

ya^ = ai 
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31S. To find any root of a simple radical quantity. 



|/5V§ = |/Vl25 X 9(301) = V^125 x9= ^^^1125"; 



y iVa = y V«6" — "v^-. 



Hence, denoting the index of the re(iuire,d,rqot by ?»> ve have 
iji& fbEo.wing 

ItUI^ES. 

I. 7/" the given coefficient is a perfect mf^ power, prefix the mP^ 
root of it to the mP^ root of the given radical factor. 

n. If the given coefficient is not a perfect m*^ power, iwtro&uce 
it under the given radical sign, and find the m** root of the result 
(317). 

Cob. — If the. radical factor is expressed by means of a frac- 
tional exponent, the rule of Art. 265 is suflS.ci€?it Thus, 



|/5 X 9^ = 5* X 


qA 




MXJlMPIjMS. 






1. Find the square root of 9 VS. 




Ans. 3 V3. 


2. Knd the square root of 3 VS-^. 




Ans. V135. 


8. Find the cube root <5f |j/o- 




Ans. ^VSa- 


4, Find the fourth root of ^y g. 




Ans. |Vi2. 


5. Find the sLsth root of a^ v^c*. 




Ans. a^ '^. 


6, Find thQ fourth root of a" %/^. 




Ans. a^\fb. 
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■ 7. Knd the fifteenth root of V {a + b)^. Ans. V(a + i>T- 
8. Find the w'* root of a" Vo"- Ans. a \fa. 

319. To find the square root or the cube root of a 
polynomial radical quantity. 

The square root or the cube root of a polynomial radical quan- 
tity is found by combining the rules of Art. 318 with those of 
Articles 366 and atO. 

If the roots in the giyen expression are indicated by fractional 
exponents, the rules of Articles 366 and 370 are sufficient. 

MXJ.MFI1ES. 

1. Find the square root of Vx + 3 %/xy + Vy. 

V« + 3 V^ + Vy \ Vx+Vy 
'sfx 



2Vx+ Vy I 2 Vxy + Vy 
2Vxy + Vy 

2. Find the square root of a;^ — 2x^t/^ + «/* 



2x^ — yi _ 2a;^yi + yi 
— ,2x^yi + y^ 

3. Find the square root of 4 V^ + 12 V^ + 9 V^- 

Ans. 2 Va + 3 Vs. 

4. Find the cube root of a + 3 V^ + 3 V«^ + i- 

Ans. V« + S/b- 
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5. Find the square root of a + 2aH^ + i + 2a%^ + 2bKi 
+ c. Ans. a^ + 6 » + c* 

6. Find the cube root of 8a + 36a^6^ + 54a^6* + ST'S. 

Ans. %a^ + 3st 

EEDUCTION OP FRACTIONS HAVINa SUED DENOMINATORS TO 
EQUIVALENT ONES HAVlNa RATIONAL DENOMINATORS. ' 

330. A Simple Surd is a surd of the form a^/b or 
a5«. Thus, 2 VS is a simple surd. 

331. A Polynomial Surd is a surd having two or 
more terms. Thus, 3 -s/S + 3 Vs — 6 V? is a polynomial surd. 

333. To reduce a fraction whose denominator is a 
simple surd to an equivalent one having a rational 
denominator. 

3 3V3 3V3 2a/3 



2 V5 _ 3 VB X V3 _ 2 Vl25 x V9 _ 2 Vll35 . 

3 V9 ~ 3 V9 X V3 ~ 3 V37 ~ ^ ' 

aVl~ayiy^yW~ aVl- ' «5 ' ' 

Hence, denoting the degree of the denominator of the giyen 
fraction by n, we have the following 

Divide some perfect vP^ power which is a multiple of the quan- 
tity under the radical sig.n in the given denominator ly that 
quantity, and multiply loth terms of the given fraction ly the 
indicated w** root of the quotient. 
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EXJLMPXMS. 



Reduce each of the following fractions to an equivalent one 
haying a rational denominator: 



1. 

a. 



5. 



8. 



10. 



11. 



V9* 

W 

A/a 

-v/a' 
Va 



^-=. Ans. 

•v/3 

a 

VI 
2Vq' 

a 

S-v/a*" 

aVs^' 



avi 

3 ■ 

■aVa 



^ Va 

i 



Ans. 



Ans. 



%Va 

a ' 

V^a 



.4ws. Va. 

.4ws. — Ti 



Va^xsia 



10. 



Ans. 



Ans. 



ass 



a ■ 

*V^83<9i 



la. 



Vl' 



13 — 



14 r^-. 



Vs 



15. %r. 

7.T 



1fi ** 

16. — . 



17. 



18. 



19. 



ao. 



ai. 



a 

fin 



aVb 
I 

aVy^' 

I 

n Pi — -• 



• Va 



aa. •^. 



-4w«. 


aVb 
b ■ 


Jres. 


aV^ 
b ■ 


Ans. 


>rtVs«~i 


b ■ 
6 ■ 


Ans. 


i m-l 

cC^b'^ 
b ' 




ftm—Tn 


Ans. 


ab " 



A '^ 

Ans. — . 



A Vb 

Ans. . 

a 

, Vb 

Ans. — . 
u 



Ans. 



a 
Vac 
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333. To reduce a fraction whose denominator is a 
binomial surd to an equivalent one having a rational 
denominator. 

5 
1. Eeduce — — — to all equivalent fraction having a 

2 v 3 — v 3 
rational denominator. 

5 _ 5 5 (a/12 + Va) 



2V^ — V2 Via — a/2 (a/12 — -v/2)(-v/12 + Vs) 

_ 5(a/i2 + a/2) _ a/12 + -y/a . 

~ 12 — 2 ~ 2 

We obtain the multiplier A/i2 + a/2 by dividing 12 — 2 by 

Via- a/2. 

5 

3. Reduce ;= — to an equivalent fraction having a 

2 a/3 + a/2 
rational denominator. 

5 _ 5 _ 5 (a/12 — a/2) 



2VB + V2 A/i3 + A/a (A/i2 + a/2) ( a/12 — a/2) 

_5 (VU — a/2 )_ A/i2 — a/2 
~ 12 — 2 ~ 2 

c 

3. Eeduce j— 5-— to an equivalent fraction having a rar 

A/a — yh 

tional denominator. 

Dividing a—bbj S/a — %/l), we obtain V^ + %/ab + %/W. 
Multiplying both terms of the given fraction by this quotient, we 
have _ _ 

c{V^^+yab+ VP) 
a — b 

c 

4. Eeduce b/- s/t to an equivalent fraction having a ra- 
tional denominator. 

Dividing a + 5 by Va + ^/b, we obtain V^ — Va* + V^J 
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c _ c{}/c^—Vab+S0) 

5. Eednce ^-— -= to an equiTalent fraction having a ra- 

Y « — yi 
tional denominator. 

c _ c _ ciVa^+Vab + hVa + V^ _ 
Va- Vb ~ Va-V^~{V^-V^){V^+ Vab+iV^+ Vi')~ 

c (V^+ VcTb + iVa+ Vw) 
a — W 

We reduce tlie given fraction to an equivalent one, in which 
the simple surds in the denominator are of the same degree, and 
then multiply both terms of the resulting fraction by the quotient 

obtained by dividing a—W by Va — V^*- 



MTJliES. 

I. If the given denominator is of the form of Va — ^/b, divide 
the indicated difference of the quantities under its radical signs 
by the denominator, and multiply both terms of the given fraction 
by the quotient. 

n. If the given denominator is of the form of V« + V5> et^d 
its indices ere even, proceed as directed in I. 

III. If the given denominator is of the form of Va + Vb, and 
its indices are odd, divide the indicated sum of the quantities un- 
der its radical signs by the denominator, and multiply both terms 
of the given fraction by the quotient. 

IV. If the given denominator is not of the form of V« — 'Vb, 

noroftheformof\fa->r\fb, reduce the given fraction to an equiv- 
alent one having a denominator of one or the other of these forms 
(306), and proceed with the result as directed in the rule which 
corresponds to the form of its denominator. 
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CoE. 1. — If we multiply both terms of the fraction 

by a T V^, the resulting fraction wiU have a rational denomina- 
tor; for 

a±Vb = V^ ± Vb, and a^ — i-r- (V^ ± Vb) = aTVb- 

Cor. 2. — A fraction whose denominator is a trinomial of the 
form of Va ± Vb ± Vc may be reduced to an equivalent one 
having a rational denominator by two multiplications. Thus, 

d _ d{Va±Vb^:Vc) _ 



Va±Vb±Vc {Va±Vb±Vc){Va±Vb^^Vc) 

d{Va±ViTVc) _ d{Va±Vb^Vc){a±b—c^:2Vab) _ 
a±b—c±2Vab ~ (a±b—c±2Vah) {a±b—cT^Vab)~ 

d{Va±VbTVc){a±b—c^:2Vab) 
{a±b—c)»—iab 



EXAMPI.ES. 



Eeduce each of the following fractions to an equivalent one 
having a rational denominator: 

r — ^— - Ans. ^M+V^) 



2. :^+^. Ans. '-±\^. 

3. ^=^*. Ans. t±hp^. 
a + Vl «-* 

'/'a+^/l A a+ b + 2Vab 



Va-Vb "~* 

8-5-v/a 

3(3-2^/3)' 



5. -1=^^. Ans. ^. 
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6. 3-J— ^. Am.5{V9+V^+Vi). 
Y3 — v3 

« ^ . d(a^V¥—aWbc+acVi—V^) 

*/i '. r' ^^^- n — 5 



X 



a— Va«— a^ 



fl + 'S/a^—x^ 



- -v/a+aJ+Va— a; . a + v'^— -^ 

9. —7= -==• Ans. . 

ya+x—'va—x ^ 

^^^ {^+x^t)^-{f-x-l^ ^ ^^^_ >^^{^-i^-^X-l)^ ^ 

334. Utility of the Two Preceding Transforma- 
tions. — The two preceding transformations enable us, in many 
cases, to abridge the computation of the approximate value of a 
numerical fraction whose denominator is a surd. 

II,IjVSXJR^TION8. 

\/5 + a/3 _ V^+A/a4 _ a(VlO+A/6) _ a/Io + a/6 
■ V8 ~ 8 - 8 - 4 ' 

ViT+Vs 8 8 

q '^ A/i2-Vl8 2.2380 ._.„ 

O. — T= — = ;; = -. = 0.5595. 

V7 + V3 4 4 

, 9+2VlO _ g(9 + 2 A/loy_ 243 + TOVlO 

18-4A/10 ~ 16i - 164 == ^'^^^^' 

2v^3 _ 2V3 ( V25 - V30 + V36) 

2(Vy5-V9o + Vio8)_ -_„ 

• jj - .8178. 
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PROPOSITIONS EBLATma TO IRRATIONAL QUANTITIES. 

825. An irrational quantity cannot be ea^ressed ly a rational 
fraction. 

This follows from the definition of an irrational quantity 
(398). 

336. A simple quadratic surd cannot he equal to the sum of 
a rational quantity and a simple quadratic surd. 

For, if possible, suppose 

's/n = a + a/to . . . (1), 
in which V^ and Vm are surds. 
Squaring both members of (1), 

n^a^ + 2a Vm + m ; 

, / — n — a^ — m ,„. 

■whence, V »» = s • • • (3) ; 

/ia 

that is, we haye Vw, an irrational quantity, equal to a rational 
fraction, which is impossible (335) ; hence (1) cannot be true. 

337. The product of two simple quadratic surds, which are 
not similar, and which cannot be made similar, is irrational. 

Let Vm and Vw be two such surds; then, if possible, sup- 

Vwm ^an . . . (1). 

Squaring both members of (1), 

mn = a^n^; 

whence, Vm = a Vn . . . (3) ; 

that is, \/m and Vw may be so reduced as to be similar. But 
this is contrary to the hypothesis; hence (1) cannot be true. 
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338. The quotient of two simple quadratic surds, which are 
not similar, and which cannot be made similar, is irrational. 

Let Vm and Vn be two such surds ; then, if possible, sup- 
pose _ 

\/- = an . . . (1). 
Squaring both members of (1), 



n 

whence, Vm = anVn . . . (3); 

that is, Vm and Vn -may be made similar. But this is con- 
trary to the hypothesis ; hence (1) cannot be true. 

329. The sum or difference of two simple quadratic surds, 
which are not similar, and which cannot be made similar, cannot 
be equal to a simple quadratic surd. 

Let Vm and Vn be two such surds; then, if possible, 
suppose _ 

Vm ± Vn — Va . . . (1). 

Squaring both members of (1), 

m ±2 Vnm + n^a; 

/ — a — m — n ,„, 

whence, ± '\/mn = ^ . . . (2), 

But Vwm is irrational (337) ; hence we have an irrational 
quantity equal to a rational fraction, which is impossible (335); 
hence (1) cannot be true. 

330. In an equation, of which each member is the sum or 
difference of a rational quantity and a simple quadratic surd, the 
rational quantities of the two members are equal, and also the 
irrational quantities. 

Suppose x±Vy = a,±Vb • • • (1), 
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in wWcli Vj/ and a/S are irrational; then will x-=a and 
V^ = yb- For \ 



xz:^a±_n . . . (3) ; 
then (1) becomes 

a±n± Vy = a± Vb; 

whence, n ± Vy = ± Vb • • . (3). 

But (3) is impossible (336) ; hence (2) cannot he true. 
Therefore x = a, and consequently Vy = Vb- 



331. If ya + Vb = x + '\/y, in which Vb and Vy are 

irrational, then a/ a — Vb = a; — Vy- 
For since 

^a + Vb = x+ Vy • ■ . (1), 

we haye by squaring, 

a + Vb = x> + 2xVy + y . . . (2); 
.-. a=x^ + y...{3), and Vb = 2x Vy . . ■ (4) (330). 
Subtracting (4) from (3), 

a — Vb =:x^ — 2x Vy + y • • • (5) ; 



whence, y a — Vb =.x— Vy • • • (6). 



333. If ya + Vb = Vx + Vy, in which Vb, Vx, and 
Vy are irrational, then y a— Vb = Vx— Vy- 
For since • • 



ya + Vb-Vx + Vy . . . (1), 
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we have by squaring, 

a + '\/b = x + 2 Vx^ + y . . . (2) ; 

.-. a = x + y...{3), and Vb — ^ Vxy . . . (i) (330). 
Subtracting (4) from (3), 

a — Vb = a; — 3 Vxy + y . . . (5) ; 



whence, ya — V^ = V* — Vy • • • (6). 

SIMPLIFICATION OP COMPLEX RADICAL QUANTITIES. 

333. A Complex Mttdical Quantity is an expres- 
sion in which one radical sign includes one or more others. Thug, 

i/VS, 4/9+3^/5, and y oA/lin are complex radical quan- 
tities. 

334. The comphx radical quantity y a ± 's/i may le sim- 
plified if h is a perfect square, or if a^ — i is a perfect square. 

1. Suppose that & is a perfect square; then yuztVi may 
be reduced to Va±c, in which c is the square root of S. Thus, 
^5±V9 = V5±3. 

3. Suppose that Vi is a surd, and that a^ — i is a perfect 
square; then ya+Vb may be reduced to ± i/ ""^^ _[_ 

4/^7^, and \/a—Vi may be reduced to ± i/I±£. ^^ JlEl 
in which c is the square root of c? — h. 



Assume V^+ V^=/i/a+'v/5 . .. . (1). 

In this equation one or both of the terms in the first member 
must be irrational, because the second member is a surd; 
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A/i-A/y=4/a-VJ . . . (3) (331-33S). 

Multiplying (1) fcy (2), 

x — y = Vb^— b . . . (3). 
Squaring both members of (1), 

x + 2 Vxy + y = a + Vb . . , (4). 
In this equation 2 Vxy is a surd (33'J') ; 
X + y z=:a . . . (5). 
Combining (3) and (5), we find 






and Vy = ± y a— Va^— b /ijr\ 

2 

and |/;Z:;^=±i/«±^^:f1/£^^. 
' 2 3 

But Va^— 5 = c by hypotLesls; 

.-. ./;7vi = ±/«+£±|/«Ei . . . (10), 



(8), 
(9). 



and ^a-Vb = ±\/^+l ^ |/£=£ • • • (11). 



EXAMFZES. 



1. Simplify y^3+2A/2. 



1/3+2^2= 1/3 + Vi; 
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,[. a = 3, 6 = 8,. and c = VS— 8 = 1. 
Substituting in (10), 



3. Simplify y^?— aVlO. 



|/7-2VlO = |/7-ViO; 



a = 7, S = 40, and c = V49— 40 = 3. 
Substituting in (11), 



|/V— 3\/l0 = ± VST V^. 
Simplify each of the following expressions : 



3. i/ll + eVa. Ans. ±3±V^. 



4. 1/7-4^3. uiws. ±a=FA/3. 



5. j/94 + 43-v/5. ^ws. iTi^-s/B. 



6. 1/11 + 6^/3 + |/7— 3V1O. ^ws. iSiVs. 



7. j/sc + 35^60— 5«. u4ms. iSiVSc— J3. 



8. y^(a+6)3— 4(a— J) a/«5. ^res. ±(a— S)=F3Va6. 



335. yZie complex radical quantity a/ aVc±, Vi, in which 

w/c and Vi afB supposed to be surds, may le simplified, if 

flja is a perfect square. 

c 
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aVc± VI = Vc\a±\/ -Y 



■■ ^aVo±Vb = /WaiV^U V'c\^a±\/\ (303). 
This expression may now be simplified by the method of Art. 



334 when a^ is a perfect square. 



1. Simplify. yW^+V^. 

-v/33 + V30= V3 (4 + VTS) ; 



|/a/33 + V30 = V3y^4:+ Vl5. 



But /4+vr5 = ±/|±/|; 

. /V33 + V30 = V3(± |/| ± /l) = r7|(± V5± V3). 
Simplify each of the following expressions. 



3. j/5V2+W3. Ans. V2{±V3±V^). 



4. 1/8^/3—2^/45. ^ws. a/3(±a/5TV'3). 

3S6. Complex radical quantities of the form of y a'Vi 
may be simplified by the rules of Art. 318. Thus, 

ywi = \Q^ = V45. 

14 
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337. Complex radical quantities of the form of 



\/ a^fb ± c V<^ ± etc., or of the form of y a'^/b ± c V^ ± etc., 
may, in some cases, he simplified by the method of Art. 319. Thus, 
|/a/5 4- 2 Vl5 + V3 = VS + Vs. 

IMAGINAET QUANTITIES. 

338. An Imaginary Quantity is one which, when in 
its simplest form, contains an indicated even roof of a negative 

quantity. Thus, 2 V— 9} 5 V— 10, and (a + b) V — 1 are 
imaginary. 

339. The term Meal is applied to all quantities that are not 
imaginary. Thus, 5, — 3, VS, and V— 27 are real 

340. Imaginary quantities are classified in the same way as 
other surd quantities. Thus, 2 V — 3 is simple and of the second 

degree, y3 + 2 V^^ is complex, and 8 + 3 V— 2 + 5 V^i— 

7 V — Ij considered as a single expression, is a compound or 
polynomial imaginary quantity. 

An imaginary quantity usually consists of a real and an imag- 
inary part. Thus, 2 + 3 V— 1 consists of the real part 2 and 
the imaginary part 3 V — 1- The whole expression is considered 
as an imaginary quantity on account of the presence of the imagi- 
nary part. 

COMBISrATIONS OF SIMPLE IMAGINABT QUANTITIES. 

341. To find the sum of simple imaginary quan- 
tities. 

1. Find the sum of v"^^ and V— 16. 

//izg + yziie = a/9 (- 1) + viec-i) = 3 V^^ 
+ 4 V'—i = 7 V-^. 
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2. Find the Bum of 3 V— 81 and 2 V— 16. 

3 VZIsi + 2 V^=36 = 3 VSI (— 1) + 2 Vl6 (— 1) = 

9 V^n + 4 V::ri = 13 v^Ti. 

3. Find the sum of V^SO and V— 18. Ans. 8 V^l. 

4. Find the sum of V— a and V— i- 

Ans. (Va + Vi) V— 1. 

343. To find the difference of two simple imag- 
inary quantities. 

EXAMFIiES. 

1. Subtract aV^^ from 9^/^^. 

9 V^^ — 3 \/^i = 9 V^l — 2 -v/4(— 1) = 9 a/^^— ' 
4 a/^^ = 5 -Z^. 

2. Subtract 2V^^ from 9-^/^2. 

9 //^a _ 2 V^ = 9 V2(-l) - 2 V'3(— 1) = 
9 V2 V^^ — 2 V3 V^^ = (9 a/2 — 2 a/3) a/^I. 

a Subtract V— 16 from V^^Sl. ^jis. V^^. 

4 Subtract a/ — b from a/— a. 

^ras. (a/^ — a/S) a/— 1- 

343. To find the product of two simple imaginary 
quantities of the second degree* 

HXAMFZES. 

1. Find the product of i a/— a and c a/— a. 

It is evident that iV~—a x ca/— a = Sc(— «) (314,Coe.1) 
= — aic. It is also evident that i a/— a x c V—a = Ic V^; 
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for if this be not true, the rule for the sign of a product is not 
general ; it therefore follows that, in this case, V^ = — a. 

But it may be said that V^ = a, and therefore a=. — a. 
This reasoning is erroneous, for it is not true that Va^ = + a 
and — a at the same time (T4). 

We are enabled to remoTe the ambiguity with regard to the 

sign of a/^ by knowing that a* resulted from the involution of 
— a.. If we did not know in what way a^ was produced, that is, 
whether a^ represented (+ a)^ or {—of, then the sign of 
^ would be ambiguous. 



2. Find the product of V— a and V— 5. 

V— a = -v/^C— 1) = Va V— I5 
and V^^ = Vi{—l) =Vb'V'^l; 

.". a/— a X V— 5 = Va V— 1 X ^/b V— 1 = ^f obit's/ — l) 

= — a/oS- 

The ambiguity with regard to the sign of the product may 
therefore be removed, if we reduce each of the imaginary factors 

to the form of a V — 1, and remember that V — 1 x V — 1 or 
\y — \) is equal to — 1. 

3. Multiply 4 'sj'^l by 3 'sT-L. Ans. — 13 Vl. 

4. Multiply — 5 V^2 by — 3 V^^- Ans. — 15 VlO. 



5. Multiply V— a^ by '</^W. Ans. — a5. 

344. To find the quotient of two simple imaginary 
quantities of the same degree. 

1. Divide V— a by V— 5. 

V— a Va V— 1 Vffi . /^ 



-/I- 5 VsV-i V^ ''^5 
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2. Divide — '^— « by — V— 5. 



%lt 






— V- h V— i 
3. Divide V— « t»y — V— 5. 






V5' 



•1, — V6 



= -t1- 



The ambiguity with regard to the sign of the quotient of two 
imaginary quantities is removed, therefore, by reducing each of 

them to the form of a y — 1, and observing that — : = 1. 



4. Divide 6 '/— 3 by 2 a/^^. 

5. Divide — V^^ by — 6 a/^. 
345. To find all the powers. of 

\8 



'— 1 



Ans. ^a/3. 



Ans. 



eVs 









•1, 



K we multiply these powers, in their order, by the 4th, we 
shall obtain the 5th, 6th, 'J'th, and 8th ; 

(V--riy=_V~-^, 
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Therefore all the powers of V— Ij arranged in order, be- 
ginning with the lowest, form a repeating cycle of the following 

terms: V— Ij — 1> — V— 1j and 1. 



346. MISCELLANEOUS EXAMPLES IN IMAGHNABY QUANTITIES. 

If the student will observe the directions given in Articles 
343 and 344, and remember that imaginary quantities are surds, 
he will have no dif&culty in solving the following problems i 

1. Multiply 4 + -v/^ hy V^5. 

Ans. 4 V— 5. — Vl5i 

3, Multiply 3 + -y/^^ by 2 — V^^. 

Ans. 6 + 2 V^^ — 3 a/^ + Vs. 

3. Multiply 1 + '/'—i by 1 — ^/'—l. Ans. 2. 

4. Multiply a + h V— 1 by a — 5 V— 1. ^ws. a* + 5^. 

5. Divide (■v''--l) by V— 1. Ans. — V—l. 

6. Divide 4 + -/^^ hy 2 — V^^. 4ms. 1 + -v/^^. 

7. Keduce to an equivalent fraction having a ra- 
tional denominator. Ans. ^/^l. 

8. Simplify |/7+30V^. Ans. ± 5 ± 3 V^^. 



9. Simplify -^/si + 13 V^^ + |/— 1+4 V^^^ 

4ws. ±8±2'v/^. 

10. Simphfy |/a8 — 2ai + 2{a — I) V— 5^. 

4ws. ± (a — &) ± 5 V— 1. 

11. Find the 3d power of a V— 1- 4»s. — a'V—l. 



RADICAL EQUATION'S. 315 

13. Find the 3d power of a — 5 V^^- 

flS + 53 yCTi _ Zdb{l) + a ^T-^). 



13. Find the 4th power of a + V— 5. 

Ans. a* — ea^S + 52 + (4a8 — 4aS) V^. 

14. Find the values of x and y in the equation 



U = 2+ a/10, 



EADICAL EQUATIONS. 

347. A Hadical Equation is one which inTolves one 
or more radical quantities. 

348. To free a radical equation from radical quan- 
tities. 

1. Free the equation 

VS — ^^=2 . . . (1) 

from radical quantities. 

Transposing Vs to the.second memher, and squaring the re- 
sulting equation, 

a; = 4 + 4A/3-l-3 = 7'+4'v/3 . . . (3). 

Transposing 7 in (3) to the first member, and squaring the re- 
sulting equation, 

a;3 — 14a; + 49 = 48; 

whence, a? — 14a; = — 1 . . . (3). 

3. Free the equation 



Va; + ll + Vi'ITi = 5 ... (1) 
from radical quantities, and find the value of x. 
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Transposing '^oo — ^ to the second member, and squaring 
the resulting equation, 



a; + 11 = 25 — 10 Va; — 4 + a; — 4; 

whence, '\/x — 4 = 1 . . . (2). 

Squaring (2), a; — 4 = 1 ; whence, a; = 5. 
3. Free the equation 



f/x — V« — 5 4a; — 35 , . 

. . (1) 



V^ + Va; — 5 5 

from radical quantities, and find the value of x. 

Vx — V x — 5 _ 2a; — 5 — 2 Va;^ — 5a: 
'V/^+ V^! — 5 5 

hence (1) becomes 



(323); 



3a; _ 5 _ 2 ^a? — 5a; = 4a; — 35; 

whence, V^— 5a; = 15 — a; . . . (2). 

Squaring (3), a? — 6xi=2%?, — ZQx + x^; 
whence, x ■= 9. 

4. Free the equation 

/y/^ + V^ a; — a~v^— Va 

from radical quantities, and find the value of x. 

Multiplying both members of (1) by x — a, 

c (VS — Va) + mVa = m {^/x + Va) ; 
whence, (c — m) '/x = c Va . . . (2). 

Squaring (2), (c — m)'a; = ai? ; 

/yy*2 

whence, x = -. r^ . 

' (c — m)3 



(1) 
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Find the value of x in each of the following equations : 



5. Va; + 7 -\- '/x — t. Ans. x = 9. 



6. X + d = Va^ — 4a; + 59. Ans. x = 5. 

7. y V^"+48 — Vx = Sfx. Ans. x = 16. 



8. a/x + 2 Va + x = ya — Va + x. Ans. x = 



a»—4 



4 

9. — = -I = i/ -. Ans. x = c (Vn — a). 

^/x ^ X 

,- Vl— a; , l + x 3x . 2 

10. , + ' = ^ Ans.x = ^. 

11. Vc + x= . Ans. X: ~ 



Vc + X 3c 



13. X + V^ — ax = ' .4ws. a; _ 

V c^ — «a; ''^ 



1 . i.=i/i+V-+-. 



a; 5 35 a; ' 6 ^ 

a — 1 



14. Va — x = Va +ai'. -4ws. a; : 



3 



15. - Y "'"-^ = -J7==-. -4ws. a; = Y^. 

16. VHT^ + V5^^ = VlO. ^ws. a; = 5. 

17. V» + Va + a; = .4«s. a; = ^. 

V a + a; o 



18. a; + a = V^^ + ^V^PT^- ^ms. a; = ^ , ^l 

' 4a 
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Vto — a _ 4 -y/e i — 9 
V&x + 2~ i'y/Gx + Q' 

, , 4 + x 

20. V64 + x^ — 8x = 8 

21. V5 + X + Vx 



23, 



24. 



25. 



V4 + a;' 
15 



^ws. a; = 6. 



Ans. x = 3. 



« = 4. 



.* 



V5 + a; 
Vft^ — 5 3 V«^ — 25 



-v/«a; + 5 3 Vax + 5b 

A/4a; + l + V^ _q 
'V/4a; + 1 — V^ 

3v^ — 4 _ 3V^ + 15 
V^ + 2 v^ + 40 ' 



958 
^«s. a; = — . 
a 



Ans. X-- 



Ans. a; = 4. 



349. 



za 






' DEFINmONS . 



5 

p^ 



SYNOPSIS FOR REVIEW. 



' Simple radical quantUy. 
Radicai factor and its coefficient. 
Degree of simple radical quantity. 
Similar radical quantities. 
Simplest form of radical quantity. 
Bational quantity. 
Irrational quantity. 



.. Reduction . 



To reduce rational quantity to radical quantity of 

n* degree. Rule. 
To introduce coefficient of radical factor under. 

radical sign. Rule. 
To remove a factor from under the radical sign to 

the coefficient. Rule. 
To reduce the indicated root of a fraction to an 

equivalent expression in, which ths quantity 

under the radical sign shall lie entire. Rules. 

Cor. 



SYNOPSIS FOE REVIEW. 
SYNOPSIS FOR REVIEW— C«i«iwMe(f. 



319 



Eh 

i 

§ 
P5 



Eh 

o 



Reduction— CWi'ei. 



Combinations 



' To reduce simple radical quomtity to sm- 
pUstform. Rules. _ 

To rediice radical quantity of the form of y^a" 
to another of lower degree. Rule. 

To red-uce simple radical quantity to another 
of higher or lower degree. Rule. Cor. 1,3. 

To reduce simple radical quantities hamng un- 
equal indices to equivalent ones ha/oing 
equal indices. Rule. 

To find the sum of simple radical quantities. 
Rules. 

To find tlis difference of two simple radical 
quantities. Rules. 

To find the product of two or more simple rad- 
ical quantities. Rules. Cor. 1, 3. 

To find the product of polynomial radical 



To find the quotient of two simple radical 

quantities. Rules. Cor. 1, 3. 
To find the quotient of polynomial radical 



Involution of Rad- 
ical Quantities. 



Etolution of Rad- 
ical QuANTfTIES. 



Reduction of frac- 
tions HAVING SURD 

dbnominatoks to 
equivalent ones 
having rational 
denominators. 



' To raise the indicated Ji"* root of a quantity to 
any power. Rule. Cor. 1, 3, 3. 
To raise a smiple radical quantity to any 

power. Rule. Cor. 
To raise a polynomial radical quantity to any 



' To find any root of the indicated root of a 
quantity. Rules. Cor. 

To find any root of a simple radical quantity. 
Rules. Cor. 

To find the squa/re root or cube root of a poly- 
nomial radical quomtity. 

A simple surd. 

A polynomial surd. 

To reduce a fraction whose denominator is a 
simple surd to an equivalent one having a 
rational denominator. Rule. 

To reduce a fraction whose denominator is a 
Wnomial surd to an equivalent one having 
a rational denmninator. Rules. Cor. 1, 3. 

Utility of preceding transformations. 
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SYNOPSIS FOE EEVIEW— ConfawA 



PEOP. KELATIN& 

TO Ierational ■ 
Quantities. 



325. 
326. 
327. 
328. 
329. 
330. 
331. 
^332. 



t3 
Q 



El 



O 



SrMPLIFICA'N OF 

Complex Radi- 
cal QiTAtr. 



A compleie radical quantUy. 

|/ a ± Vs. 



2b smplify . 



|/a Vc ± Vi- 

ya Vs ± cYd ± etc. 
y aVh ± c \/^± etc. 



Imaginaiit 

Quantities. 



jlm vmagiruwy quantity. 
A real quantity. 

Classification of imaginary quantities. 
To find the sum. 



Conibinations of 
imaginary quan- 



go find tte difference. 
To find the product. 
^ To &ad the quotient. 



To find all the powers of V — !• 



OHAPTEE XIII. 

QUADRATIC EQUATIONS WITH ONE UNKNOWN QUANTITT.- 
QUADRATIC EXPRESSIONS. 



DEFINITIONS AND PRINCIPLES. 

350. An equation which contains only one unknown quan- 
tity as X, and whose members are entire and rational with refer- 
ence to X, is of the Second Degree when it contains a? and 
does not contain a higher power of x. Thus, 

tx^ = Zx + 160 

is an equation of the second degree. 

351. A Quadratic Equation is an equation of the 
second degree. 

352. An equation of the second degree containing only one 
unknown quantity as x, when expressed in such a form that its 
members are entire and rational with reference to x, cannot have 
more than three kinds of terms, namely : terms which contain the 
square of x, terms which contain its first power, and known terms, 
that is, terms independent of x. Therefore, by transposing and 
uniting terms, the equation can be made to take the form of 

ax^ + ix=. c; 

a, h, and c being giyen quantities, which may be either positive or 
negative. For example, the equation 

2 a;2 „ 2x'> 26a; 
3^-5+9- = ^ + -3---l^' 

can be transformed sucGessively into the following equations : 
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53? — 30a;3 + 135a! + 78a! = 360 + 18, 
— 25x2 + 213a! = 378, 
25a:2 - 213a: = - 378. 

We may consider a in the general equation as positive ; for, if 
it is negative, we may make it positive by changing the signs of 
all the terms of the equation, as in the preceding example. 

353. A Complete liquation of the Second De- 
gree is one which can be expressed in the form of 

av? + ix=^ c, 

in which neither h nor c is zero. Thus, a:^ + 5a; = 24 and 
2a? — ^x=z2x-\- 12 are complete equations of the second degree. 

The coefficient a cannot be zero ; for then the equation would 
cease to be of the second degree. 

A complete equation of the second degree is sometimes called 
an Affected Quadratic Equation. 

354. If S or c is zero, the equation takes one of the forms 

ax^ = c, aa;^ + 5a; = 0. 

In either case the equation is said to be Incomplete. Thus, 
3a;2 = 27 and 2a;' — 6a; = are incomplete equations of the 
second degree. 

An incomplete equation of the second degree of the form of 
a7? = c is sometimes called a Pure Quadratic Equation. 



INCOMPLETE EQUATIONS OF THE SECOND DEGREE. 

355. To solve an equation of the form of aa? = c. 

Dividing both members of the equation by a, and extracting 
the square root of both members of the resulting equation, we find 



■■=±v%- 
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MULE. 

Find the value of the square of the unknown quantity by the 
rule for solving a simple equation; the result will be an equation 
of the form of a? ■=qj then extract tlie square root of both mem- 
bers of this equation. 

CoE. — The two roots of a pure quadratic equation have equal 
absolute values, but contrary signs. 

Solve the following equations : 

■ 3a^ + 5 ^2 + 21 „- „ „ . _^- 

1. — 5 5 — = 39 — 5a?. Ans. x = ±Z. 

O 

a? 

2. -K- = 14 — 3x^. Ans. x=±2. 

3. ;i;3 + 5 ^ i^ _ 16. Ans.x=±3. 

4. {x + 2f — ix + 5. Ans. x= ±1. 
^- lT^ + l^ = ^ Ans.x=±\. 

^- i-^ = |- • Ans.x=±\ 

1 65a; 
7. 8a; + - = —r.-. Ans. a; = + 3i, 



8. 



Va^ + si>> — x« 2 ^/bc 



9. a; + Va* + a? = Ans. x= :£ , 

Va^ + a? V2n — 1 

■y/a g— a;2_ yga^. ^a _ g 



Va» — a^+ V^~+^ ^' 



Ans X- I . MW^af-J^jc + dY 
Ans. x-±y 3(^3+^) 



2M QUADRATIC EQUATIONS. 

The following equations haie such a form that they may be 
solved by a method similar to that employed in the solution of 
equations of the form of a^=-c\ 

11 28a; _ 63 (a; + 18) ... 

"• ^+T8~ S ' ' ■ ^^' 

Clearing of fractions, (1) becomes 

1122:8 = 63 (a; + 18)2 . . . (2). 

Dividing both members of (2) by 7, 

l^x' = 9 (a; + 18)2 . . . (3). 

Extracting the square root of both members of (3), 

4a; = ± 3 (a; + 18) . . . (4) ; 

whence, a; = 54 or — 74- 

12. (a; — of = b. Ans. x = a± 's/l. 

356. To solve an equation of the form of aa;^ + 5a; = 0. 
This equation may be expressed thus : 

a;(aa; + J) = . . . (1). 
Now, in order that the product of x and aa; + 6 may be equal 



to zero, we must have 




either 


a; = . 


• . (2), 


or 


aa; + 5 = 


. . . (3). 


From (3), 


a! = 


a 



Hence, an equation of the form of a:^ + hx=.0 has 
roots, one of which is zero. 

XIXAMPZES, 

Solve the following equations : 

1, 23i!> — =^ = Six. Ans. x = or 9. 
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Q 5 

3. 7? — -^x=.^x. Ans. a; = or 4. 

x' X 

4. a;(2a; + 5)=a;(3a; — 9). 

357. FBOBJOMMS. 

1. Pind two numbers, one of which is four times the other, 
and the sum of whose squares is 153. Ans. ± 3 and ± 13. 

3. Find two numbers, one of which is three times the other, 
and the difference of whose squares is 33. Ans. ± 3 and ± 6. 

3. Find two numbers, one of which is three times as great as 
the other, and whose product is 75. Ans. ± 5 and ± 15. 

4. A merchant bought two pieces of cloth, which together 

measured 36 yards. Each piece cost as many dimes a yard as 

there were yards in the piece, and the entire cost of one piece was 

four times that of the other. How many yards were there in 

each piece ? 

Ans. 34 yds. in one, and 13 yds. in the other. 

The negatiye numbers are not given because they do not sat- 
isfy the question in its arithmetical sense. 

5. Two persons, A and B, set out from different places to meet 
each other. They started at the same time, and traveled on the 
direct road between the two places. On meeting, it appeared that 
A had traveled 18 miles more than B ; and that A could have 
traveled B's distance in 15|- days, but that B would have been 38 
days in traveling A's distance. Find the distance between the 
two places. Ans. 136 miles. 

6. The product of the sum and difference of two numbers is 8, 
and the product of the sum of their squares and the difference of 
their squares is 80. What are the numbers ? 

Ans. dt 1 and ± 3. 
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7. The product of the sum and difference of two numbers is a, 
and the product of the sum of their squares and the difference of 
their squares is ma. What are the numbers ? 



A , t/m—a , , ./m-\-a 
Ans. ±|/— 5— and ±y-^— 



3 ^ r 3 

8. Two workmen, A and B, were engaged to work for a certain 
number of days at different wages. At the end of the time, A, 
who had been idle a of those days, received m dollars, and B, who 
had been idle i of those days, received n dollars. Now, if B had 
been idle a days, and A had been idle 5 days, they would have re- 
ceived equal amounts, For how many days were they engaged ? 

Ans. — -p=: -= days. 



COMPLETE EQUATIONS OP THE SECOND DEGREE. 

358. To solve a complete equation of the second 
degree. 

Let us consider the complete equation 

aa? + 6a; = c . . . (1). 
Dividing both members of (1) by a, 

a? + -x = ~ . . . (3). 
a a ^ ' 

h c 

Let » = -, and ff = -; then (3) becomes 

3?+px = q . . . (3). 

Adding ^ to both members of (3), 

x^+px+-^ = q+^ . . . (4). 

The first member of (4) is the square of (a; + ^) ; hence, ex- 
tracting the square root of both members. 
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+ |=±l/^ . . . (5). 



Transposing %, 



:=-|±l/7+? . . . (6). 



2-^ r ^ • 4 
The giTen equation, therefore, has two roots, namely : 



1 + 4^^ 



2 



The operation of transforming (3) into {i) is called Completing 
the Square. 

MULE. 

I. Reduce the given equation to the form of x^ +px = q. 

n. Add to both members of this equation the square of half 
the coefficient of x. 

m 

III. Extract the square root of both members of the equation 
thus obtained ; the result will be an equation of the form of 

position. 



X +^= ± TO, from which the values of x may be found by trans- 



EXAMPUMS. 

SolYe the following equations : 

1 — 3a;2 + 36a; = 105. 

Dividing hoth members by — 3, 

3? — 12x=— 35. 

Completing the square, 

a;3_12a; + 36 = — 35 + 36=1. 
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Extracting the square root of both members, 

a; — 6 = ±1; 

a; = 6±l; 

that is, a; = Y or 5. 

Verification. - 3 x 72 + 36 x 7 = — 147 + 252 = 105 ; 
- 8 X 52 + 36 X 5 = - 75 + 180 = 105. 

2. x^ — ix + Z — Q. Ans. x = l or 3. 

O Q 

3. 6a;2 — 13a; = — 6. Ans. a; = ^ or 



3 2 

4. a;* — 5a; + 4 = 0. Ans. a; = 1 or 4. 

5 

5. 3a;8 — T'a; = 20. Ans. a; = 4 or — 5. 

6. 2a? — 7a! + 3 = 0. Ans. x = 3 or ^. 

7. 3a;» — 53a; + 34 = 0. ^»js. a; = 17 or 5. 

8. a;2 + 10a; + 24 = 0. Ans. x— —i ot — 6. 

9. (x —l){x — 2) = 6. Ans. a; = 4 or — 1. 

10. (3a: — 5) (2a; — 5) = (a; + 3) (a; — 1). 

Ans. a; = 4 or ^. 
5 

11. (3a; — 3)2 = 8a;. Ans. a; = ^ or ^. 
1^- ^ = ^-^- ^ma; = 5|or6. 

13. v(2'» + '!') + VC^* - 18) = VC^^ + !)• 

^ws. a; = 9 or — 3|. 

14. aa;2— ac = cx — tn?. Ans. x = -= ^r-; =-r ^ — • 

2 (a + S) 

15. a^ + l^-Ux + x^=~. 

Ans. x = -5 Aln + '^dhn* + Ihn^ — aW). 
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16. 3ar2 + Zar^ = 1. Ans. a; = 3 or — 1. 

5 3 * 2 

17- —3 -; = ^aP. Ans. x = l or —-=. 

or' a; 1 5 

18. 3a; + 2 V^ = 16. Ans. a; = 7^ or 4. 

-19 

19. Va; + 5 = -— ==. ^ws. a; = 4 or — 21. 

Va; + 12 

20. V^ + A^=^ = V5. ^«s.a; = ^±^^^5?HZ. 

^ws. a; = ^ ± - V2m« + 2^^. 

22. {X - c) («&)*- (^^ = 0. J«5. a; = f or ^. 

9q 1 , 1 12«(a + a;)~^ 
an. -T i — = ^ . 

(a + a;)"* (a - a;)~* ^ 

, 4a 3a 

-4ms. x = —- or — -. 
5 5 

'«4. = — -. ^ws. x — 8 or — TT. 

a; + Vx + l 11 9 

25. — 1 + 5ar-i _ . Ans. x = — — ^ 

359. When a complete equation of the second degree is pro- 
posed for solution, instead of going through the process of com- 
pleting the square, we may use the formula x=^ —^ ±y q +^- 
For example, take the equation 

— dx> + 36a; = 105. 

Dividing by — 3, a;^ — 12a; = — 85. 

In this case, j? = — 12, and g' = — 35 ; hence, by the for- 
mula, 

x= s- ± y — 35 + ^ -' = 7 or 5. 
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MXA.]a:pi.Ea. 

m 

Solve the following equations by using the formula 



--|±/j+|^ 



4 

1. x^ — Gx = 7. Ans. a; = 7 or — 1. 

%. a? + 14a! = 95. Ans. a: = 5 or — 19. 

3. a? — 3a: = 8. Ans. a! = 4 or — 2. 

4. «* + 10a; = — 9. Ans. x= —1 or — 9. 
6. a!^ — 14a! = 120. Ans. a! = 20 or — 6. 

6. a;* + 32a! = 320. Ans. x = 8 or — 40. 

7. a^ + 100a! = 1100. Ans. a! = 10 or — 110. 

3 1 

8. a? — x=2. Ans. a; = 1^ or — 5. 

9. a;» + Six = 19. Ans. x = 3 or — 6|. 
10. a;2 + ^ = 74. Ans. a! = 7| or — 10. 



11. 


2a! = 4 + -• 

^ a! 






^ws. a; = 3 or — 1. 


12. 


a! „ , - = 2. 

a!2 + 5 






Ans. x = 2 or -. 


iq 


a;3 a! 


m3. 


-4a2 


- 



3m — 2a 2 4a — 6m 

^TOS. a; = m — 2a or ^ m + a. 

14. ?±|_^ = a. Ans.x = l(2±V^+i). 

X — x+o « 



ma' 



j/js — w* ^ . m w 

15. ma!' a; = 1. Ans. x = — ot — 

mn n 

16. ^ [a;2 + a (a + 5)] + I ^^ = 9 a! {^Oa + 75). 



:. a! = 2a or s (« + i). 



COMPLETE EQUATION'S. 231 

360. Solving the equation aa? + 'bx = c in the usual way, 
we find 

_ —t± V^^ + 4ac 
""- 2a ' 

To solve an equation of the second degree by means of this 
formula, it is only necessary to reduce it to the form of aifi -^lx=zc, 
and then make the proper substitutions. For example, take J;he 
equation — da?+ 36a; = 105. In this example, a = — 3, 5 = 36, 
and c = 105 ; hence, by the formula. 



_ — 36 rfa V36^ + 4 (— 3)105 _ — 36 ± V1296 — 1260 _ 
^-— _6 - _6 ~ 

- 36 ± -v/se -36 ±6 

— — :o + l = 5or7. 



— 6 —6 

Let the student solve some of the equations of Articles 358 
and 359 in this way. 

361. To complete the square by the Hindoo Method. 
Take the equation 

ax^ +lxz=c . . . (1). 
Multiplying both members by 4a, 

^dh? + ^dbx = 4,ac . . . (2). 
Adding If to both members of (2), 

4a«a;2 + 4a5iB + b^ = 4:ac + l^ . . . (3). 
Extracting the square root of both members of (3), 



2ax + b= ± Viae + ¥ . . . (4); 

whence, x = • • • \yh 

2a 

Solve by this method the following equation : 
5x^ - 3a; = 224. 



333 QUADEATIC EQUATIOKS. 

Multiplying both members by 4 x 5, the given equation be- 
comes 

100a;2 — 60a; = 4480. 

Adding 3^ to both members of this equation, 

100a;3 -60x + Q = 4489. 

Extracting the square root, 

10a;- 3 =3:67; 

whence, x = -^ — = T' or — 6|. 

Let the student solve some other equations in this way. 

363. To cause the term containing the first power 
of the unknown quantity to disappear. 

If, in the equation 

a;^ + ^a; = q, 

we substitute z — =5 for z, we obtain 
that is, z^— ■^ = 2'; 



whence, 2=±|/^+^; 



Solve by this method the following equation : 
x» — 11a; = — 18. 

Substituting z + -^ for x, this equation becomes 



whence, 
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7 
and '^-^%> 

11 7 
« = y ± ^ = 9 or 3, 



863. PBOBI,JEMS. 

1. By selling my horse for 24 dollars, I lose as much per cent 
as the horse cost me. What did I pay for the horse ? 

Let z = the number of dollars that I paid for the horse ; then 

3! 

■will -^ X iK = my loss. But a; — 34 also expresses this loss. 

whence, ar = 60 or 40. 

3. Divide the number 10 into two parts, such that their pro- 
duct shall be 34. 

Let X = one part ; 

then wiU 10 — a; = the other part 

Hence, by the problem, 

a;(10 — a;) = 34j 
whence, a; = 4 or 6 ; 

therefore 10 — a; = 6 or 4. 

Here, although x may have either of two values, yet there is 
only one answer to the problem ; one part must be 4 and the 
other 6. 

3. A person bought a certain number of oxen for $400. If he 
had bought 4 more for the same sum, each ox would have cost $5 
less. How many did he buy ? 
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Let X = the number of oxen ; 

then will = the cost of each in dollars. 

X 

If he had bought 4 more for the same sum, the cost of each 
would have been 



a; + 4' 



400 400 ^ 



X + i X 
whence, a; = 16 or — 30. 

Only the positive value of x is admissible ; hence, the number 
of oxen is 16. 

In solving problems by algebra, results will sometimes be ob- 
tained which do not apply to the question actually proposed. The 
reason is that the algebraic language is more general than ordi- 
nary language, and thus the eqiiation, which is a proper expression 
of the conditions of the problem, is also apphcable to other con- 
ditions. It is sometimes possible, by making suitable changes in 
the enunciation of the original problem, to form a new problem, 
corresponding to any result which was inapplicable to the original 

problem. If we change the sign of a; in the equation -r = 

400 ^ ., , 400 400 , 400 400 , 

5, it becomes :; = 5, or y = 1- 5. 

x 4 — X — X X — 4 X 

This equation is the algebraic statement of the following prob- 
lem : A person bought a certain number of oxen for $400. If he 
had bought 4 less for the same sum, each ox would have cost |5 
more. How many did he buy ? 

Solving the equation -, = y 5, we find a; = 30 or 

— 16. 

In this connection the student should review Art. 316. 

4. Find two numbers whose difference is 8 and whose product 
is 340. Ans. 13 and 30. 

5. Find two numbers whose difference is 2a and' whose product 
is l. Ans. a ± Va^ + i and —a±. 's/a* + b. 
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6. The remainder obtained by subtracting a certain number 
from 10 is equal to the quotient obtaiued by dividing 35 by that 
number. What is the number ? Ans. 6. 

7. Divide the number 40 into two such parts that their pro- 
duct shall be equal to 15 times their difference. 

Ans. 60 and — 30, or 10 and 30. 
The numbers 60 and — 30 satisfy the problem in the algebraic 
sense, but not in the arithmetical sense. 

8. Divide a into two such parts that their product shall be 

equal to m times their difference. 

. « — 3m ± Va^ + 4m* , a + 3to ^ ■s/a^ + Am^ 
Ans. X and ^5 

9. Divide 100 into two such parts that the sum of their square 
roots shall be 14. Ans. 64 and 36. 

10. Divide a into two such parts that the sum of their square 
roots shall be s. 

a + \^%as^ — s* , a — V3as2 — s* 
Ans. H and ^ • 

11. A and B start at the same time from different places and 
travel toward each' other. At the end of 14 hours they meet, 
when it appears that A has traveled 10 miles more than B, and 
that their rates of travel are such that B requires half an hour 
more than A to travel 30 miles. Find B's rate of travel. 

Ans. 5 miles. 

The negative result is rejected, because it does not satisfy the 
problem in its arithmetical sense. 

13. A and B start at the same time from different places and 
travel toward each other. At the end of m hours they meet, 
when it appears that A has traveled a miles more than B, and 
that their rates of travel are such that B requires n hours more 
than A to travel i miles. Find B's rate of travel. 



Ans.-^ + ^^'- + 
2m, ' mm, 



%m ' '' mn 4m^ 
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13. A started from C toward D, and traveled at the rate of 10 
miles an honr. When he was 9 miles from C, B started from D 
toward 0, and went every hour one-twentieth of the distance from 
D to 0. When B had traveled as many hours as he went miles in 
one hour, he met A. Find the distance from to D. 

Ans. 180 miles or 20 miles. 

14. A went from C to D, traveling a miles an hour. When he 
was 5 mUes from 0, B started from D toward C, and went every 

hour -th of the distance from D to C. When B had traveled as 
n 

many hours as he went miles in one hour, he met A. Find the 

distance from to D. 






15. A and B were traveling on the same road, and at the same 
rate, from Columbia to St. Louis. At the 50th mile-stone from 
St. Louis, A overtook a flock of geese which were traveUng at the 
rate of three miles in two hours, and two hours afterward met a 
wagon which was moving at the rate of nine miles in four hours. 
B overtook the same flock of geese at the 45th mile-stone, and 
met the same wagon 40 minutes before he reached the 31st mile- 
stone. Where was B when A reached St. Louis ? 

Ans, 35 mUes from St. Louis. 



THBOBT OP QUADRATIC EQUATIONS WITH ONE UNKNOWN 

QUANTITY. 

364. Every equation of the second degree containing only one 
unknown quantity has two roots, and only two. 

Every equation of the second degree containing only one un- 
known quantity can be reduced to the form of 

x^ + px=: q. 

Solving this equation, we find 



--|±l/^ 



9 
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Hence x has two values, namely: — "^ + t S' + x ^^*^ 



Denoting the first of these values by a;' and the second by a;", 
we have 



."=-1-/,+^- 



l2 



The equation «' + pa; = g cannot have more than iwo roots. 
If possible, let a, h, and c be three different roots of this equa- 
tion ; thfin will these roots satisfy the equation. 

a?+pa = q . . . (1), 

¥+pb = q . . . (3), 

c^ +pc = q . . . (3). 

Subtracting (3) from (1), 

a^ — 52+jj(a — 5)=:0 . . . (4). 

Subtracting (3) from (1), 

a^ — c^+p(a — c)=0 . . . (5). 

Dividing both members of (4) by a — h, which is, by hypoth- 
esis, not zero, we obtain 

a + b+p = . . . (6). 

Dividing both members of (5) by a — c, 

a + c+p = . . . (7). 

Subtracting (7) from (6), 

i — c = 0; 

whence, 6 = c ; 

that is, two of the supposed roots are equal to each other ; there- 
fore the equation x^ +pj6 = q cannot have three different roots. 
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365. The sum of the roots of an equation of the form of 
a? + px = q is equal to the coefficient of the second term taken 
with the contrary sign. 

Solving the equation ay^ +px=: q, we obtain 



.'=-| + vVt^ . . . (1), 

and a;" = -|-|/^+^ • • • (2). 

whence, by addition, 

x' + x" = — p. 

Thus, the roots of the equation x^ — IOjk = — 16 are 8 and 2, 
and their sum is 10. 

366. The product of the roots of an equation of the form of 
^ -Y px=.q is equal to the second member taken with the con- 
trary sign. 

From (1) and (2) of Art. 365 we obtain, by multiplication, 

*'=(-fH-1^)(-f-v7;|) = f-(. + ?) 

= -q. 

Thus, the roots of the equation x^— 10a; = — 16 are 8 and 2, 
and their product is 16, 

CoK. — The independent term q is divisible by each of the 
roots. 

36T. Every equation of the second degree containing only one 
Unkrwwn quantity can he reduced to the form of 

(x — x') (x — x") = 0. 

Denoting the roots of the equation 

ay> + px = q . . . (1), 

by x' and x", we have 

p=-{x'+x"), 

and S = — ^'^' '■> 
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hence (1) becomes 

a;3_(a;' + a;")a;=-a;'a;" . , . (2). 

By transposition and factoring, (3) becomes 

{x-x'){x-x")=0 . . . (3). 

CoE. — Hence a? +px — q = {x — x') {x — x") ; therefore the 
first member of the equation x^+px — q=.Q is divisible by 
x — x' and by a; — x". 

368i EXAMFXES. 

1. Find the equation whose roots are 3 and 3. 

1st iSo^M^iore.— Substituting —(3 + 3) iai p (365), and —2x3 
for q (366), the general equation x^ -\- px^q becomes 

a;2 — 5a; = — 6. 

Zd Solution. — Substituting 3 for x' and 3 for x", (3) of Art. 

361' becomes 

(a;_2)(a; — 3)=0; 

that is, a;* — 5a; + 6 = 0. 

2. Eesolve the first member of the equation a;^ + 6a; + 8 = 
into two binomial factors. 

Solving this equation, we find a;' = — 3, a;" = — 4 ; hence 
the given equation may be written in the form 

[a;_(_2)][a;-(-4)]= 0(367), 
that is, {x + 3) (a; + 4) = 0. 

3. Find the equation whose roots are 5 and 3. 

Ans. x^ — tx-= — 10. 

4. Find the equation whose roots are 3 and 3. 

Ans. x^ — 6x = — 9. 

44 
6. Find the equation whose roots are 10 and — ^. 

o 

Ans. Q? + -iT-x = -;— . 
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r. ^ :,.. 11 X. ^ 13 + A/85 ,13-V85 

6. Find the equation vnose roots are — -- — and — :^ — • 

Ans. x^ — jT-a; = — j= 

7. ilnd the equation whose roots are 5 + V— 1 and 5 — V— 1- 

Ans. a? — lQx= — 36. 

8. Eesolve the first member of the equation Sa;^— 10a;— 25=0 
into three factors. 



Ans. 3 (a; — 5) (a; + g) = 0. 



9. Eesolve the first member of the equation a!^+ 73a; +780=0 
into two binomial factors. Ans. {x + 60) (x + 13) = 0. 

10. Eesolve the first member of the equation 2«2+ a; — 6 = 

into three factors. , =, / , o\ / 3\ „ 

Ans. 3 (a; + 2) (a; — ^1 = 0. 

11. Eesolve the first member of the equation a;^— 88a; + 1613=0 
into two binomial factors. Ans. (x — 63) (x — 26) = 0. 

13. Eesolve the first member of the equation a;^ + a^ = into 
two binomial factors. Ans. {x — a V^^) {x+ a V^^) = 0. 



DISCUSSION OF THE EQUATION x'^ + px = q. 

369. The Discussion of an equation consists in making 
every possible supposition with regard to the arbitrary quantities 
contained in it, and interpreting the results. 

The arbitrary quantities in the equation a? +px = q are ^ 
and q. 

370. We shall first make every possible supposition in rela- 
tion "to the signs of p and q. 

Suppose, _^rs^, that^ and q are positive; second, that jo is neg- 
ative and q positive ; third, that p is positive and g negative ; 
fourth, that^ and q are negative. We shall thus have 



Discussiosr. 




The Four Forms. 




a? +px= q . . . 


(1). 


x^—px= q . . . 


(3), 


x^ +px= — q . . . 


(3), 


x^—px= — q . . . 


(4). 
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371. In the first form one root is positive, the other negative, 
and the negative root is numerically the greater. 

Since q is positive, the product of the roots is negative (366) ; 
hence one root is positive and the other negative. Again, since 
p is positive, the sum of the roots is negative (365) ; hence the 
negative root is numerically the greater. 

Illustration. — The roots of the equation a? -\- x = 6 are 2 
and — 3. 

3m. In the second form one root is positive, the other nega- 
tive, and the positive root is numerically the greater. 

Since q is positive, the product of the roots is negative ; hence 
one root is positive and the other negative. Again, since p is 
negative, the sum of the roots is positive ; hence the positive root 
is numerically the greater. 

Illustration. — The roots of the equation ^ — a; = 310 are 15 
and — 14. 

373. In the third form loth roots are negative. 

Since q is negative, the product of the roots is positive ; hence 
they have like signs ; and since p is positive, the sum of the roots 
is negative ; hence both roots are negative. 

Illustration. — The roots, of the equation a;'^ + 7a; = ^ 12 are 
— 4 and —3. 

314. In the fourth form hoth roots are positive. 

Since q and p are negative, the product and the sum of the 
roots are positive ; hence both roots are positive. 

Illustration. — The roots of the equation a:^ — 7a; = — 13 are 
4 and 3. 

16 
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StS. For convenient reference, the four forms and their cor- 
responding roots are here given. 



x' +px:=q . . . (1) ; whence 



a?—pz = q . . . (3); whence 



x^-]-pz=—q . . . (3); whence 



x^—px=—q . . . (4); whence 



= -|+tV^. 



»"=-|-i/7^' 



=I+<VS. 



3 



^"=|-lA+|' 



^'=-1 + 1/?^, 



^-3 + ^4^' 
"^ - 3 y 4. ^^ 



376. Unequal 'Roots, — The roots of an equation of the 
first or of the second form, are unequal, whatever the relative 
values of ^ and q may be (3*71-373). 

The roots of an equation of the third or of the fourth form are 

unequal if -^ is greater or less than q. 



377. JEqual Moots, — The roots of an equation of the 

4 



/p2 

third or of the fourth form are equal if -^ is equal to q. 



Illustration. — Solving the equation a^ + 6a; = — 9, we find 
x' — —3 and x" = — 3. Solving the equation a;* — 6a; = — 9, 
we find a;' = 3 and x" = 3. 

378. Ileal Moots. — The roots of an equation of the first 
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or of the second form are real, wliateTer the relatiye yalues of p 
and q may he, for in these forms -^ + g is positive. 

The roots of an equation of the third or of the fourth form are 
real if ^ is not .less than a. 

Remaek. — The quantities p and q are here supposed to be re<d. 

319. Imaginary Moots. — The roots of an equation of 

the third or of the fourth form are imaginary if -^ is less than q; 

for the radical part of each of the roots, in this case, is the square 
root of a negative quantity. 

Illustration. — The roots of the equation a;* + 6a; = — 10 are 
— 3 + a/— ^i and — 3 — V— 1 ; and the roots of the equation 
a;a _ 6a; = — 10 are 3 + V^^ and 3 — V^^. 

380. Imaginary roots indicate incompatible conditions. 

The demonstration depends upon the following 

Lemma. — The greatest product which can ie obtained by sep- 
arating a given number into two parts and multiplying one by 
the other is the square of half that number. 

Let p be the given number, and d the difference of the parts 
into which it is separated. 

Then -g + - = the greater part, 

and ^l — ^ = the less part (313, 4). 

Denoting the produot of the parts by P, we have 

4 4" 
Now, since J3 is a given number, it is evident that P will in- 
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crease as d diminishes, and -will be the greatest possihle whea 
<? = ; that is, P, when greatest, is equal to (^) . 

lUusiration. 8 = 1 + 7; 7x1= 7. 

8 = 3 + 6; 6x2 = 13, 

8 = 3 + 5; 5x3 = 15, 

8 = 4 + 4; 4x4=16, 

In the first form the sum of the roots is —p (365), and their 
product is —q (366) ; hence (Lem.), in this form, — q can- 

not be greater than ■^. 

In the second form the sum of the roots is p, and their pro- 
duct is — g'; hence, in this form, -^q cannot be greater than j-. 

In the third form the sum of the roots is — p, and their pro- 
duct is q; hence, in this form, q cannot be greater than ^. 

In the fourth form the sum of the roots iap, and their product 
IS q ; hence, in this form, q cannot be greater than •^, 



In the first and second forms q is positive ; hence an equation 

i 



in which — g* is greater than -^ can never occur in either of 

these forms; for -^ being positive is greater than any negative 

quantity. But in the third and fourth forms an equation may 

occur in -which + g is greater than ■^. Thus, in the equations 

a;^ + 6a; = — 10 and x'—Qx=— 10, the independent term, 
taken with the contrary sign, is greater than the square of half 
the coefficient of the second term ; therefore the roots are imag- 
inary. 

Hence, if any problem furnishes an equation of the third or of 
the fourth form, in which the independent term, taken with the 
contrary sign, is greater than the square of half the coefaoient of 
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the second term, we infer that the problem contains incomjpatiile 
conditions. 

For example, let it be required to find two numbers whose sum 
shah be 6 and product 10. 

Let X = one of the numbers ; 

then will 6 — a; = the other. 

By the second condition of the problem, 
a; (6 ^ a;) = 10 ; 
that is, 6a; — a? = 10, 

or, by changing signs, a? -^dx= — 10 ; 

whence, a; = 3 ± -v/— 1- 

The imaginary roots indicate that there are no real numbers 
whose sum is 6 and product 10. The greatest product which can 
be formed by separating 6 iato two parts and multiplying one by 
the other is 9. 

PROBLEM OP THE LIGHTS. 

381. _To find, on the straight line joining ttoo lights, the 
points which are equally illuminated by those lights. 

! ! 1 ! I 

P" A P B P' 

Let A and B be the two lights. Denote the intensity of the 
light A at a unit's distance by a, the intensity of the light B at a 
unit's distance by i, and the distance between the lights by d. 

Let P be a point equally illuminated by the two lights, and let 
a; = AP; then will d — x = BV. 

One of the laws of light is, that the intensity of a Ught at any 
distance as x, is equal to the quotient obtained by dividing its in- 
tensity at a unit's distance by x^ ; hence 

-5 = the intensity of the light A at P, 
and -r^ vn = the intensity of the light B at P. 

\Ct — X) 
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But P is to be equally illuminated by the two lights; 

a ___b__ ,^. 

x^~ (d-xf ' ' ' ^^' 

Clearing this equation of fractions, 

a{d-xf = ix> . . . (2). 

Extracting the square root of both members of (3), 

{d — x)Va=±x'\/b . . . (3) ; 

whence, x = d{—^ p: )• 

Separating the values of x, 

and ^"=i_^). 

From the nature of the problem, a and I are positive ; hence 
the values of x are real; therefore there are two points of equal 
illumination, and only two, on the line of the lights. 

Six different suppositions can be made upon the arbitrary 
quantities a, l, and d, namely : 

1. a > 5 and <? > 0. 4 a > 5 and d=.Q. 

2. a = 5 and d> 0. 5. a — h and d = 0. 

3. a < 5 and «Z > 0. 6. a < 5 and d = 0. 

1. a > 5 and t? > 0. 

In this case —r= ;= is a proper fraction ; that is, it is less 

ya + V 5 
than 1 ; and since the denominator is less than twice the numera- 
tor, the fraction is greater than ^. 
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4 V^ \ 



< d and > ^d. 



The point P is therefore between the two lights and nearer the 
weaker one. 

The fraction ^^"^ - > 1 ; 



i-^>^ 



The second point of equal illumination is, therefore, at some 
point P' on the right of B. 

% a = J and <? > 0. 

In this case »' = „ and a;" = — pr— = oo (^2i2i^ 1) ; that is, 

the first point of equal illumination is at the middle point of AB, 
and the second is at an infinite distance to the right of A. The 
symbol oo indicates impossihility ; that is, it shows that there is 
no second point of equal illumination. 

3. fl < 5 and <Z > 0. 

T i.T.- Va ^1 J V« . J. 

In this case — = — < ^ and — — — is negative ; 

V ffi + V 5 -^ ya — yd 

x' -C-d and a;" < 0. 
2 

The first point of equal illumination is, therefore, between the 

lights and nearer to A, and the second point is at some point P" 

on the left of A. 

4. a > 5 and tZ = 0. 

In this case «' = and x" = 0. 

How are these results to be interpreted ? They seem to indi- 
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eate that the point at which the lights are placed is equally illu- 
minated by them ; but this is not true, as we shall see by consid- 
ering equation (1). Under the hypothesis that d = 0, (1) becomes 

a _ b 

But this is not an equation in fact, for a > 5, and the de- 
nominators are equal. It would not be an equation if ic = 0, for 

then -; and -^ become unequal infinities. 

There is, then, in this ease, no equation, and hence no point 
of equal illumination. 

5. a = 5 and <Z = 0. 

In this case x' = and x" = -. 

The first value of x indicates that the point at which the two 
equal hghts are placed is equally illuminated by them, and the 
second value of x indicates that any point on the line of the 
lights is equally illuminated by them (333, 4). As the Hghts 
are now at the same point, the line of the hghts may be drawn in 
any direction in space ; hence, in this case, any point in space 
will be equally illuminated by the two hghts. 

6. a < 5 and «? = 0. 

In this case x' = and x" = 0. 

But under this hypothesis, as in case 4, equation (1) becomes 
impossible; hence no point in space is equally illuminated by the 
two lights. 

QUADEATIC EXPRESSIONS. 

383. A Quadratic Expression is a trinomial of the 

form of 

amy' + bx + c; 

in which a, I, and c represent given numbers, positive or negative, 
and in which x may have any value. Thus, 
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5a^ — 3a; + 6 

is a quadratic expression. 

A quadratic expression is sometimes called a Trinomial of the 
Second Degree. 

383. Distinction between a Quadratic Equa- 
tion and a Quadratic Expression. — In the quadratic 
equation ax^ + bx + c = 0, x has one of two definite Talues 
(364) ; but in the quadratic expression aa? + bx + c, x may 
have any value. 

384. To resolve the quadratic expression ax^+ix+c 
into its factors. 

Assume aay'+ix + c^O; 



whence, x'^ „ 

2a 



— 5 + Vir' — 4ac 

2a ' 



and :»"= „ 



ax^+bx+c=a[x- 



—i + V^^iac]! —b—^ffi—4:ac 



2a 



)■ 



BULE. 



Assume the given quadratic expression to le equal to zero, and 
resolve the first memier of the equation thus obtained into its fac- 
tors (367). 

XlXAMPJjJES. 

Kesolve each of the following expressions into its prime factors: 

1. a? + 2x — 120. 6. x^ + 9x — 90. 

2. a;3 — 9a; + 14. 7. x^ + 12a; — 45. 

3. a;« + 8a; + 15. 8. 18a;3 — 9a; — 2. 

4. 8a;3_32;_3. 9. 8a;3 _ 6a; + 1. 

5. 6a;2 + a; — 1. 10. a;^ — (3a — c) »= — Sac- 
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' Difference between quadratic ex- 
pression and quadratic equa- 
tion. 
To resolve into factors. 



CHAPTEE XIY. 
HIGHEE EQUATIOIifS 

WITH ONE UNKNOWN QUANTITY. 



386. There are many equations which, though not really of the 
second degree, may be solved by processes similar to those giyen in 
the preceding chapter. To this class belong : 1st. All equations 
of the higher degrees which contain only one power of the un- 
known quantity ; 2d. AU equations of the higher degrees which 
contain two, and only two, powers of the unknown quantity, and 
in which the exponent of one of these powers is double that of the 
other. Such equations may be reduced to one or the other of the 

forms 

ax" = c . . . (1), 

aa^ + bx'^ — c . . . (2). 

Equation (1) is called a pure equation of the n^^ degree. 
Equation (2) is said to hare the form of a complete equation of 
the second degree. 

EXJ.MPZES. 

1. Solve the equation ax"' = c. 
"■ Dividing both members by a, and extracting the n*^ root of 
both members of the resulting equation, we find 



2. Solve the equation ca?" + laf' = c. 

b c 

By division, a:^" + -a;" = - ; 

■' a a 
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by completing the square, 

by extracting the square root, 

^ , 5 , V4ac + 5» 



by transposition, a?" = 



2a -^ %a ' 
— i± ^f^ac + W 



2a 
by extracting the n*'^ root. 



3. Solye the equation a:^—Qa?= — 20. 
Completing the square, 

whence, a;^ — -=±^; 

9 1 

a;2 = ^ ± ^ = 5 or 4, 

and a; = ± Vs or ± 3. 



4, Solve the equation a?~7x + Voi?— 7« + 18 = 24. 
Adding 18 to both members, 



a;3 — 7a; + 18 + Va^— 7a; + 18 = 42. 



Assuming '\JW— 7a; + 18 = y, this equation becomes 
y« + 2/ = 42; 
whence, y = 6 or — 7. 

We have now the two equations 

Va;3 — 7a; + i8 = 6, 

Va;8 — 7a; + 18 = —7, 
from the first of which we find a; = 9 or — 2, and from the sec- 
ond, a; = i(7 ± VTts). 
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5. Solve the equation 

ie* 4- ea-'S + 80a;2 + 313a; — 2128 = . . . (1). 

We seek to transform (1) jnto another equation such that its 
first three terms shall be the square of a binomial, and the remain- 
ing terms shall contain the first power of that binomial. We see 
that x^ + Qa? contains two terms of the square of a;' + 3a;, and 
that we only need to add 9a;' to it to complete the square. 
Separating the term 80a;' into the two parts, Qx^ and 71ai', (1) may 
be written thus, 

a^+6a? + 9x^ + IW + 213a; = 2128, 

or, (a;a + 3a;)3 + 71 (a;' + 3a;) = 2128 . . . (2). 

Assuming a;' + 3ai = «/, (2) becomes 

2/2 + 71y = 2128 . . . (3); 

— 71 ± V13553 
whence, y = ^ — — , 

We have now the two equations 

— 71 + Vlsssa 



2 
— 71 - V13553 



a;2 + 3a; : 

a;' + 3a;: 
which are easily solved. 

In the answers to some of the following examples some of the 
roots are omitted. 

6. Soke 3a^ + 42a;^ = 3321, Ans. x = 9 or (— 41)"^. 

7. SoItc x^ + 31a^ — 32. Ans. x — 1 or — 2. 

8. Solve a^ — 35a;3 + 316 = 0. Ans. a; = 2 or 3. 

i ^ 

9. Solve a?* — a?' + 2 = 0. Ans. a; = 2" or (— 1)". 

1. 1 

10. Solve on^ — 13a?" = 14. Ans. x= 14^"' or (— 1)'«. 
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135 
64' 



11. Solve x^ H T= 3}. Ans. a; = 8 or 

2a;* 

12. Solve K* — 14a;2 ^ 40 = 0. ^ms. a; = ± 2 or iVlO. 

13. Solve 2 \a;» + z~") = 5. Ans. a; = 2» or s^. 

14. Solve (^)V(^;=.(^-1). 

Ans. X = ± y ——^ or ± r "Ti - 
'w — 2 'w + 1 

15. Solve a;2 + 5a; + 4 = 5 V^a + 5a; + 28. 

Ans. a; = 4 or — 9, or — - ±0^— 51. 



387. JPJtoBzxiMs. 

1. A vintner dravrs a certain quantity of wine out of a full 
cask that holds 256 gallons, and then, filling the cask veith water, 
draws out the same quantity of liquor as before, and so on for four 
draughts, when there were only 81 gallons of wine left. Supposing 
the water and wine to become thoroughly mixed every time the 
cask is filled, how much wine did he draw off the fib:st time ? 

Ans. 64 gallons. 

2. A number a is diminished by the a^ part of itself; the re- 
mainder thus obtained is diminished by the a;"^ part of itself; and 
so on to the fourth remainder, which is equal to b. Find the 

value of X. \/~^ 

Ans. a; = ■ 



V« — Vs 

3. Find two numbers whose sum is 8, and the sum of whose 
fourth powers is 706. Ans. 3 and 5, 

4. Find two numbers whose sum is 2a, and the sum of whose 
fourth powers is 25. 



Ans. a + l/VSa^ + 5 — Sa^ and a — l/VSa^+J — 



3a2. 



OHAPTEE XY. 
SIMULTAI^EOUS EQUATI0IJ5"S. 



DEFINITIONS. 

388. The particular case in which all the equations of a 
group are of the first degree has been considered in Chapter VII. 
We propose, in the present chapter, to consider groups, each of 
which contains at least one equation of a higher degree than the 
first. 

A group containing only two equations is sometimes called a 
Pair. 

389. "When the members of an equation are entire and ror 
tional with reference to its unknown quantities, the Degree of 
the equation is the sum of the exponents of the unknown quanti- 
tiesia the term where this sum is the greatest. Thus, 

4a;y — 3iB = 3 — 5y 

is an equation of the second degree. 

390. If an equation of the second degree involving only two 
unknown quantities, x and y, contains all the kinds of terms of 
which it is susceptible, it can be reduced to the form of 

Aa? + Bxy + C^^' + Da; + E«/ + F = 0. 

PAIRS OP EQUATIONS ONE OP WHICH IS OP THE FIRST AND 
THE OTHER OP THE SECOND DEGREE. 

391. HXAMPIES. 

1. Solve the equations 

x + y = G . . . (1), 
x^ + Sxy + f — U . . . (3). 
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From (1), y=6 — x. 

Substituting this value for y in (3), 

x» + 3a! (6 — a;) + (6 — xf = 44; 
whence, a; = 4 or 3. 

Substituting these values for x in the equation 
y = 6 — x, 
we find y = 2oT4:. 

2, Solve the equations 

ax + by=:c . . . (1), 
Ax^ + Bxy + Gy^ + Bx + Ey + 'E = . . . (2). 

From (1), y = ^^ — . 

Substituting this value for y iq (3), 

A,. + Bx(^^) + c(^J+T)x + e(^) + E = 0. 

Clearing this equation of fractions and collecting similar terms, 

(A52 — Bai + Ga^) ay' + (B5c — 2Gac + Dja - BaJ) a; + Oc^ + 
E5c + F52 = . . . (3). 

Eepresenting each of the coefficients in this equation by a 
single letter, it may be written thus : 

ma? + nx +p = . . . (4). 
This equation will furnish two values for x ; then substituting 
these in the equation y — — ^ — , we shall have the correspond- 
ing values of y. 

3. Solve the equations 

x + y=-a . . . (1), 
xy = b^ . . . (3). 



EIBST AND SECOND 


DEGEEE, 


From (2), y = ^. 




Substituting this value for y in (1), 




X A — = a . . 

X 


• (3); 


T. a± 'Vd? — 


452 



357 



a; = - 



2 
Substituting these values for x in (1), we find 

«qr Vffl? — 4Sa 
^ = T"--^ 

Another Solution. — The values of x and ^ are the roots of the 
equation 

z%-a^=—1^ (365-366); 

^ or ,y = «±A/^^"^^«"«. 







3 




4. Solve the equations 








^ — y = 


-a . 


• • 


(1), 


xy- 


= 53 . 


. . 


(2). 


Eliminating y. 








W 

X ■ = 

X 


■ a . 


■ • 


(3); 




±Va^ 


+ 452 


The corresponding values 


2 
of y are 





— a± -y/g^ + 4a2 _ 
2 

Another Solution. — Put yz=:—v; then (1) and (2) become 
X + V = a, 
XV = — W. 
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Hence the values of x and v are the roots of the equation 



«" — 02 = 



X ov v=. 



that is, a; = 



a ± Va2 + «2 



a 

— a ± Va^ + 452 
2/ = 3 . 

5. Solve the equations 

x + y = a . . . (1), 
a? + y^ = l^ . . . (3). 

Squaring both members of (1), 

x^ + 2xy + y^ = a^ . . . (3). 

Subtracting (2) from (3), 

2xy = a^ — V . . . (4). 

Subtracting (4) from (3), 

x^ — 2xy + y^ = 2i^ — a^ . . . (5); 

whence, x — y=± '<J2W — a' . . . (6). 

Combining (1) and (6), we find 

a± a/3S« — ^ 
x = ^ , 

a q= a/362 _ a^ 
y = 3 ■ 

Solve the following pairs of equations : 

"• 1 a; + «^ = 30i |2^=— 47 or 7. 

r ,= 37 

(2..' + .2/-52/2 = 30). 4' 

7- l3:.-32^ = If L = 3or-¥. 

L^ - 3 



\x + y= 100) 
( a;w = 2400) 



xy 
x + y = 4. 

X y 



( 2)3 + 22/8 = 34 J 



11. |^-2^=in. 

( a;2 + j^3 _ 74 f 
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13. 



^--^=4 



13. ]^— 5^=n. 



14. 



15. 



16. -^ 



a 

« + ^ = 4 
a; y 



a 



+ ■ 



= 1 



«+» b+y 

x + y =a + i 



1 



+ ^, = 34 



ar3 y 



ir. 



^ + ^=^ + 11 
J/-3 ^ a;-i 2r^ 



a; = 60 or 40, 
40 or 60. 



cx = 

\y = 



Ans. 



x = 2, 
2. 



'■{;= 



Ans. . 



x = Y °^ ^> 



Ans. 



(x= 7 or 5, 
I y = — 5 or — 7. 

a; = 5 or 2, 



Ans. 



^x = 



3 or 6. 



Ans. . 



a; = g or — 1, 



' = ^ or — 1. 





^MS. < 



i 

y=-2- 



a; = a or i, 
: 5 or a. 



a; = 5 or 3, 



^ms. 



(2/ = 



3 or 5. 



Ans. 



x=2 or — 46, 



cx = 

\y^ 



3 or 



1*. 
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19. 



afi + 2x — y = 4: 



Ans. . 



4ns. 



' x = 5 or 


3 

4' 


2^ = 3 or 


5 

4- 


' x=2 or 


15 
11' 


y=l or 


3 
^11" 



PARTICULAR SYSTEMS. 



392. If one of the given equations is of a higher degree than 
the second, or if both are of a higher degree than the first, the 
elimination of one of the unknown quantities usually leads to an 
equation of a higher degree than the second. 



ax + by ^c ) 
a^ + z^y + xy + y^^d) 



lUustrations.-^Jf we eliminate y from the equations 

[ 

we obtain 

{b — a)a? + {c — a) x^ + {c — a)x = id — c; 

and if we eliminate y from the equations 

j x>+y^ = 13) 
i.x -\- xy + y = 11) 



we obtain 



xy + y: 
a^ + 23? — 112:3 — 4821 ^ — 108. 



Since we have thus far had no general method for the solution 
of equations of a higher degree than the second, it follows that 
we cannot now give a general rule for the solution of pairs of 
simultaneous equations where one of them is of a higher degree 
than the second, or where both are of a higher degree than the 
firsfe We, however, frequently meet with pairs of this kind that 
can be solved by the aid of special artifices. 
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EXA.MFI,Ea. 

1. Solve the ecLuations 

x^ + y^ = %5 . . . (1), 
xyz=12 . . . (3). 
Multiplying (3) by 2 and adding the result to (1), 

whence, a; + ^ = ± 7 . . . (3). 

Subtracting the equation 2xy = 34 from (1), 
{x-yy = l; 
whence, x — y — ±1 . . . (4). 

We have now four groups to consider, namely : 

\x + y = ^l. \x + y= 7). 

U-2/ = lP \x-y=-lS' 

U + y=-7). ja; + y=-7) 

\x — y= 1) ' \x — y——lS 

Solving these four groups, we obtain 

\y=±4.S \y=±^S 

2. Solve the equations 

x^ + f = a^ . . . (1), 
xy = Iy> . . . (3). 
Multiplying (2) by 2 and adding the result to (1), 
(x + yy = a^ + ^b^; 



whence, x + y= ± Va^ + 2ly> . . . (3). 

Subtracting the equation 2xy = 25^ from (1), 
{x — yY = d> — 2i^; 

whence, x-y=±Va^-^^ • • • (4). 
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Adding (3) and (4), 



2x=:± VW+W ± Va2 — 25^; 

■whence, x=±i V^T^P ± i Va^ — W^. 

Subtracting (4) from (3), 

whence, y=: ± ^ Va' + 3J2 q: ^ Va» — 2J«. 

3. Solve the equations 

a? — y^ = a^ . . . (1), 
ii;2^ = S2 . . . (2). 
Adding four times the square of (2) to the square of (1), 
a;* + 2a;y + ^* = a* + 45^ . . . (3); 

whence, x^ + y^= ±: Va* + 46* . . . (4). 

Adding (1) to (4), 



whence, x=± / «^±V«^ + 4p . 

2 

Subtracting (1) from (4), 

2«/3 = _ «3 J. v'a4 + 454. 



^/ — ffl8 ± Va< + 45* 



whence, «/ — -l- ■ « 

4. Solve the equations 

yi — ^ = \^ , . . (1), 
22/2 — 4a;2/ + 3a;3 = 17 , , , (3), 
Assume y = vx; then (1) and (2) hecome 
v^x^ — x^ = 16 . . . (3), 
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"ilvh?- 


-4ra2+3a^ = 17 . , 


• (4). 


From (3), 


v^ — V 




and firom (4), 


X-- 1^ • 




2j,3_4v + 3' 






Vi 16 


• (5). 


%v^- 


- 4v + 3 v^ — 1 ■ ■ 


Clearing (5) of fractions, transposing, and 


. reducing. 


15j;3 _ 64i> = — 65 . . . 


(6); 


wlience, 


5 13 
^ = 3 ^'■T- 





5 16 

Substituting ^ for v in the two equations a;^ = -^ — ^ and 

g 
y = vx, we have a;^=9, and ^ = ^a;; 

ic = ± 3 and y= ±^. 

13 

Substituting -^ for v in the same equations, we find 



X— ±^ and 2^ = ± -g- 

The artifice here used may be adopted whenever all the un- 
known terms in both equations are of the second degree with ref- 
erence to the unknown quantities. 

5. Solve the equations 

a? + xy — Qy^ = ^ . . . (1), 
«2 + 3a;y — 10«/2 = 33 . . . (3). 

Assuming y = vx, (1) and (3) become 

a;2 4. -ux^ _ %^x^ = 34 . . . (3), 
x^ -{-Zvx^ —IWx^ = Z'^ . . . (4). 
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From (3), x^ = ., , ^^ „ „ , 

33 
and from (4), ''' = l + 3v - lOv^ ' 

24 33 



l + v — 6i^ H-34> — 10«;2 

1 1 

3 ""' 3 



(5); 



whence, v ^ ^ or ^r 



1 . 34 
Substituting ^ for v in the two equations cs^ = :j— 

and y = vx, we have a?=:ai, and y ^=^x; 



a; = ± 00 and «/ = ± oo . 

L 
3 



Suhstitflting ^ for v in the same equations, 



a; = ± 6 and «/ = ± 3. 
6. Solve the equations 

CB* + 3a;j/ + ^* + aa; + ay = J . . . (1), 
xy + y^ = c . . . (3). 

The first equation may be written thus : 

{x + yy + a(x + y) = l; 



— a± Va^ + 4:& (o\ 

whence, x + y = h • • ' v') 

Prom (3), x + y = ''- . . . (4). 

Combining (3) and (4), we find 

_ ag + 35 — 3c ^ g VaH 45 
"" — a± V«H 45 
_ 3c 
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7. Solve the equations 

a? — 2xy + y'^ — ax + ay = b . . . (1), 
xy — y^ = c . . . (3). 

Equation (1) may be written thus : 

{x — yY — a{x — y)=i; 



, a± Va^ + 45 (o\ 

whence, x — y^ 5 • • • V) 

From (2), ^-2^ = ^ ■ • ' (*)• 

Combining (3) and (4), we find 

a> + 2b + 2c±a Va' + 4& 



y = - 



a ± Va' + ib 
2c 



a ± Va^ + 46 
8. Solve the equations 

x^y + xy^ = 30 . . . (1), 

i + i = | . . . (2). 
X y 6 ^ ' 

Equation (1) may be reduced to the form 

xy{x + y)=30 . . . (3), 

and (2) may be reduced to the form 

6{x + y)=5xy . . . (4). 
Dividing (3) by (4), 





xy_ 30 . 
6 ~ 5xy' 


whence. 


53?y^ = 180, 


or, 


a;y = 36; 


whence. 


xy=±Q 



(5). 
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Combining (3) and (5), 

x + y=±5 . . . (6). 
Combining (5) and (6), we find 

z = 3, 2, 1, or ^6, 
y = 2,3,-Q, OT J. 

9. Solve thp equations 

X +y =a . . . (1), 
i^-^y^-¥ . . . (2). 

Dividing (3) by (1), 

a^ — a^y + a?y^ — xy^ + y*:^~f 

d 

which may be placed nnder the fonn 

Xi + yi-xy{a>> + y^) + xif^^ . . . (3). 

Squaring (1) and transposing the term 2xy, 

S!> + y^=a^ — 2xy . . . (4). 
Squaring (4), 

x* + 23?f + y^ = a* — ia^xy + ^^y^ . . . (5); 
whence, x* + y*— a* — ia^xy + 2a^y^ , . . (6). 
Equation (3) may therefore be placed under the form 

a* — iah;y + 2x^y^ -r^ xy {a? ^ ^xy) + x^y^ =? — J 

ct 

that is, 5a^y^ — ba?xy = a* . , • (7) ; 



• 



a^±Y' 



W + flS 



5a 
whence, xy = ^ . . . (8). 

The values of x and y may now be found by combining (1) 
and (8). 



PAETICULAE SYSTEMS 

Solve the following pairs of equations: 

10. \^ + f = e5) 
< ztf — 28) 

f 

12, \ a^ + 3xy= 54) 
(.X1/ + if =115 ) 

13. ia:^ + a;y = 15) 
(xy— y^= 2) 
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j 2:2+ xy + 2^ = 74:) 



ja;=±7' or ±4, 
ty=±4 or ±7. 



Am. (a;=±3or ^8, 



(x = 
Alls. ■( 

(2/ = 



:±5. 



= ± 3 or ± 36, 
± 5 or T y . 



x=±3 or ± — 



14 i a;2 + a!y + 42/3= 6) 
1 3a;3 + 8^8 = 14 J ' 



Ans. 



( y=±3 or ±-L. 

a;=±3or ±|/f, 
6 



15. j«^+^y = 12[. ^^^ 



a; = ± 3 or ± 



V6' 



16. 



17. 



18. 



(a!2— a;y + 2^8 — 31) 
\y^-2xy + lb= 0)' 



• ( a;y + 2y = 3 i 



I « 2/ 5 
. a;?/ = 180 



Ans. 



I 



y=±l or ±— :. 
a/6 

«=±4 or ±3-^^, 
2^ = ± 5 or ± Vs. 



x=± 



15 



Vai 



or ± 00, 
or Too. 



j a; = 30 or 6, 
( «/ = 6 or 30. 
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3{x + y) 3{x-y) ^ ^^ 

x — y 
(xf> + y^ = 4c5 



19. 



a>-y ^'~f+r~^'^\-'^'''-{% 



x=±6, 

±3 or T3. 



20. 



21. 



22. 



i ^ + y = ^\. Ans. \ 

{3y — x = y^) I 



!xy^ + y^=2^y 



«-«/ =A.^y 



'x^ + y^ + x + y = 

[ xy 



a; = 0, 2, or ± ^2, 
2/ = 0, 2, or 2=F V2. 

{y = Q,%, or —4. 



= 18) 
= 6) 



33 (a^ + 2^2-a;-2/ = 32r 
'U+V+OT =29) 



a;=3, 2, or — 3± V3, 
y = 2, 3, or — 3T Vs. 



^ms. 



a; = 5, 4, or 



y = 4, 5, or 



■10± V— 56 

2-^' 

_ 10 qr V^^ 



U+y= 6) 
(a^ + y8=65l 



Ans. r~ 

■y- 



j a; = 4 or 1, 
( ^ = 1 or 4. 

I y = or —2. 



In some of the following answers the roots are not all given: 



ge. Sxy{x + y)=30\ 



= 30) 
= 35)" 



a; = 3 or 2, 
2 or 3. 



27. i'»+2^= *l. 
(a:* + 2^ = 82) 

28. 5 3^-2/^ = 3093) 
( a; — ^ = 3 ) 



Ans. P- 
(y = 

=3, 1, or 2±5a/^, 

or 2T5'V/^. 



( a;=3, 1, 

Ans. i'« = 5or-2, 
( 2/ = 2 or — 5. 
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29. 

30. 
31. 
33. 
33. 
34. 



{x^ — xY + f = 19) 
Ix —xy -\- y = 4:) 



{x»— xy + y^= '?) 
(a;* + a;y+2/* = 133i" 

j K^ + «/^ + a;«/ = 49 ) 
(a;* + «/i + a;y=93ir 

j a^ _ a;2 + ^4 _ 2/2 _ 84 ) 
\x^+ a^^2 + «/2 = 49 r 

( (a;^ — 2/^) (i» — 2/ ) = 16a;y 
1 (V — «/4) (a:^ — y^) = G4:0x>'t 

\ax = y{s-y) ) 



Ans. 



'a; = j(9±A/73), 
y=-^(9TV73). 

j a; = ± 3 or ±3, 
<2^=±3 or ±3. 

f a; = ± 5 or ±3, 
\y=±3 or ±5. 

ja;= ±3 or ±2, 
^ y = ± 3 or ±3. 



( a;=9 or 3, 
1 «=3 or 9. 



y = 



— a± V^+a^ 

s ± v/4a2 + «2 ip 4av/?TP 



35. 



j a;22r* + «/Sari = 9 ) 
I a; + w = 6 i 



2 



a; = 4 or 2, 
y = 3 or 4. 



PAIRS OF EQUATIONS INVOLVING RADICAL QUANTITIES. 
393. X)XAMPJOES. 

1. Solve the equations 

a/S + V^ = 5 . . . (1), 
x + y = 13 . . . (3). 
Squaring (1) and subtracting (3) from the result, 

3 Vxy — 13 ; 
whence, ixy = 144 . . . (3). 
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Squaring (3) and subtracting (3) from the result, 
x^ — %xy + y^ = %b; 
whence, a; — y = ± 5 . . . (4). 

Combining (3) and (4), we find \^yl^ q^ 9] 

3.^ Solve the equations 



■ i/^ — y 30 -,. 

' X + y x + y ^ ' 

d> + y» = 34: . . . (2). 
!From (1), by transpositioni and reduction, 

x + y ' x + y- 

Dividing the denominators of (3) bj V^Tjl, 

a? _ «3 _ 20 y 

i = — 'S/x — y; 

wx + y 



whence, a^ - j^^ - 20 = - 


-Vai*-^; 


or, a?-yi+^xi — yi = 


20 . . . (4). 


AsRuming '^^ — y^ — z, (4) becomes 


22 + 2 = 30 . 


• . (5); 


whence, z = 4 or 


-5; 


that is, a^_2^2 = 16 or 35 


. . . (6). 


OomT3ining (2) and (6), we find ■ 


x= ±5 or ± 
y=±3 or ± 



59 

2' 



Va* 
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3. Solve the equations 

a;* + ^* = 35 . . . (1), 

i^ + y^= h . . . (2). 

Assuming i8* = t; and «/* = z, (1) and (2) become 
«s + ^3 z= 35 ... . (3), 
» + 2 = 5 ... (4). 

These equations may now be solved as Ex. 24, Art. 39S. 

4. Solve the equations 

^ y ^ ^ Vxy 

V^ + '^xy^ = 78 . 
Clearing (1) of fractions, it becomes 
a; + y =61 + Vxy . 
Equation (3) itiay be written 

Vxy{Vx + Vy) = 78 . 
Assume a; + y = z) , . . 

and '\/xy=^z . . . 

Multiplying (6) by 2 and adding the result to (5), 
X + 2^/^ + y = v + 2z; 
whence, V» + Vy = di Vv + 2z . . . (7)» 
Hence (3) and (4) become 

v = 61 + z . . , (8),- 

Vz(± Vv + 2z) = 78 . . . (9). 

The values of v and z are easily found from (8) and (9), and 
then (-5) and (6) will furnish the values of x and y. 



• 


■ (1), 


• 


(3)- 


• 


(3). 


, , 


(4). 


(5), 




(6). 
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Solve the following pairs of equations : 



{ 



X +y +Vxy= 7 
ay^ + f + xy 



= 21) 



Ans. 



a; = 4 or 1, 
1 or 4. 



{y = 



R [^ +!/ —Vxy= 6) 
°- [z'> + y^ + xi/ =84) 



i X + Va^ — y^'= 



.x — y 



z\\ 



. ( a; = 8 or 3, 

\y = % or 8. 

. f a; = 13 or 5, 

\y = 1% or 4. 



a; + y = 10 



2/ 



Ans. 



X = 8 or 2, 
2 or 8. 



^x = 

\y = 



S'\fx—Vy = 2Vxy\ 
"• t x + y = %0 ) 



Ans, 



a; = 10 ± 4 V^ or 10 T Ia/IS, 
^=10q^4V6 or lOi^ViS. 



10. -^ 



'x + y = aVxy 



■ . -4ws. < 



a; = 



a^c — 2c ± flc Va* — 4 



y=± 



± 2 Vas — 4 
c 



Va« — 4 



a:^ — (« + 2^) = 54 



.4«s. 



a;= 6 or — 4J, 
12 or —9. 






13. < 



y 



a; = 2/3 + 3 



. ( a; = 6 or 3, 

Ans. \ „ / 

( ^ = 2 or 1. 



13, j^* + y* 
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5 



-1 



^ ■\.'^ = 13 
^ ■\- y^ 



z +y + Vx + y 



= 189) 

= n\ 



a; = 81 or 16, 
8 or 27. 






IX = 5 or 4, 
( ^ = 4 or 5. 



15. 



16. i 



Vy — Vy — x= Va — iK 
SV^ — a; = 3Va — a; 



" ' x—y x—y 



a? + y^ 



= 41 



Ans. 



x = -^a, 



y = ia- 



x=±5 or ±3 V^, 
y=±4 or ± 4/^. 



eEOUPS WITH MORE THAN TWO UNKNOWN QUANTITIES. 

394. MXJ.MFLE8. 

1 Solve the equations 

• x> + xy + y^^d1 . . . (1), 

2:8 + a;z + z^ = 38 . . . (2), 

y'> + yz + Z^ = 19 . . . (3). 

Subtracting (2) from (1), 

(y-z)x + y^-z> = 9; 
whence by factoring, 

{y-z){x + y + z)=9 . . . (4). 
Subtracting (3) from (2) and factoring the result. 



{x-y){x + y + z) = 9 . . . (5). 



18 
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Combiniag (4) and (5), 

y — z = x — y; 
whence, x-\-z = %y . . . (6). 

Combining (5) and (6), 

{x-y)3y = 2; 

3 

whence, x = - + y .. . . (7). 

Gombiniiag (1) and (7), 

whence, ^ = ± 3 or ± ^ VS. 

Substituting these values in (7), 

a;.= ±4 or iyVS- 

Substituting for x and y their values, we find from (6) 

z=±2 or t|V3. 

2. Solve the equations 

x+y+z=a . . . (1), 

a?+y^+z^=lf> . . . (2), 

xy=cz . . . (3). 

Transposing z in (1), 

x + y = a — z; 

whence, x^ + 2xy + f'=(^—2az + z^ . . . (4). 

Transposing 2' in (2), 

a? + y2 = in — z" . . . (5). 

/ Subtracting (5) from (4), 

2xy=:a> + 2z^—2az — Si . . . (6)). 
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Combining (3) and (6), 

2c2 = aS + 3^3 — 2az — 58 . , . (7); 

whience. 



a + c± V{a + c)a — 2 (g^ — P) _ 



2 



Substituting these values for z in (1) and (3), 



, , a+c±V(a + cf—2{a^—m 
x+y+ ^ 2 '^ -=a 



(8), 



xy 



_ac+c^±cV{a+cY—2{a^—if^) 



(9). 



From (8) and (9) the yalues of x and y may be foimd. 
Solve the following groups of equations: 



3. < 



4. 



a:i/%3 = 4725' 
yz^ _ 45 

J___B_ 

x^y ~ 245 

a; + «/ + z = 13 
a^ + y' + 2* = 61 
22/z = 05 (« + «/) 



-4ws. 



\ y = 



Ans. 



9 or 4, 



fa:=7, 
z =3. 



: 2 ± V— 14 or 3, 

[ z = 2 =F V— 14 or 6. 



X 

a 


+ 


y - 


1 


X 




z 






+ 




1 


a 




c 




I 




I 




c 




z 


J 



ji»S. 



a; V z 



2 3 



13 
8a; + 3«/ = 5 



^MS. 



a; = or 2a, 
^ = 5 or — i, 
.z=c or — c. 



1 5 

^=2°^ 20'' 

1 15 
U^gorjg, 

1 15 
^ = 4°^ 44' 



876 



SIMUITAKEOUS EQUATIONS. 



7. 



1 

Z +25 = - 

y 



= y = z=±V% 



x = y 



K? +xy + xz = 27 
xy + y^+yz=18'^ 
xz + yz + z^ =:SQ . 



rw=±3, 

U = ± 4. 



y = 



z = 



a 

v = - 

X 

. ix=vy 



10. ■{ 



' xyz = 6 
xyv := 8 
xzv = 12 

l^ yzv = U . 



y = Vb, 

z = ± Va, 
,v = ± Va Vb. 



Ans. 



X=:l, 

y = ^, 

z =3, 

V = i. 



395. 



phobzems. 



1. The sum of two numbers is equal to nine times their differ- 
ence ; and if the greater be subtracted from their product, the re- 
mainder will be equal to twelve times the quotient obtained by 
dividing tbe greater by the less: find the numbers. 

Ans. 5 and 4. 

2. The sum of two numbers is equal to a times their differ- 
ence ; and if the greater be subtracted from their product, the re- 
mainder wiU be equal to b times the quotient obtained by dividing 
the greater by the less : find the numbers. 



Ans. 



^(i±i^T])»dj±i^+ 
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3. Find two numbers whose difference is equal to two-ninths 
of the greater, and the difference of whose squares is 128. 

Ans. 18 and 14. 

4. Find two numbers whose difference is equal to - of the 
greater, and the difference of whose squares is a. 



^^'- ± "^y^^ ^""^ ±in-l) ^/^~ 

5. The sum of two numbers is 16, and the quotient obtained 
by diYiding the greater by the less is 3| times the quotient ob- 
tained by dividing the less by the greater : find the numbers. 

Ans. 10 and 6. 

6. The sum of two numbers is a, and the quotient obtained by 
diTiding the greater by the less is 5 times the quotient obtained 
by dividing the less by the greater ; find the numbers. 

Ans. ^(^±^ and Z^^±^ 
0—1 5—1 

7. The difference of two numbers is 15, and half their product 
is equal to the cube of the smaller number : find the numbers. 

Ans. 18 and 3. 

8. The difference of two numbers is d, and half their product 
is equal to the cube of the smaller number : find the numbers. 



Ans. l + ^^±y8'^+l and i±V|i+l. 



9. The product of two numbers is 34, and the product of their 
sum and their difference is 30 : find the numbers. 

Ans. 6 and 4. 

10. The product of two numbers is a, and the product of 
their sum and their difference is S : find the numbers. 



Ans. ± y i ± V4:aJ' + &> and ± | /— b ± V4:a^ + ^ 

2 2 
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11. The product of two numbers is 18 times their difference, 
and the sum of their squares is 117 : find the numbers. 

Ans. 9 and 6. 
13. The product of two numbers is m times their difference, 
and the sum of their squares is a : find the numbers. 

Ans, c ± Vc (^m + c) and — c ± Vc (2m + c), 

, — m + -v/a + m? 
where c = ==-5^ ■ . 

13. Two persons, A and B, bought a farm containing 600 acres, 
for which, they paid $600, each paying $300. A paid 75 cents 
more per acre than B in order to be permitted to take his share 
from the best land. How many acres did each get, and at what 
price per acre ? A71S. A 200 acres at $1.50, B 400 acres at $0.75. 

14. A certain number of workmen in 8 hours carried a pile of 
Stones from one place to another; Had there been 8 more work- 
men, and had each carried each time 5 pounds less, the pile would 
have been removed in 7 hours ; but if there had been 8 workmen 
less, and had each carried each time 11 pounds more, it would 
have required 9 hours to remove the pile. How many workmen 
were employed, and how many pounds did each carry at a time ? 

Ans. 28 workmen^ and each carried 45 pounds ; 
or 36 workmen, and each carried 77 pounds. 

15. The fore-wheel of a carriage makes 6 revolutions more than 
the hind-wheel in going 120 yards ; but if the circumference of 
each wheel be increased one yard, the fore-wheel will make only 4 
revolutions more than the hind-wheel in going the same distance. 
What is the circumference of each ? 

Ans. Pore-wheel, 4 yds. ; hind-wheel, 5 yds. 

16. What number is that, which being divided by the product 
of its two digits gives 2 for the quotient, and if 27 be added to it 
the order of the digits will be inverted ? Ans. 36. 

17. A sets off from London to York, and B at the same time 
from York to London, each traveling at a uniform rate. A reaches 
York 16 hours, and B reaches London 36 hours after they have 
met on the road. Find in what time each has performed the 
journey. Ans. A in 40 hours, B in 60 hours. 
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18. A man had $1300, which he dmded into two parts, and 
placed at interest at such rates that the incomes from them were 
equal. If he had put out the first part at the same rate as the 
second, he would have drawn for this part $36 interest ; and if he 
had put out the second part at the same rate as the first, he would 
have drawn for it $49 interest., Find the rates of interest. 

Ans. 6 per cent, for the larger part, and 
7 per cent, for the smaller. 

19. A and B engage to reap a field for $34 ; and as A alone 
could reap it in 9 days they promise to complete it in 5 days. 
They found, however, that they were obliged to call in C to assist 
them 2 days in order to complete the work in the stipulated time, 
in consequence of which B received $1 less than he would have 
done if he and A, without the assistance of C, had continued until 
they completed the work. In what time could B or C alone reap 
the field? Ans. B in 15 days, C in 18 days. 

20. A number consists of three digits. The sum of the squares 
of the digits is 104 ; the square of the middle digit exceeds twice 
the product of the other two by 4 ; and if 594 be subtracted from 
the number the order of the digits will be inverted: find the 
number. Ans. 863. 

396. SYNOPSIS FOB REVIEW. 



EQ 

!zi 
O 
I— I 

EH 

> tJ 

MO" 



I— I 



Groups and PAms. 

Dbqebb of an equation. 

Genekal poem of an equation of the second degree in- 

TOLVIN& TWO unknown QUANTITIES. 

PAIES CONSISTING OF ONE EQUATION OF THE FIRST DEGREE 
AND ONE OF THE SECOND DEGfiEE. 

PAETICDLAR SYSTEMS. 

Pairs of equations involving radicals. 

Groups involving more than two unknown quanteties 
and one or more equations of a higher degbbb than 
the first. 



CHAPTER XYI. 
EATIO, PEOPOETIOI^, AND YAEIATIOK 



RATIO. 

397. OChe Matio of two quantities is the quotient arising 
from dividing the first by the second. Thus, the ratio of 6 to 3 

is %, and the ratio of a to 5 is t-* 

398. The Sign of ratio is the colon. Thus, a : 5 is 
read the ratio of a to i. 

399. The Terms of a ratio are the quantities com- 
pared. Thus, in the expression a : l, the terms of the ratio are 
a and I. 

400. Tlie Antecedent of a ratio is its first term, and 
the Consequent of a ratio is its second term. 

The antecedent and consequent of a ratio together form a 
Couplet, 

401. A Simple Ratio is one whose terms are entire. 
Thus, a:b is a simple ratio. 

* Ratio as thus defined is sometimes called geometrical ratio or ratio 'by 
quotient, to distinguish it from arithmetical ratio or ratio hy difference. The 
arithmetical ratio of a to 6 is a — b. The sign of arithmetical ratio is •• . 
Thus, a--b is read the arithmetical ratio of a to b. 

When the word ratio is used without modification it is understood to 
mean geometrioai roiio. 
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403. A Compleac Ratio is one in which at least one of 

the terms involves a fraction. Thus, - : b and - : - are complex 

c c a ^ 

ratios. 

403. A Compound Ratio is the ratio of the products 
of the corresponding terms of two or more ratios. Thus, the ratio 
compounded oi a:h and c:d is ac: id. 

A compound ratio does not differ in its nature from any other 
ratio. The term is used to denote the origin of the ratio. 

404. The Duplicate Ratio of two quantities is the 
ratio of their squares. Thus, a^ : i^ is the duplicate ratio of a to b. 

405. The Triplicate Ratio of two quantities is the 
ratio of their cubes. Thus, a^ : b^ is the triplicate ratio of a to b. 

406. The Subduplicate Ratio of two .quantities is the 
ratio of their square roots. Thus, Va : Vb is the subduplicate 
ratio of a to b. 

407. The Suhtriplicate Ratio of two quantities is 
the ratio of their cube roots. Thus, Va : ^/b is the suhtriplicate 
ratio of a to I. 

408. The Direct Ratio of two quantities is the quo- 
tient arising from dividing the antecedent by the consequent. 

Thus, the direct ratio of a to 5 is t- 

409. The Inverse or Reciprocal Ratio of two 

quantities is the direct ratio of their reciprocals, or the quotient 
arising from dividing the consequent by the antecedent. Thus, 

the inverse ratio of a to 5 is - : ^ or -. 

a a 

410. A ratio is called a ratio of Greater Ineqtiality, 
of Iicss Inequality, or of Hquality, according as the 
antecedent is greater than, less than, or equal to, the consequent. 
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411. X1XAMPI.JES. 

1. Find the ratio of a^ — b^ to a + h. 

/y2 ja 

a^^¥:a + b = ^ ^ = a-b. 

a + b 

3. Find the inverse ratio of a* — S^ to a + b, Ans. 



a — 5' 



3. Find the ratio which is compounded of 3 : 5 and 7 : 9. 



Ans. 



4. Find the suhduplicate ratio of 100 to 144. Ans. 



15' 
5 
6' 



5. Show that o : 6 is the duplicate of a + c : 5 + c if c* = ab. 



PEOPORTION. 

412. A. J^oportion is an equation in which each memher 
is a ratio, both terms of which are expressed.* 

The equality of the two ratios may be indicated eithet by the 

sign =, or by the double colon : :. Thus, we may indicate that 

the ratio of 8 to 4 is equal to that of 6 to 3 in any of the following 

ways: 

('8:4 = 6:3 

8:4::6:3 

. 8_6 

4""3 

8 H- 4 = g ^ 3 

This proportion, in any of its forms, is read ihe faiiO of 8 to 4 
is equal to the ratio of 6 to S, or, 8 is to 4^ as 6 is to S, 

* A geometrical proportion is one in whicli the ratios are geometrical. 

An arithmetical proportion IB one in which the ratios are arithxaetical. 
Thus, 6 • ■ 5 = 9 • • 8 is an arithmetical proportion. 

When the word proportion is used without modification, it ia understood 
to mean geometrical proportion. 
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413. The Terms of a proportion are the four quantities 
which are compared. The first and second terms form the first 
couplet ; the third and fourth, the second couplet. 

414. The Antecedents in a proportion are the first and 
third terms. 

415. The Consequents in a proportion are the second 
and fourth terms. 

416. The Extremes in a proportion are the first and 
fourth terms. 

417. The Means in a proportion are the second and third 
terms. 

418. If four quantities a, i, c, and d are so related that 

a:b=ic:d, 
d is said to be a Fourth Proportional to a, l, and c. 

419. If three quantities a, i, and c are so related that 

a:'b-=h:c, 
c is said to be a Third Proportional to a and h, 

430. If three quantities a, I, and c are so related that 

a : 5 = 5 : c, 
J is said to be a Mean Proportional between a and.c. 

431. A Continued Proportion is a continued equa- 
tion in which each member is a ratio, both terms of which are 
expressed. Thus, a:l) ■=■ c: d =■ e:f =. g -.h is a continued pro- 
portion. 

433. If four quantities a, 5, c, and d are so related that 

a : = - : J, 
c d 

they are said to be Inversely or Reciprocally Propor- 
tional. 
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433. Ulquimultiples of two or more qnantities are the 
products obtained by multiplying each of them by the same quan- 
tity. Thus, ma and mb are equimultiples of a and 5. 

434. A proportion is taken by Alternation when the 
means or the extremes are made to exchange places. Thus, if 
a : i^c : d, we have by alternation, either a : c=b :d,oxd: l^c:a. 

435. A proportion is taken by Inversion when the terms 
of each couplet are made to exchange places. Thus, if a : 5 = 
c : (?, we haye by inversion, l:a^d:c. 

436. A proportion is taken by Composition when the 
sum of the terms of each couplet is compared with either term of 
that couplet, the same order being observed in the two couplets. 
Thus, if a : 5 = c : <?, we have by composition, either « + 5 : a = 
c + d:c, or a + i:lz=c + d:d. 

431. A proportion is taken by Division when the differ- 
ence of the terms of each couplet is compared with either term of 
that couplet, the same order being observed in the two couplets. 
Thus, if a : 5 = c : <?, we have by division, either a — 5 : a=:c — d : c, 
or a — i:l^c — d:d. 

438. In every proportion the product of the extremes is equal 
to the product of the means. 

Let a:h = o:d; 

then 1 = 1 (413); 

whence, ad =: be. 

CoK. — If the means are equal, as in the proportion a:b =:b:c, 
we have b^ = ac, whence b = Vac; that is, a mean propor- 
tional between two quantities is equal to the square root of their 
product. 

439. If the product of two qicantities is equal to the product 
of two others, either two may be made the extremes, and the other 
two the means, of a proportion. 



Let 
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ad^lc . . . (1) ; 
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then, dividing both members by cd, 



a b y J 
-=-j, or a:c = b:d . 
c d' 


• 


In like manner it may be shown that 




a:b =c id . . . 


(3), 


c :a = d:b . . . 


(4), 


c:d=a:b . . . 


(5), 


d:b ^ c:a . . . 


(6), 


and so on. 

rf^ -1 1 . _ _ _/» n (■_ 





(2). 



Cob. 1. — Any one of these proportions may be inferred from 
any other. Thus, from (3), 

ad = be, 

from which any one of the proportions may be derived. 

Cob. 2. — Since (3) may be derived from (3), it follows that 

If four quantities are in proportion, they will be in proportion 
by alternation. 

Cob. 3. — Since (4) may be derived from (3), it follows that 

If four quantities are in proportion, they will be in proportion 
by inversion. 

430. Equimultiples of two quantities are in the same ratio 
as the quantities themselves. 



Cor.— If 



we have 
that is, 





ma a 
mb~b' 






ma'.mb = a:l. 






m = l±|, 




a 


±la:b±l^b = a 


i; 
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If two quantities "be increased or diminished ly lihe parts 
of each, the results will ie in the same ratio as the quantities 





a 


c 
d' 






ma 
mi ~ 


nc 
^nd' 




ma 


•.mb- 


= nc: 


nd. 



431. Any equimultiples of one couplet of a proportion are in 
the same ratio as any equimultiples of the other couplet. 

Let a:b = c:d; 

then 

whence, 



Cob. — 1£ m = 1 + — and w = 1 + 4-, Tve have 
q q 

a±^a;b±^-b = c±Kc:d±Kcl', 
q q q q 

that is, 

If the terms of the first couplet of a proportion be increased or 
diminished by lihe parts of each, and if the terms of the second 
couplet be increased or diminished by any other like parts of each, 
the results will be in proportion. 

432. Any equimultiples of the antecedents of a proportion 
are in the same ratio as any equimultiples of the consequents. 



Let a : 5 = c : cZ . . . 


(1); 


J.T. a c 
tnen =• = -7 . . . 
d 


{%). 


Multiplying (2) by -, 




wiflt mc 
nb ~ nd' 





whence, «ia : w6 = mc : nd, 

which by alternation becomes 

ma:mc=^nb'. nd. 
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433. AxiOM.^^Ratios that are equal to the same or equal 
ratios are equal to each other. 

Thus, if a:h =e:d, 

e:f =g:h, 

and a : 5 = e :/; 

then c:d=g:h. 

434. If the ratio of the antecedents of one proportion is equal' 
to the ratio of the antecedents of another proportion, the ratio of 
the consequents of the one will le equal to the ratio of the conse- 
quents of the other, and conversely. 



Let 




a:i =.c: d . . . (1), 
e:f^g:h . . . (2), 


and 




a:c =e:g . . . (3) ; 


then mil 




i:d=f:h. 


For, from 


(1), 


a:c = h:d (4:29, ( 


and from 


{% 


e:g=f:h; 



i:d=f:h (433). 
In like manner it may he shown that, if 

a:h = c:d, 

e:f = g:h, 
and l:d=f:h; 

then will a:c = e:g. 

435. If four quantities are in proportion, they will le in 
proportion iy composition or division. 

Let a:l=^c:d . . . (1), 



then 
whence, 



a 
V 



c 
d 



(2); 



i'^^-d^^' 
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or, 


b ~ 


c±d 
~ d ■ • ' 


■ (3); 


■whence, 


a±b:h: 


= c ±d:d . 


• • (4). 


Dividing (3) by (2), 








a±h 


_c±d 


• (5); 




a 


~ c 


whence. 


a±i:a 


= c±d:c . 


• • (6). 


COB.- 


-Separating (6), 








a + b : a = c + d: 


:c, 


and 


a- 


-b : a = c — d : 


■.c; 


-•• 


a+b:a — 


b = c + d: c — 


-c?(434); 


that is, 









If four quantities are in proportion, the sum of the first and 
second is to their difference as the sum of the third and fourth is 
to their difference. 

436. The sum of any number of the antecedents of a continued 
proportion is to the sum of the corresponding consequents as any 
antecedent is to its consequent. 

Let a:b = c:d — e:f = g:h=: &c., 

and let r denote the ratio ; then 

a c e a „ 
' = b--d=f-h = ^'-' 

whence, az^br, c = dr, e =fr, g = hr, &c. ; 

whence, hy addition, 

a + c + e + g + &(i. = {b + d-{-f+h + &c.)r; 

, a + c+e + g + &c. a c „ 

whence, j— — , , ^ , ^ , „ —r = j- = ^ = &c.; 
b + d+f+h + &c. b d ' 

.•• a+c+e+g + &o.:b+d+f+h + &c. =a:b = c:d = &Q. 
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437. The products of the corresponding terms oftwffor tnore 
proportions are in proportion. 

Let aib =.c\d, 

e:f,=g:h, 

and m:n=:p:q; 

,. a c 

*^^^ b = d' 

~f~V 

and — = -^ ; 

n q 

whence, by multiplication, 

a&m _ cgp _ 
bfn ~ dhq' 

aem : bfn = cgp : dhq. 

438. Th'C quotients of the correspondi^ tifths of twO propor- 
tions are in proportion, 



Let 


a:b = c:d, 


and 


e:f = g:h; 


then 


a c 
b-d' 


and 


^ -9. 
f~h' 


whence, 


af _ ch^ 
be ~ dg' 


or, 


a d _ c i ^ 
e h g f 




a b c d 


• • 


~^'-f~'g'-V 



19 
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439. Lihe powers or like roots of the terms of a proportion 
are in proportion. 



Let 




a:l = c:d 


• ■ 


' (1), 


then 




a c 
l~d ' 




(2). 


Raising (2) 


to the n^ power, 










a" 
5»' 






.'. 




«" : S» : 


= c" : <?». 


Extracting 


the 


w** root of (2), 


Vd' 




• • 




Va: V^: 


= Vc\ 


■.Vd. 


440. 
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1. Find two numhers, the greater of which shall be to the less 
as their sum is to 21, and as their diflference is to 3. 

Let X = the greater number, and y = the less ; then by the 
conditions of the problem. 



x:y = x + y:21 
Ix: y = x — y : 3' 


• . • (1) I. 
. . . (2) f' 


21a; — xy + ifi . 
whence, -j „ " ", 

3x = xy — y^ . 


• • (3) L 

. . (4) [ 


Adding (3) and (4), 

24a; = 2xy . . 


• (5); 



whence, y = 12. 

Substituting 12 for y in (4), we find 

a; = 16. 
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2. Diyide the number 14 into two such parts that the quotient 
arising from dividing the greater by the less shall be to the quo- 
tient arising from dividing the less by the greater as 16 is to 9. 

Let X = the greater number, then will 14 — a; = the less. 

By the conditions of the problem, 



14 — a; 

Multiplying the terms of the first couplet by (14 — a;) x, 

a;2:(14-a;)2 = 16:9 ... (2) (430); 

•whence, a;: 14 — a; = 4:3 . . . (3) (439). 

From this proportion we find 

a; = 8 and 14 — a; = 6. 

3. The product of two numbers is 112, and the difference of 
their cubes is to the cube of their diflPerenoe as 31 is to 3. What 
are the numbers ? 

Let X = the greater number, and y = the less ; then by the 
conditions of the problem, 

j xy = \\% . . . (1)) 

\7? — y^:(x — yf = Z\:% . . . (2) J 

From (2), 

a? + xy + y^:xi — 2xy + y^z=31:3 . . . (3) (430); 
■whence, 3xy: {x — yY = 28:3 . . . (4). 

Combining (1) and (4), 

33Q'.{x — yy = 2S:3 . . . (5); 
whence, x—y=G . . , (6). 

Combining (1) and (6), we find 

a; = 14, y = S. 
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4 What two numbers are those whose difference is to their 
sum as 3 is to 9, and whose sum is to their product as 18 is to 77 ? 

Let X — the greater number, and y = the less ; then by the 
conditions of the problem, 

\z — y:a; + y= 3: 9 . . . (1)) 
\x + y:xy =18:1''? . . . (3) T 
From (1), 

3a::3y = ll:7 . . . (3) (435, CoE.); 

^x 
whence, 2/ = tt " " " ^^^' 

Combining (3) and (4), 

^:^' = 18:77 . . . (5); 

whence, x = 11. 

Substituting in (4)j we find 

y = t 

5. Two numbers have such a relation that if 4 be added to 
each, the results will be in the ratio of 3 to 4; and if 4 be sub- 
tracted from each, the results will be in the ratio of 1 to 4. What 
are the numbers? A?is. 5 and 8. 

6. Divide the number 37 into two such parts that their pro- 
duct shall be to the sum of their squares as 30 is to 41. 

Ans. 13 and 15. 

?. Two numbers are in the ratio of 3 to 3, If 6 be added to 
the greater and subtracted from the less, the results will be in the 
ratio of 3 to 1. What are the numbers ? Ans. 34 and 16. 

8. The number 30 is divided into two parts which are to each 
other in the duplicate ratio of 3 to 1. Find the mean propor- 
tional between these parts. Ans. 6. 

9. The sum of the cubes of two numbers is to the difference 
of their cubes as 559 is to 137} and the product obtained by mul- 
tiplying the less by the square of the greater is equal to 394. 
What are the numbers ? Ans. 7 and 6. 
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10. The cube of the first of two numbers is to the square of the 
second as 3 is to 1, and the cube of the second is to the square of 
the first as 96 is to 1. What are the numbers ? 

Ans. 13 and 34. 

11. Given m + x:n + x =p + x:q + x to find x. 



Ans. 



— mq 



m + q — n — p 
VAEIATION. 

441. One quantity varies directly as anotlier when the two 
quantities have such a relation that one increases or decreases in 
the same ratio as the other. Thus, in uniform motion, the space 
described varies directly as the time. 

Sometimes, for brevity, we omit the word directly, and say 
gimply that one quantity varies as another, 

443. The Sign of variation is the symbol <x . Thus, the 
expression sec t is read s varies as i. 

443. A Variation consists of two expressions connected 
by the sign oc . 

When a variation immediately follows the word let, the sign oc is equiv- 
alent to the word va/ry. 

444. One quantity varies inversely as another when the first 
varies as the reciprocal of the second. Thus, in uniform motion, 
if the space (s) is constant, the time (J) varies inversely as the ve- 
locity (v) ; that is, t<x-. 

445. One quantity varies as two others jointly when the first 
varies as the product of the others. Thus, in uniform motion, 
the space (s) varies as the time (t) and velocity (v) jointly; that 
is, sccvt, ' 

446. One quantity varies directly as a second quantity and 
inversely as a third, when the first varies as the quotient obtained 
by dividing the second by the third. Thus, in uniform motion. 
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the time (t) varies directly as the space (s) and inYersely as the 
velocity (v) ; that is, t x-. 

447. If one quantity varies as another, either of them is equal 
to the product obtained by multiplying the other by some constant 
quantity. 



Let 


x^y. 


and suppose y - 


- b when a; = a ; then 




x:a=y:b (441) ; 


whence. 


x=^p =my. 



where m is equal to the constant t- 

448. If one variable quantity is equal to the product obtained 
by multiplying another by a constant, the first varies as the second. 

Let X = my, 

and suppose y=5 when a; = «; then 

a=:.mb; 

x:a^::y:b; 

that is, X «.y. 

449. If one quantity varies as a second, and the second as a 
third, the first varies as the third. 

whence, x = mr^z ; 

xoLz (448). 

450. If each of two quantities varies as a third, their sum, 
their difference, or their mean proportional varies as the third. 
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Let i^^^n; 

then ix = mzi ■ 

■whence, 

x-\-y=.{m + n)z, x — y = {m —ii)z, and ^/xy = z ^/mn ; 

x-\-ya.z, x — yxz, and Vxy'^z. 

451. J/ owe quantity varies as two others jointly, either of the 
latter varies directly as the first and inversely as the other. 

Let X ccyz; 

then X = myz ; 

whence, «/ = —.-, and « = —.-; 

m z my 

« oc -, and z CC-. 

^ z' y 

453. If one quantity varies as another, either varies as any 
multiple of the other. 



Let 








xccy; 


then 








m 
X = my = — . 

X <x.ny. 


Again, i 


smce 


X 


= my. 


1 1 

w = —.x=. — 
" m mn 



nx; 



yaznx. 

453. If both memlers of a variation he multiplied or divided 
by the same quantity, the results will vary as each other. 

Let X ccy . . . (1) ; 

then x = my . . . (2). 
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Multiplying (3) by z. 



Dividing (3) by z. 



xz=^mzy; 
xz X zy. 



X V 



X y 
z z 



Cob. — Hence a variation may be cleared of fractions in tbe 
same way as an equation. 

454. The product of the first memiers of two or more varia- 
tions varies as the product of their second memiers. 



Let 

then 
vybence, 



455> The quotient of the first memiers of two variations varies 
as the quotient of their second memiers. 

X my 
whence, ^=«7' 

X y 
z t 



1 


X ccy^ 
t xz >; 

WQCv) 


1 


X ^my 
t =nz • ; 


xtw 


= amnvyz; 


xtw 


ccvyz. 
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456. Lilce powers or like roots of the members of a variation 
vary as each otlier. 

Let 



tlien 
wlience, 



xz^my; 

of' = my, and Vx = Vm '/y ; 
afl (xy^, and ^/x oc '\/y. 



457. 



PBOBXEJaS. 



1. U y XX and «/ = 3 when x = l, what is the Talne of 
y when x = 3? Ans. 9. 

2. li X xy and x — lb when «/ = 3, what is the valne of 



y in terms of a; ? 



j4ws. «/ =: ■ 



3. If 2 X cK^Z and 2 = 1 when a; = «/ = 1, what is the value 
of 2 when x = y =2? Ans. 4. 

4. If zxpx + y, and if 2 = 3 when a; = 1 and y=^2, 
and 2=5 when a; = 3 and y = 3, what is the value of ^ ? 

^ws. 1. 

5. If x^ oc y^ and a; = 2 when y = 3, what is the value of 

y in terms of a; ? » /^ 

Ans. y = 3\/ J- 

and, if «/ = 4 when a;=l, and y=5 



6. If 



yxt+v' 
t ccx 
1 



when a; = 3, what is the value of y in terms of a; ? 

Ans. « = 3a; + -. 
^ X 

7. If XX y when 2 is constant, and if a; oc 2 when y is con- 
stant, how does x vary when both i/ and 2 are variable ? 

-4«s. a: oc W2. 
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SYNOPSIS FOR REVIEW. 



Eh 



EATIO , 



L VABIATION. 



PEOPOETIOE, 



Terms. — Antecedent. — Consequent. — Coxtflbt. 

SmPLB. — Complex. — Compotjn d. 

Dtjelicatb. — Tkiplicatb. — SiTB-DUP. — Sub-tbip. 

Direct. — Inyersb ob Reciprocal. — Op gbeateb 
INBQTJAL. — Op less inequal.— Op equality. 

Geometrical. — Arithmetical. — How indi- 
cated? How BEAD? 

Terms — Antecedent. — Consequent. — Ex- 
tbemes. — Means. 

Fourth proportional. — TnraD proportional. 
— Mean proportional. 

Continued proportion. 

Inverse ob reciprocal proportion. 

Equimultiples. — Altebnation. — Inversion.— 
Composition. — Division. 
428. Cob. 



Propositions. 



Cor. 1, 3, 3. 

Cob. 

Cor. 



Cob. 



429. 
4;tO. 
431. 

432. 

433. 

434. 

435. 

436. 

437. 

43S. 

439. 
' Direct vaeiation. 
Sign op variation. 
A variation. 
Inverse variation. 
Joint variation. 
Direct and inverse vAELiTiON combined. 

447. 

44S. 

449. 

450. 

431. 

452. 

453. Cob. 

434. 

455. 

456. 
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OHAPTEE XVII. 
MATHEMATICAL IKDUOTIOK 



459. Mathematical Induction or Demonstra- 
five Induction may be thus described : We prove that if a 
theorem is true in one case, whatever that case may be, it is true 
in another case which we may call the next case ; we prove by 
trial that the theorem is true in a certain case ; heiice it is true 
in the next case, and hence in the next to that, and so on ; hence 
it must be true in every case after that with which we began. 
This method of reasoning is exemplified in the demonstration of 
the following theorems : 

460. The sum of n consecutive integers beginning with 1 is 
n{n -\- 1) 

' 2 ■ 

We see that this theorem is true in some cases ; for example, 

1 + 2 = ^^^ + ^\ 1 + 2 + 3 = ^i^^; we wish, however, 

to show that the theorem is true universally. 

Suppose the theorem were known to be true for a certain 
value of n ; that is, suppose for this value of n that 

„ . n(n 4- 1) ,^, 

1+3 + 3 + 4+ +n= ^ ^ . . . (1). 

Adding n + 1 to both members of (1), 

n(n + 1) , , , 

1+3 + 3 + 4+.. . +n + n + l = -^ '- + n + l = 



I . ..r (« + i)+i i 

(^ + 1)|^ ^ J 



(2). 
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Therefore, if the sum of n consecutive integers beginning with 
1 is ^ , the sum of w + 1 such members will be 

(w 4- 1) ^^ — ^^-^ . In other words, if the theorem is true 

when w is a certain number, whatever that number may be, it is 
true when we increase that number by 1. But we have seen by 
trial that the theorem is true when n = 3; it is therefore true 
when n^i; it is therefore true when w = 5 ; and so on. Hence 
the theorem must be universally true. 

461. Tlie difference between the like powers of any two quan- 
tities is divisible by the difference between the quantities. 

Let a and b denote any two quantities, and let n be any posi- 
tive integer ; then will a" — S" be divisible by a — b. 



a—b a~b 

hence a" — 5" is divisible by a — b, if a""^ — 6"~* is divisible 
by it. Now a — b is divisible by a — b; therefore a* — 5* is 
divisible by a — b; therefore, again, a' — b^ is divisible by a — b, 
and so on ; hence a" — J" is divisible by a — b, if w is a posi- 
tive integer. 

Performing the division indicated in (1), we obtain 

« 

a — 

OoE. 1.— .The number of terms in the quotient is n. 

CoK. 2. — If b^a, each term of the quotient becomes equal 
to a"~*; hence, 



\a —bh 



-nOT'-'^ . . . (3). 
CoE. 3.— Substituting (? for a and d^ for b in (2), we have 

fin /78ra 



STKOPSIS FOB EEVIEW. 301 

hence, 

The difference, ietween the like even powers of any two quan- 
tities is divisible by the difference between the squares of the 



CoE. 4. — Multiplying both members of (4) by c — d, we 
obtain 

i ^ — (c — cZ) (ca»-3 + c2»-*d3 + .... + (?d?^-i + (Z3»-2) ; 

hence, 

Tlie difference between the like even powers of any two quan- 
tities is divisible by the sum of the quantities. 

CoK. 5. — Substituting c™ for a and d"' for b in (3), we have 

cm _(;»> " ^ ■* -r . . . . -ri« , 

hence, 

The difference between the lilce powers of any two quantities is 
divisible by the difference between any other like powers of the two 
quantities, if the exponent in the first set of powers is divisible by 
that in the second set. 

Cob. 6. — When n is odd, we have 

a"— (— &)"_ a" + 5" 
a — ( — b) a ->r b' 

Now by the theorem, a" — (— by is divisible by a — (— 5) ; 
hence a" + 6" is divisible by a + 5 when n is odd ; that is. 

The sum of the like odd powers of any two quantities is divisible 
by the sum of the quantities. 

Performing the division indicated, we obtain 

«w _j_ jf^ 

^ " = a«-i — a"-3 5 + a"-3 5s + ..,._ ajt-a + S»-i. 
a + 

463. SYNOPSIS FOR EEVIEW. 

CHAPTER XVII. ( (460. 

MATHEMATICAL IHDUOTION, ( ™°^*=*'^- \ 461. Oor. 1, 2, 3, 4, 5, & 



OHAPTEE XYIII. 

PEMUTATmS-COMBIMTIONS-BINOMIALTHEOEEM-EXTMCTIOIf 
OF fflGHER'KOOTS. 



PERMUTATIONS. 



463. The JPermutations of n things, taken r at a time, 
are the results obtained by arranging the things in every possible 
order in groups of r each. Thus, the permutations of the letters 
a, i, c, taken two at a time, are 

ab, ia, ac, ca, he, cb. 

The permutations of the same letters taken all at a time, are 

dbc, acb, hoc, lea, cab, cba. 

It is evident that r cannot be greater than n. 

464. To find the number of permutations ofn things, 
taken ?• at a time. 

Suppose the n things to be n letters, a,b,c,d . . . . 

The number of permutations of n letters, taken one at a time, 
is n. 

In order to form all the permutations of n letters, taken two at 
a time, we must annex to each letter each of the n — 1 other 
letters. We thus obtain n(n — 1) permutations. 

In order to form all the permutations of n letters, taken three 
at a time, we must annex to each of the permutations, taken two 
at a time, each of the w — 2 other letters. "We thus obtain 
n{n — l){n — 2) permutations. 
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In the same manner it may be shown that the number of per- 
mutations of n letters, taken 4 at a time, is n {n—1) {n—2) (n—d). 

Prom these cases it might be conjectured that the number of 
permutations of n letters, taken r at a time, is 

n{n — l){n — ^){n — Z) . . . . {n — r + 1). 

To show that this is true, we employ the method of mathemat- 
ical induction. 

Denote the number of permutations of n letters, taken r at a 
time, by P„ aud suppose for a Certain yalue of r that 

P^ = w (w — 1) (w — 3) (w — 3) . . . . (w — r + 1) . . . (A). 

!N"ow, in order to form all the permutations of n letters, taken 
r +1 at a time, we must annex to each of the P,. permutations 
each of the n — r other letters. We thus form 

w (ra — 1) (to — 2) (w — 3) . . . . (w — r + 1) (w — r) 

permutations. Hence, denoting the number of permutations of n 
letters, taken r + 1 at a time, by P^+i, we haye 

P,.^! = TO (w — 1) (w — 2) (w — 3) . . . . (to — r + 1) (to — r), 

which may be written 

P,+i = TO (to-1) (n-2) (to-3) (ro-r- + l)[TO-(r + l)+l]. 

This equation is of the same form as (A) ; that is, it may be 
deriyed from (A) by simply substituting r -\-l for r. 

If then (A) is true when r is a certain number, it is true when 
we increase that number by one. But (A) has been shown to be 
true when, r = 3 ; it is therefore true when r = 4 ; it is there- 
fore true when r = 5; and so on. Hence the formula must be 
uniyersally true. 

CoE. — If r = n, (A) becomes 

P„ = to(to-1)(to-2)(to-3) 1 . . . (B). 

That is. 

The number of permutations of n things, tahen n at a time, is 
equal to the product of the consecutive numbers from 1 to n inr 
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For brevity, % (>« — 1) (w — 3) (w — 3) . . . . 1 is often de- 
noted by the symbol \n, which is read, /ac^on'a? w. 

465. To find the number of permutations of n. 
things, taken w at a time, when some of the things are 
identical. 

Suppose the n things to be n letters ; and suppose p of them 
to be a, q of them to be 5, /• of them to be c, and the others to be 
unlike. 

Denote the required number of permutations by N, If in any 
one of these If permutations the p letters a were changed into p 
new letters different from each other, and also different from all 
the other letters contained in the permutation, then, without 
changing the situation of the other letters, we could from the 
single permutation form \2_ different permutations; therefore 
the whole number of permutations would be N x [g. In like 
manner, if the q letters b were changed into q new letters differ- 
ent from each other, and also different from all the other letters 
contained in the N x [£^ permutations, we could form N x [£ 

X [£ permutations ; and if the r letters c were alsp changed in 
the same way, the number of permutations would be N x [g 

X I2 X [r. But this number must be equal to the number of 
permutations of n dissimilar things, taken w at a time ; hence, 

Nx[^xl£x[r = lre; 

\n 

whence, N^=i t" — t • • • (C). 

\£_x \gx\r ^ ' 

466. PHOJBJOEMS. 

1. How many different permutations may be formed of 8 let- 
ters, taken 5 at a time ? Ans. 6730. 

3. How many different permutations may be formed of all the 
letters of the alphabet, taken 4 at a time ? Ans. 358800. 

3. How many different permutations may be made of 6 things, 
taken 6 at a time ? Ans, 730, 
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4. How many different numbers may be formed with the five 
figures, 5, 4, 3, 2, 1, each figure occurring once, and only once, in 
each number? Ans. 120. 

5. How many different permutations may be made of the letters 
in the word Longitude, taken all together ? Ans. 362880. 

6. How many different permutations may be made of the let- 
ters in the word Caraccas, taken all together ? Ans. 1120. 

7. How many different permutations may be made of the let' 
ters in the word Heliopolis, taken all together ? Ans. 453600. 

8. How many different permutations may be made of the let- 
ters in the word Ecclesiastical, taken all together ? 

Ans. 454053600. 

9. What Talue must n have in order that the number of per- 
mutations of n things, taken 4 at a time, may be equal to 12 
times the number of permutations of n things, taken 2 at a time ? 

Ans. w = 6. 

COMBINATIONS. 

467. Tlie Combinations of n things, taken ?• at a time, 
are the results obtained by arranging the things in as many differ- 
ent groups of r each as possible, without regarding the order in 
which the things are placed. Thus, the combinations of the let- 
ters a,'!), c, taken two at a time, are 

ab, ac, he. 

It will be observed that if the letters be regarded as factors, 
the combinations which may be formed by taking r at a time 
wiU constitute all the different products of the r*'^ degree, of which 
the letters are capable. 

468. To find the mimber of combinations of re things, 
taken r at a time. 

Denote the number of combinations of n things, taken r at a 
time, by 0^, and the number of permutations of n things, taken r 
at a time, by P^ 
20 
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It is evident that all of the P^ permutations can be formed by 
subjecting the r letters of each of the C^ combinations to all the 
permutations of which these letters are susceptible, when taken r 
at a time. Now, the number of permutations of r letters, taken 
r at a time, is \r_ (464, Cob.) ; therefore the number of permuta- 
tions of n letters, taken r at a time, is 0^ [r ; hence, 

p 

whence, 0,. = -^. 

|r 

But P,=m(w— l)(w-2){w-3) .... (w— r+1) (464); 

._ ^^_ n{n-\){n-%){n-Z) (w-r+1) _ _ _ ^^ 

469. The number of combinations of n tilings, taken r at a 
time, is equal to tJie number of combinations of n tilings, taken 
n — r at a time. 

Denote the number of combinations of n things, taken n — r 
at a time, by 0„_,. ; then by (D), 

„ _ w(w— l)(w— 2)(w— 3) .... \n—{n—r) + l'\ 
^"^~ \n-r 

^ w(w-l)(w-2)(w-3) .... (r + 1) _ _ 

|w — r • • • \ )• 

Multiplying both terms of the second member of (1) by \r, 

\n_ 

C„_r =: -. j . . . (3). 

\rx \n — r ^ ' 

Multiplying both terms of the second member of (D) by 

\n — r, 

\n 



C,. = -. j . . . (3) ; 

\r_ X \n — r ^ ' ' 

a=c„_, . . . (4). 
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4W. 



FMOBZMMS. 



1. Find the number of different products that can be formed 
with the numbers 1, 2, 3, 4, 5, taken 2 at a time. Ans. 10. 

2. What yalue must n have in order that the number of per- 
mutations of n things, taken 5 at a time, may be equal to 120 times 
the number of combinations of n things, taken 3 at a time ? 

Ans. 8. 

3. When n is even, what value must r have, in order that 0^ 
may be the greatest possible ? j _ ^ 

i. When n is odd, what value must r have, in order that 0, 



may be the greatest possible ? 



Ans. r: 



n±l 



5. Prom a company of soldiers numbering 96 men a picket of 
10 is to be selected ; in how many ways can it be done so as always 
to include a particular man ? ^195 

6. From a company of soldiers numbering 96 men, a picket of 
10 is to be selected ; in how njany ways can it be done so as always 



to exclude a particular man ? 



^^^- jlOx [85' 
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471. {x + a){x+b)=a? + a 


x + ab. 




+ i 




(x + a) {z + h) {x + c) =0? + a 


a;3+ ab 


x + dbc. 


.+ i 


+ ac 




+ c 


+ be 




{x + a) {x + b) (x + c) {x + d) =a^ + a 


7?+ ab 


x^ + dbc 


+ i 


+ ac 


+ abd 


+ c 


+ ad 


+ acd 


+d 


+ be 


+ bed 


+ hd 






+ cd 





X + abed. 
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In each of these identities we observe the following laws : 

1. Tlie number of terms in the second member is one greater 
than the number of binomial factors in the first mepiber. 

2. The exponent of x in the first term of the second member is 
equal to the number of bimmial factors, and in each of the suct 
ceeding terms the exponent of x is one less than in the precedifig 
term. 

3. TJie coefficient of the first term of the second member is unity, 
the coefficient of the second term is the sum of the second terms of 
the binomial factors ; the coefficient of the third term is the sum 
of all the products of the second terms of the binomial factors, taken 
two at a time ; the coefficient of the fourth term is the sum. of all 
the products of the second terms of the binomial factors, taken three 
(it a time ; and so on : the last term is the product of all the second 
term^ of the binorriial factors. 

4T3. That the laws stated in the preceding Article are gen- 
eral may be shown as follows: 

Suppose the laws to be true in the case of n binomials, x ■\- a, 
X + b, X + c . . . . (c + h; that isj suppose 

{x+a)(x + b){x+c) .... (a; + /fc)=a;» + Pia?'-i + Pg«»-3+P32^"^ 

+ P„ . . . (1), 

in which P^ = the sum of the terms a,b,c....k, 

Pg = the sum of the products of these tei-ms, taken two 
at a time, 

Pj = the sum of the products of these t^nns, taken 
three at a time, 



P„ = the product of all these terms. 
Multiplying both members of (1) by x + I, 
{x + a)ix + b){x+ c) .... {x+k){x + T) = 



£C"+1 + Pj 
+ 1 



ai-' + Pg 



+ Ps 

+ P8' 



B»-a 



+ -PJ ■ ■ ■ (3). 
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Now 'P^ + l = a + I> + c . . . . +k + l 

= the sum of all the terms a,b,c,....h, I; 

Pg + Pj? = Pg + (a + & + c + Ic}.l 

= the sum of the products of all the terms 
a,b, c, . . . .h, I, taken two at a time ; 
P3 + PgZ — 'Pi + {ab+acl + ac-irlc + M + cd. . . .)l 

= the sum of the products of all the terms 
a,i,c,....k, I, taken three at a time . 



P„Z = the product of all the terms a,l), c, . . . . le, I. 

The law of the exponents in (3) is also the same as in (l), 

Heuce, if the laws are true when n factors are used, they will 
be true when n + 1 factors are used. But they hare been shown 
to be true when w = 4 ; therefore they are true when « = 5 ; 
and so on. Hence the laws must be true unirersally. 

473. The number of teritns in Pj is obviously n; the number 
of terms in Pg is equal to the number of combinations of n things, 

taken two at a time, that is, —^t^ — - (468) ; the number of 

terms in Pg is equal to the number of combinations of n things, 

taken three at a time, that is, — ^ r—^^ '- ; and so on. 

Now suppose a = 5 = c= . , . . ^; then Pi=wa, 

p^=M!L=^«., p^^ M«-lH^-a) ,s, a^dsoon. 

Under this hypothesis, (1) of Art. 473 becomes 

If 

This is the Binomial Formula. The second member 
of this formula is called the Expansion or Development 

of {x + a)") and when we put this expansion or development in 
the place of {x + a)" we are said to expand or develop {x + »)". 
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4T4. The coefiBcient of the product of the powers of a and x 
in any term pf the expansion of {x + a)" is called the coefficient 
of that term. Thus, the coefiBcient of the third term of the 

n{n — V) 



expansion of (x + a)" is 



^ 



4'75. The first letter in an expression of the form of (a; + a)" 
is called the hading letter. 

4'76. Another Proof of the Binomial Formula. — 

We can verify the Binomial Formula by trial for small values of 
n as %, 3, 4. 
Assume 

I* l5 

+ . . . . +a» . . . (1). 

Multiplying both members of (1) by a; + a and reducing, 

^ {n + lMn-1) ^,^_,_^ .... +«»+! . . . (3); 

that is, the expansion of {x + a)"+i is of the same form as that 
of {x + a)". Hence, if the Binomial Formula is true for any ex- 
ponent, it is true when the exponent is increased by unity. But 
the formula is true when w = 4; it is therefore true when n=:5; 
it is therefore true when w = 6 ; and so on. Hence the Bino- 
mial Formula is true for any positive integral exponent. 

Cob. 1. — If we multiply the coefficient of any term in tlie ex- 
pansion of {x + a)" ly the exponent of x in that term, and di- 
vide the product ly the number obtained by adding 1 to the expo- 
nent of a in the same term, the quotient will be the coefficient of 
the succeeding term. 

CoE. 2. — The sum of the exponents of a and x in any term of 
the expansion of {x + a)" is equal to n. 
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477. To find the sum of the coefficients in the ex- 
pansion of {x + ay. 

The formula 

[£ l£ 

+ . . . . +a» 

is true for all Talues of x and a, and the coefficients are indepen- 
dent of X and a. Suppose a; = a = 1 ; we then have 

That is, the sum of the coeflBcients in the expansion of (a;+a)" 
is2». 

478. To find the r'* term of the expansion of 
{x + ay. 

The exponent of a in any term of the expansion of {x + a)" is 
one less than the number of that term ; hence the exponent of a 
in the r** term is r — 1. The sum of the exponents pf a and x 
in any term is n ; hence the exponent of x in the r** term is 
n — r + 1. The coefloicient .of the second term is equal to the 
number of combinations of n things, taken one at a time ; the co- 
eflBcient of the third term is equal to the number of combinations 
of n things, taken kvo at a time ; and so on ; hence the coefficient 
of the r'* term is equal to the number of combinations of n things 
taken r — 1 at a time ; that is, 

n{n-l){n-%){n-d) {n-r + %) ^^gg^_ 

Therefore, denoting the r*^ term by T„ we haye 

T _ n{n-l){n-2){n-?,) .... {n-r + %) ^,^_^^,_ 
'■ I?- — 1 

It should be observed that r cannot be greater than w + 1. 
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4:19. In the expansion of (x + a)" the coefficient of the r** 
term from the beginning is equal to the coefficient of the r^ term 
from the end. 

The coefficient of the r'* term from the beginning is 

n(n-l)(n-2){n-3) .... {n-r + 2) 

\r — 1 ^' 

Multiplying both numerator and denominator by \n — r + l, 
this becomes 

\r — 1 X \n — r + 1' 



The »•'* term from the end is the (n — r + 3)'* term from 
the beginning, and its coefficient is 

n{n-l)in-2){n-S) .... [n-{n-r + 2) + 2] 

\n — r+l ^ '' 

which becomes by reduction 

n{n—l){n—2)(n,—Z) . . . . r 



\n — r+\ 

Multiplying both numerator and denominator by \r —^ 1 , this 
becomes 

\r ^1 X \n — r + 1 ' 

480. To obtain the Expansion of {x -^ a)", it is suffi- 
cient to put — a in the place of + a in the expansion of 
{x + a)". The terms which contain the odd powers of — d will 
be negatiTe, and the terms which contain the eyen powers of — a 
will be positive. Hence, 
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481. EXAMPZES. 

1. Expand (a + 5)«. 

First Solution. — In the expansion of {a + by the powers of a are 
a% a*, a% a% a\ aP; 
the powers of 5 are ¥>, l\ 1?, l\ ¥, W ; 

and the coefficients are 1, 5, 10, 10, 5, 1 (41'6, CoE.l). 

(a + lf — a^ + ha^b + lOaW + lOa^s + ba¥ + Jfi. 

Second Solution. — The hteral parts of the terms of the expan- 
sion of {a + by are 

«5, a^b, aW, aW, a¥, ¥, 

ajid the coefiacients are 1, 5, 10, 10, 5, 1 ; 

{a + bf-a^ + 5a^b + lOaW + lOaW + 5a¥ + V. 

Third Solution. — Substituting a for x, b for a, and 5 for n, in 
the Binomial Formula, we have 

(a +5)5 = fflS + 5fl45 4. iQaW + IQaW + ba¥ + ¥. 

3. Expand (3a; — 3a)*. 

Powers of 3a;, 16a:*, Bx% ^x>, 2x, (3a;)''; 

Powers of —3fl, (— 8«)», —3a, Qa', —37a', 81a*; 

CoeflSicients, 1, 4, 6, 4, 1; 

.-. (3a; — 3a)* = 16a;* — 96aa;3 + 216a2a;3 — 316a'a; + 81a* 

3. Expand {a + b + c + df. 

Put x=.a + b and y=.c + d; then 

{a + l + c + df={x + yY = oi? + Zx^y + 3a;/ + y\ 

Substituting for x and y their values, 

{a+i+c-\-d)^={a+bf+3{a+bY{c + d)+d{a + b)(c+df+{c+d)^ 
=a^ + 3a^ + 3ab^ +¥ + 3o?c + <6abG + 3&ic + 3a^d 
+ Qabd + 3¥d + 3ac^ + 6acd+3ad^+3bc^ + 6bcd 
+ 3bd» + c^ + 3(?d + 3cd^ + d\ 



Tfi = . ■ n .o / i^a^^ = 13656%". 
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4. Find the 5th term of the expansion of (« + i)^. 
Substituting a for x, i for a, 15 for n, and 5 for r in the 

formula of Art. 4*78, we have 

1 5 X 14 X 13 X 12 ., 
1x2x3x4 

5. Expand (a — iy. 

Ans. flS _ 50-45 ^ loasjs _ \QaW + 5a5* — ¥. 

6. Expand (1 + cf. 

Ans. 1 + 6c + 15c8 + 200= + 15c^ + 6c5 + c«. 

7. Expand (« + t/)''. 

8. Expand (a^ — 1)8. /' 

Ans. ai8— 8a" + 28a>3_56aio+TOa8— 56a«+28««— 8a2+l. 

9. Expand (a — c)'. 

Ans. a? — 9a% + 3Ga''(? — 84,a^(^+ 126a^ci—126a*(fi+84:a^(^ 
— dWc' + 9a(fi — c9. 

10. Expand {l+axf. 

Ans. 1 + 5aa; + lOaJ^x^ + lOaW + 5a*a:* + a^x^. 

11. Expand (3« + 2c)5. 

A ns. 243^5 + 810a% + 1080aSc2 + 720aV + 240ac* + 32c5. 



12. Expand {^—fj 



A -it^po- 010K 3125 , 625 , , 125 , bx^ , a;^ 
Ans. 15620-3125 ^ + -3^^^-^a;B+_^4___ + ___. 

13. Expand (a^ — ab + h^K 

Ans. fflS _ 4a75 + lOa^S' — lea^js + 19a<J* — lea'js ^ 10^856 
— 4aS' + ^i^. 
14 Find the middle term of the expansion of (a + a;)!". 

^ws. 252a^a:'. 

(3a 4?'\* 
-^ + -^ 1 . 

54 
25 

16. Find the 2001"' term of the expansion of \d^ + x'^J ' 

Ans. 2003001a^a;«». 
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THE W«* ROOT OP QUANTITIES. 
483. To find the n*^ root of a polynomial. 

m (^i 2.^ 

Find the w** root of a^ + waaj^-^H — ^^ — ^-aJ^af"-^ .... + a". 

If 

a;" + m(iKB»~i H ^ , ' chS'^ .... +a'\x + a 

. (a; + fl)" = a?» + waa?*"! 4 ^- — - cu^aS^-^ .... + ffi» 

If 

Arrange the terms according to the descending powers of x. 
The nP^ root of the first term, a;", is x, which is the first term of the 
required root The second term of the root may be found by 
dividing the second term of the given polynomial by ma?'"^ 

If there were more terms in the root, we should proceed with 
X + a as we did with x. 

MULE. 

I. Arrange the given polynomial according to the powers of one 
of its letters. 

n. Extract the n*^ root of the first term; the result will be the 
first term of the required root. Subtract the «'* power of this 
term from the given polynomial. 

III. Divide the first term of the remainder by n times the 
{n — ly^ power of the first term of the, root j the quotient will be 
the second term of the root. Subtract the n*'^ power of the sum of 
the first and second terms of the root from the given polynomial. 

rV. Tahe n times the (n — 1)** power of the sum of the first 
and second terms of the root for a second divisor. Divide the first 
term of the second remainder by the first term of the second divisor; 
the quotient will be the third term of the root. Subtract the w'* 
fower of the sum of the first, second, and third terms of the root 
from the given polynomial. 

V. Proceed in this manner until all the terms of the root have 
been found. 
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CoE. — ^If the root contains only two terms, it may he obtained 
by extracting the w^* root of the extreme terms of the arranged 
polynomial, and placing the proper sign between the results. 
Thus, the cube root of a^ + Sa^b + ^a¥ -^-W is a + 5, and the 
cube root of a? — 3a^b + Zalt' — ¥ is a — i. 

1. Find the fourth root of 16a* — mahs + 216aV + 8I2;* 
— 316aa^. Ans. 2a — 3x. ' 

2. Find the fifth root of 80a^ + 32a,^ — 80fl* — iOa^ + lOas-l. 

Ans. 2a — 1. 

3. Find the fourth root of 336a5 + Sla^ _ 216a'' — 56a* + 16 
— 224a3 + 64a. A ns. 3a^ — 2a — 2. 

L Find the fourth root of a* — ^a% + ^aW — iaV + 6*. 

Ans. a — 8. 

5. Find the fifth root of v^^ha^l-\-\WU^-\-\Wl?^-ha¥^l\ 

Ans. a + S. 

6. Find the sixth root of a«— ea^+lSa*— 30aS+15«'— 6a + l. 

a — 1. 



7. Find the seventh root of aHW+31a6+35a*+35aS+31a2 
+ 7a4-l. Ans. a + 1. 

8. Find the eighth root of a?— Sajf+SSas^— 84a;5+105a^— 84a;S 
+ 28a;2— 8a;+l. Ans. x — 1. 

483. To find the n'^ root of a number. 

For a reason similar to that given in Art. 3T1, we separate 
the given number into periods of n figures each, beginning with 
units. The m* root of the greatest n*^ power contained in the 
period on the left will be the first figure of the root. If we sub- 
tract the n*'^ power of the first figure from the given number, and 
divide the remainder by n times the {n — 1)** power of that 
figure, regarding its local value, the quotient will be the second 
figure of the root, or a figure too large. The result may be tested 
by subtracting the m** power of the number represented by the 
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first and second figures of the root from the given number. If 
there are additional figures in the root, they may be found in the 
same manner. 

JSXAMPLEB. 

1. Find the fifth root of 33554433. 

335,54432(30 + 2 = 32 
305= 243 00000 

5 X 30* = 4050000) 9254432 
32= = 33554432 

2. Find the fourth root of 79502005521. Ans. 531. 

3. Find the fourth root of 75450765.3376. Ans. 93.2. 

4. Find the fourth root of 2526.88187761. Ans. 7.09. 

5. Find the fifth root of 418227202051. Ans. 211. 

6. Find the seventh root of 34359738368. Ans. 32. 



484. 
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E-i 

% 



PEEMUTATIOKS 



OOMBDfATIONS. 



BINOMIAL rOEMULA. 



EXTRACTION OF 
HIGHEE EGOTS. 



n THINGS TAKEN r AT A TIMB. 
n THINGS TAKEN TO AT A TIMB. 
n THINGS TAKEN TO AT A TIME, WHEN 

SOME ARE IDENTICAL. 
n THINGS TAKEN r AT A TIME. 
INTBEPRET THE EQUATION 0^ = 0„_r. 

' Product of n binomials whose first 

TEEMS AEB IDENTICAL AND WHOSE 
SECOHD TERMS ARE DIFEEEENT. 
GBNBEAL LAWS. 1, 3, 3. 

Binomial Foemtila. 

Coefficient of a term op the ex- 
pansion OP {x + aY- 

Leading letter. 

Another peoop op Binomial Foe- 
STDLA. Cor. 1, 2. 

To FIND the sum op cobppicients in 

THE expansion OP {x -f «)". 

To find THE r** TEEM OF THE EXPAN- 
SION OF (» + a)". 

Expansion of (x — rt)". 

To FIND THE ra'* ROOT OF A POLYNO- 
MIAL. Rule. Cor. 
To FIND THE ra* BOOT OP A NUMBEB. 



OHAPTEE XIX. 
IDE]S"TIOAL EQUATIOS"S, 



PEOPBRTIES OP IDENTICAL EQUATIONS. 

485. If the equation 

A + 'Bx+Ca^+'Dx^+ etc. = A' + B'x + G'x>+'D'afi+ etc, 

in which A, B, C, D, etc., A', B', C, D', etc., are finite quantities 
independent of x, is an identity, the coefficients of the like powers 
of X are equal to each other. 

Since this equation is true for every value that may be assigned 
to X (ITS), it must be true when a; = 0. But when a; = 0, all 
the terms disappear except A and A', and the equation becomes 

A = A'. 

Dropping A from one member of the given equation, and A 
from the other, 

Ba; + Ca^ + Da;3 + etc. = B'a; + C'a? + T>'o^ + etc. 
Dividing both members of this equation by x, 

B + Ca; + Da;2 + etc. = B' + Qlx + D'a;^ + etc. 
Making a; = 0, as before, this equation becomes 

B = B'. 
In like manner it may be shown that 
C=C', 
D = D', etc. 
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486. If the equation 

A + Ba: + Ca;3 + Da:3 + etc. = 

IS an identity, each of the coefficients A, B, C, D, etc., is equal to 
zero. 

Since this equation is true for every value that may be assigned 
to X, it must be true when x = 0. But when x—0, the given 
equation becomes 

A = 0. 

Dropping A from the given equation, and dividing the result 
hjx, 

B + Cx + 'Dx^ + etc. = 0. 

Making a; = 0, as before, this equation becomes 

B=:0. 

In like manner it may be shown that 
= 0, 
D = 0, etc. 

487. Undetermined, Coefficients are such as are un- 
known in an assumed identity. Thus, if we assume {x + a)^ = 
Asfi-i- Bx^ + Ca; + D to be identically true. A, B, C, and D are 
undetermined coeflBcients. 

DECOMPOSITION OF RATIONAL FRACTIONS. 

488. To Decompose a national Fi^action is to 

separate it into fractions whose sum is equal to the given fraction 
and the product of whose denominators is equal to the given de- 
nominator. The parts into which the given fraction is separated 
are called Partial Fractions. 

EXAMPI-ES. 

1. Separate -z — ^ tR iiito partial fractions. 

The factors of the denominator are a; — 5 and x — %; hence 
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the denominator of one of the partial fractions is x—5, and 
that of the other is x — 2. 

. 8a; — 31 A , B ,,, 

Assume ^^^-^^ = ^ITg + ^^ • • • (l)' 

Since the first member is the sum of the two fractions in the 
second member, this equation is an identity. 

Clearing (1) of fractions and uniting similar terms, 

8a;— 31=(A + B)a;— (3A + 5B) . . . (3). 

whence, A = 3 and B = 5. 

Substituting 3 for A and 5 for B in (1), 

8a; — 31 3 5 



a;8 — 7a; + 10 a; — 5 

7a;* + X 
2. Separate ^ — , -^ into partial fractions. 

7a;* + ^ A , B 



(a; + 1) (3a; — 1) a; + 1 ^ 3a; — 1 

Clearing effractions and uniting similar terms, 

7ai' + a;=(3A + B)a; + B — A . . . (3). 

The coefficient of x" in the second member of (3) is ; 

7 = (485), 

which is absurd. Hence the given fraction cannot be separated 
into partial fractions having numerators independent of x. 

. 7a;* + a; Aa; . Ba; ,„. 

^^™^^ (a;+l)(3:.-l) = ^ + I + 3j:ri • ' • (3)- 

Clearing of fractions and uniting similar terms, 

7a;2 + a;=(3A + B)a;2+(B-A)a; . . . (4). 
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Equating the coefiBcients of like powers of x in (4), 

j 2A + B = 7 ) 
I B-A = l[' 

whence, A = 3 and B = 3. 

Substituting 3 for A and 3 for B in (3), 

7a;2 + a; 3.t 3x 



(a; + 1) (2a; — 1) x + 1^2x—l' 

From this example we learn that if we assume an impossible 
form- for the partial fractions, the fact will be made apparent by 
some absurdity in the equations of condition (179). 

Separate each of the following fractions into its partial fractions; 

7a; — 24 ,52 
3. -5 — --— -. Ans. + 



a;2-9a; + 14 a; — 7 a; — 2 

20a; + 2 ^_ « 



2a;3 + 3a; — 20" •2x — 5x + 4.' 

6a;2 — 22a; + 18 . 1 2 3 

Ans. ^ + ^ + 



(x — 1) (a;2 — 5a; + 6)' a;_x^a; — 2^a; — 3" 

1 3 

a; +2 ,222 

Ans. — -— -\ . 

X + 1 x — 1 X 

1111 
„ ^v. . 2 2 3 , 3 



ifi- 


-a; 
10 




x^- 


-13a;2 + 36' 


da? + 5a;2 - 


-3a; 



a; + 2 a; — 2 a; + 3 a; — 3 

„ ^..z T- ^^ .^ . 3x^ 2x 

8- ^5— i • ^ns-Z T + 



x^ — 1 a; — la; + l 
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OHAPTEE XX. 
SERIES. 

GENERAL DEFINITIONS. 

490. A Series is a succession of quantities, each of which, 
except the first, or a certain number of the first, may be derived 
from the preceding one, or a certain number of the preceding 
ones, by a fixed law called the Law of the Series. Thus, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 

is a series, the law of which is that each quantity, except the first, 
is derived from the preceding one by adding unity to it. 

491. The Terms of a series are the quantities of which the 
series consists. 

493. A Finite Series is one which, by its law of forma- 
tion, can have only a, finite number of terms. Such a series is said 
to terminate. Thus, the expansion of {x + a)", when m is a pos- 
itive integer, is a finite series. 

493. An Infinite Series is one which, by its law. of 
formation, may have an infinite number of terms. Such a series 
is said not to terminate. Thus, 

1111 1 1 



^' 3' 4' 8' 16' 32' 64' 



is an infinite series. 

494. A Converging Series is an infinite series, the sum 
of the first n terms of which cannot numerically exceed some finite 
quantity, however great n may be. Thus, 
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1 1 1 J^ 

' a' 4' 8' 16' 

is a converging series, for the sum of its first n terms cannot 
exceed 3, howeTer great n may be. 

495. A Diverging Series is an infinite series, the sum of 
the first n terms of which can be made numerically greater than 
any finite quantity by taking n sufiSciently great. Thus, 



1, 2, 3, 4, 5, 6, 7, 8, 
is a diyerging series. 



ARITHMETICAL PROGRESSION. 

496. An Arithmetical ^Progression, or a Pro- 
gression hy Difference, is a series in which the difference 
between the first and second terms is equal to the difference 
between any other two consecutive terms. Thus, 1, 3, 5, 7, 9 is 
an arithmetical progression. 

An arithmetical progression is sometimes called an Arith- 
metical Series, 

For brevity we shall sometimes use A. P. for the phrase 
arithmetical progression. 

497. The Extremes of an A. P. are the first term and the 
last term ; the other terms are the Means. 

498. Hie Cotnmon Difference of an A. P. is the 

remainder obtained by subtracting any term from the one which 
follows it. Thus, in the progression 1, 3, 5, 7, 9, the common 
difference is 2. 

499. An Increasing A. P. is one in which the com- 
mon difference is positive. Thus, 1, 2, 3, 4, 5 is an increasing 
A. P. 

500. A Decreasing A. P. is one in which the common 
difference is negative. Thus, 9, 7, 5, 3, 1 is a decreasing A. P. 
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501. Notation. — In treating arithmetical progressions we shall 
use the following notation : 

a = the first term of the progression, 
I = the last or n^ term, 
d = the common difference, 
n = the number of terms, 
s = the sum of all the terms. 

Thus, in the A. P. 1, 3, 5, 7, 9, 

a = l, 1=9, d = 2, n = 5, s = 25. 

503. To find I when a, d, and n are giren. 

The first term is a, the second term Ss, a -\- d, the third term is 
a + 3cZ, the fourth term is a + Zd, and so on ; hence the nP^ 
term is a + (m — 1) d; that is, 

Z = a + (w — 1) «?. 

503. To find s when a, I, and n are given. 

s=:a + {a + d) + ia+%d)+{a + Zd)+ . . . . +1 . . . (1). 
InTcrting the order of terms in the second member of (1), 

s = l+{l—d)-ir{l—M)->r{l—Zd)+....+a . . . (3). 
Adding (1) and (2), 
2s=(a + + («+0 + («+0+ +{a+T)=n{a+T) . . . (3); 

whence, s = ^ (a + Z) . . . (4). 

504. In an A. P. the sum of any two terms equidistant from 
the extremes is equal to the sum of the extremes. 

Let X denote a term which has m terms before it, and y a term 
which has m terms after it ; then 

whence, x + y =^a + 1. 
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505. To insert any number of arithmetical means 
between two given quantities. 

Let a and i be the given quantities, and let it be required to 
insert m arithmetical means between them; that is, let it be 
required to form an A. P. whose extremes are a and h and the 
number of whose terms is m + 3. 

Substituting b for I and m + 3 for w in the formula of 
Art. 503, we have 

h =^ a + {m + 1) d; 
i — a 



whence, d ■■ 



' m+1' 



By adding the common difierence to a we obtain the second 
term ; by adding it to the second term we obtain the third ; and 
so on. 

Example. — ^Insert 10 arithmetical means between 5 and 38. 
38-5_ 

"'-lo + i-^' 

hence the required progression is 

5, 8, 11, 14, 17, 30, 33, 36, 39, 33, 35, 38. 

506. To find any two of the quantities a, I, d, n, 
and s, when the three others are given. 

I.l = a + {n~l)d\ 
The group \ w , , y. >• 

contains the five quantities a, I, d, n, and s ; hence any two of 
them may be found when the three others are given. 

The ten cases are given in the following table as an exercise 
for the student. 

Each case is an example of two simultaneous equations with 
two unknown quantities. 
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OITEN. 


TO riND. 


a, d, n 


I, s 


a, d, I 


n, s 


a, d, s 


n, I 


a, n, I 


d, s 


a, n, s 


d, I 


a, I, s 


d, n 


d, n, I 


a, s 


d, n, s 


a, I 


d, I, s 


a, n 


I, n, s 


a, d 



BESniTINQ TfOBXai^M. 



1. 

2. 



4. 
5. 
6. 

1. 
8. 



10. 



l=a+{n—l)d, s=^[2a+(w— l)tZ]. 
^_^-«, 1 _ {l+a){l-a + d) 



d—^± A/(2a — df + 
M. 



J I —a 1^ I , t\ 

d = --^, s = ^{a + T). 

2 (s — an) , 2s 

n{n — l) n 

F — a^ 2s 

a = ; 



■ 2s — a — ? 



a + V 



n. 



a=l—(n—l)d, s=^{2l—{n-l)d]. 

_2s—n(n — l)d j_2s + n(n — l)d 
"'- %n '''- %n • 

'a = \\d± V(2 ; + df — 8ds], 
_ 2l + d± V{21 + dY — 8ds 
^- M 

_ 3s , _ 2 {In — s) 

n n(n — 1) 



507. 



JPJtOBZEMS. 



1. The first term of an A. P. is 5, the common difference is 3, 
and the number of terms is 24. Find the last term and the sum 
of all the terms. 

We have given a = 5, d = 3, w = 24 ; 

Z = 5 + (34 — 1) 3 = 74, 



and 



34 



s = y[10+ (24-1)3] =948 (506,1). 
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After finding the value of I, we might have found the value of 
s from the formula s = -^{a + 1). Thus, 

s = ^(o + 74) = 948. 
3. Given a = 15, tZ = — 2, and s = 60, to find I and n. 



Z=--3-±j/3(-2)60 + (l5--^-)'=5 or -3, 
and 
^ ^ -2-80±V(30 + y + 8(-2)60 ^ ^ ^^ ^^ ^^.^^ ^^_ 

Both values of n are possible ; for there are two progressions 
which satisfy the given conditions, one having 6 terms, the other 
10 ; these progressions are 

15, 13, 11, 9, 7, 5, 
and 15, 13, 11, 9, 7, 5, 3, 1, —1, —3. 

Another Solution. — Substituting the given values in the group 
Uz=a + {n-l)d) 
js = |(a + J' 

we obtain the group 

( 1=15— 2 (n — l)) 
|60 = |(15 + \' 

whence, ? = 5 or — 3, and w = 6 or 10. 

3. Given a = 275, 1 = 5, and n = 46, to find d and s. 

d= — Q, 

6440. 

4. Given (? = 5, w = 8, .and s = 156, to find a and I. 

^'''- {'J=3?.' 

5. Form an A. P. of 6 terms whose extremes shall be 7 and 37. 

Alls. 7, 13, 19, 25, 31, 37. 



Ans. j 
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6. Given a = 3, w = 60, and s = 31l2, to find d and I 

7. What is the sum of the terms of an A. P. formed by insert- 
ing 9 arithmetical means between 9 and 109 ? Ans. 649. 

8. Find the sum of the first n terms of the progression 1, 3, 3, 

9. Find the sum of the first m terms of the progression 
1, 3, 5, 7, 9, ... . Ans. s = n\ 

10. Sum to 30 terms the progression 116, 108, 100, .... 

Ans. 5 = 0. 

11. Sum to n terms the progression 9, 11, 13, 15, ... . 

Ans. s=-n{% -\- n). 

13. Are the squares of q& — %x — 1, ^ + 1, and a:^ + 3a; — 1 
in A. P. ? 

13. A sets out from a place and travels 1 mile the first day, 
3 the second, 3 the third, and so on. Five days later B sets out 
from the same place and travels 13 miles a day in the same direc- 
tion as A. How long will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 

14. A sets out from a place and travels 1 mile the first day, 
3 the second, 3 the third, and so on. B sets out a days later from 
the same place and travels 5 miles a day in the same direction as A. 
How long will A travel before he is overtaken by B ? 

. 35 - 1 ± V(35 — IP— 8a5 , 
Ans. ^ '■■ days. 

Show that B will never overtake A if a > ^ — ^r — —■ 

oO 

15. A sets out from a place and travels 1 mile the first day, 
3 the second, 5 the third, and so on. B sets out three days later 
from the same place and in the same direction as A, and travels 
13 miles the first day, 13 the second, 14 the third, and so on. 
How long will A travel before he is overtaken by B ? 

Ans. 5 or 14 I 
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16. The distance from P to Q is 165 miles. A sets out from 
P toward Q and travels 1 mile the first day, 2 the second, 3 the 
third, and so on. At the same time B sets out from Q toward P, 
and travels 30 miles the first day, 18 the second, 16 the third, and 
so on. When wiU they meet ? 

Ans. At the end of 10 or 33 days. 

Do A and B meet twice ? 

AEITHMETICAL MEAN. 

508. The Arithmetical Mean of two or more quan- 
tities is the quotient obtained by dividing their sum by their 

number. Thus, the arithmetical mean of a and i is — ^ — , and 

the arithmetical mean of 1, 7, 11, and 5 is 6. 

509. To find the arithmetical mean of the terms 
of an A. P. 

Denoting the arithmetical mean by M, we have, by definition, 

M = i. 

n 

fi 
But s=^(a + 0; 

510. To find a and I when M, d, and n are given. 



s (n — l)d 

a = -^^ — ^r-!— 

n 2 

s (n — l)d 



(506, 8). 



Substituting M for -, we have 



ffl = M — ^^ — jp^ 
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511. 



rnoBiiEMS. 



1. Find fiTe numbers in A. P. whose sum is 25, and whose con- 
tinued product is 945. 

Denote the arithmetical mean by M and the common differ- 
ence by X ; then 



TIT 35 . 



and 



(510); 



' the first term = 5 — 2a; ' 
the second term = 5 — x 
the third term = 5 
the fourth term = 5 + J^ 
the fifth term = 5 + 2a; 

(5 — 2a;) (5 — x) 5 (5 + a;) (5 + 2a;) = 3125 — 625a;^ + 20a;* 

= 945; 



whence, 



a; = ± 2 or ±^ V'218. 



The required numbers are therefore 1, 3, 5, 7, 9, 
or 5 — V^IS, b — \ V^iS, 5, 5 + ^ a/218, 5 + VHS. 

2. Find four numbers in A. P. whose sum is 32, and the sum 
of whose squares is 276. Ans. 5, 7, 9, 11. 

3. Find three numbers in A. P., the sum of whose squares is 
1232, and the square of whose arithmetical mean exceeds the 
product of the extremes by 16. Ans. 16, 20, 24. 

4. Find four numbers in A. P. whose sum is 28, and whose 
continued product is 585. Ans. 1, 5, 9, 13. 

5. The sum of the squares of the first and last of four numbers 
in A. P. is 200, and the sum of the squares of the second and third 
is 136 : find the numbers. Ans. 2, 6, 10, 14. 

6. Find the first term and the common difference in an A. P. 
of eighteen terms, in which the sum of any two terras equidistant 
from the extremes is 31|-, and the product of the extremes is 85^. 
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GEOMETRICAL PROGRESSION. 

513. A Geometrical Progression, or a Pro- 
gression by Quotient, is a series in which the quotient 
obtained by dividing the second term by the first is equal to the 
quotient obtained by dividing any other term by the preceding 
one. Thus, 1, 3, 9, 37, 81 is a geometrical progression. 

A geometrical progression is sometimes called a Geometri- 
cal Series. 

For brevity we shall sometimes use G. P. for the phrase 
geometrical progression. 

513. The Extremes of a G. P. are the first term and the 
last term ; the other terms are the Weans, 

514. The Ratio of a G. P. is the quotient obtained by 
dividing any term by the one which precedes it. Thus, in the 
progression 1, 3, 9, 27, 81 the ratio is 3. 

515. An Increasing G. P, is one in which the ratio is 
gi-eater than 1. Thus, 1, 3, 4, 8, 16 is an increasing G-. P. 

516. A Decreasing G. P. is one in which the ratio is 
less than 1. Thus, 64, 16, 4, 1, J- is a decreasing G. P. 

517. An Infinite Decreasing G. P. is one in which 
the ratio is less than 1, and the number of terms is infinite. 

518. Notation. In treating geometrical progressions we 
shall use the following notation : 

a = the first term of the progression, 

I = the last or w'* term, 

r = the ratio, 

n = the number of terms, 

s = the sum of all the terms. 

Thus, in the G. P. 1, 3, 9, 37, 81, 

a = l, ? = 81, r = 3, w = 5, s = 131. 

519. To find I when a, r, and n are given. 

The first term is a, the second term is ar, the third term is ar\ 
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the fourth term is ar% and so on; hence the w'* term is ar"""i; 

that is, 

, ^ a 

I = at^~^ = - . r". 
r 

CoE. — ^If n = oo and r < 1 ; then Z = - x = ; that is. 
The last term of an infinite decreasing 0. P. is 0. 

530. To find s when a, I, and r are given. 

s = ffl + ar + ar^ + ar' + . . . . + ar""^ . , . (1). 
Multiplying (1) by r, 

rs ^= ar + ar^ + ar^ -\- ar*' + . . . . + ar^ . . . (3). 

Subtracting (1) from (3), 

rs — s = ar" — a . . . (3) ; 

, ar^ — a ... 

whence, s = r- . . . (4). 

r — 1 ^ ' 

Substituting Ir for ar" (519), (4-) becomes, 

Ir — a ,„, 

S — :r . . . (5). 

r — 1 * ' 

Cob. — If n = co and »• < 1 ; then Z = (519, Coe.), and 

(5) becomes s = z^ . . . (6) ; that is, 

The sum of the terms of an infinite decreasing 0. P. is equal 
to the quotient obtained ly dividing the first term ly 1 minus the 
ratio. 

531. J^ a 0. P the product of any two terms equidistant 
from the extremes is equal to the product of the extremes. 

Let X denote a term which has m terms before it, and y a term 
which has m terms after it ; then 



■(519); 
7 ) 

whence, xy — al. 
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533. To insert any number of geometrical means 
between two given quantities. 

Let a and h be the given quantities, and let it be required to 
insert m geometrical means between them; that is, let it be 
required to form a G. P. whose extremes are a and h and the num- 
ber of whose terms is m + 2. 

Substituting I for I and m +2 for w in the formula of 
Art. 519, we have 

whence, /•= i/-. 

By multiplying a by the ratio we obtain the second term ; by 
multiplying the second term by the ratio we obtain the third term ; 
and so on. 

Uxample.-^-IaseTt three geometrical means between t and 113. 

_*/ll3_ 

hence the required progression is 7, 14, 28, 56, 113. 

533. To find the continued product of the terms of 
a G. P. 

Denoting the required product by P, we have 

P = a X ar X ar^ X ar^ X . . . .1 . . . (1). 
Inverting the order of the factors in the second member of (1), 
we have 

7 = 1 X . . . ■ ar^ X ar^ X ar X a . . . (3). 
Multiplying (1) by (3), 
F = (al) {al) (al) . . . . (al) = {al)^ .... (3) (531) ; 



whence, P = V(«0" • • • (4)- 

534. To find any two of the quantities a, I, r, n, 
and s when the three others are given. 

The group j _ ir—g I 
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contains the fiye quantities a, I, r, n, and s ; hence any two of 
them may be found when the three others are given. 

The ten cases are given in the following table as an exercise 
for the student. The value of n in the last four cases cannot be 
found without a knowledge of the properties of logarithms. This 
part of the work must therefore be deferred until Chapter XXI 
shall have been read. 



10 



a, r, n 
I, r, n 
n, r, s 

a, I, n 

a, n, s 
I, n, s 

a, r, I 
a, I, s 

a, r, s 
I, r, 8 



a,s 
a, I 

r, s 

r,l 
a, r 

s, n 
r, w, 

I, n 
a, n 



BESULTIXO FOBMTTL^. 



I = ar^-\ s : 



ar"— a 



_ I _ I (r" — 1) 



».«— 1' 



s (r — 1) {r—J)_sr^ 



ar" — rs = a~s, I (s— Z)"~^= a(s— a)"-^ 
a (s _ a)«-i = l{s~ Z)"-S (s— 0?-"— sr«-i 
= —l. 
Ir- 



Ir—a log. Z — log. a , . 

r — 1 log. r 



'.—a 



p »^ 



log- 
log. I — log. a 



s—V log.(s— ffl)— log.(s— Z) 

a + s{r — l) 
~ r ' 

_ log. \a + s{r — 1)] — log. a. 
log. r 

■^ a = Ir — s {r — 1), 
I ^^ log.;-log. [Z?--s(r-l)] j_ 
log.r 



+ 1. 
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535. FMOBZEMS. 

1. The first term of a G. P. is 8, the ratio is 3, and the number 
of terms is 13. Find the last term and the sum of the terms. 

We have given a = 3, r = 3, n = 12; 

Z = 3x3" = 6144, 
and s = ^^_^ = 13385 (534, 1). 

2. Given s = 1820, w = 6, and r = 3, to find a and I. 

_ 1830 (3 — 1) 



3«- 



:5, 



, 1830(3 — 1)35 ,„,^ _„. „, 
and I = ;_ ' = 1215 (534, 3). 

After finding- the value of a, we might have found the value 
of I from the formula I = «r"~*. 

3. Find the sum of an infinite decreasing G. P. of which the 
first term is 1, and the ratio -. 

s = -^-- = 2 (530, CoE.). 

1-3 

4 Given a = l, 'I — 512, and s — 1023, to find r. 

Ans. r = 2. 

5. Insert two geometrical means between 24 and 192. 

Ans. 24, 48, 96, 193. 

3 9 27 1 

6. Multiply l + 4 + Jg+6i+----*° infinity by - — 

i+l^-6M+----*"^"^'^^*y- ^""'-l- 

7. Find the value of z in the equation 

l + x + x^ + (x? + X^ + x^+ ....to infinity = 2. 

Ans. ^ = s* 
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8. Find the ratio of an infinite decreasing G. P. of whicli the 

5 1 

first term is 1, and the sum of the terms -. Ans. r-=-=. 

4 5 

9. Find the first term of an infinite decreasing G. P. of which 

1 wz 

the ratio is — , and the sum of the terms — — :;. Ans. a = 1. 
m m — 1 

10. Find the sum of the first n terms of the G. P. whose w* 

tennis (— l)™fl*». . o-^ v, ■,\,. ,„ -,-> 

^ ' Ans. s- ^-^ [( - l)»»to - 1]. 

11. Find the ratio of an infinite decreasing G.,P., in which 
each term is ten times the sum of all the terms which follow it. 

Ans. r = j:r. 

13. Find the sum of the first n terms of a G. P. whose first 
term is a, and third term c. /~c^ 






GEOMETEICAL MEAN. 



536. The Geometrical Mean of n quantities is the 
M** root of their product. Thus, the geometrical mean of a and b 

is Vab, and the geometrical mean of 1, 3, 6, and 73 is 6. 

5211. To find the geometrical mean of the terms of 
a Gr. P. 

Denoting the geometrical mean by M, and the product of the 
terms by P, we have, by definition, 

m = Vp. 

But P = A/p)^(533); 

M = Vai. 
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538. To find a and I when M, r, and n are given, 

(519). 



_ I _ al 



I = aiT-^ ■■ 






Substitutang M^ for al, we have 
M3 



a = ■ 



whence, 



M 



J =11-;/^^ 



Cob. l.^If M = Vxy aad r = ar^?^, all the terms of the 
progression are of the first degi-ee and rational if n is even. 

The sum of the exponents in the ratio ar^y is 0; hence all 
the terms are of the same degree. The ratio ar^y is rational; 
hence the terms are either all rational or all irrational It is 
snfi&cient, therefore, to show that the first term is of the first degree 
and rational. 



M 






V: 






^^yi-n —^yi^ 



which is of the first degree and rational when n is even. 

Cob. 2. — ^H M = xy and r = ttSj, all the terms of the pro- 
gression are of the second degree and rational if w is odd. 



M xy 



\/a;y 



y'^-l ^(yr-XyY-\ /\/a;l-"«^-l 






■ '^yf'^hj* 



n+l 3— » 



^=x ' y ' =.x ' y 



w+l - nr-l 
3 ,, 3 



which is of the second degree and rational when n is odd. 
22 
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539. PROBI.EMS. 

1. Find the first term of a G. P. of three terms whose geo- 
metrical meaa is xy and ratio -. 

■' X 

Substituting 3 for n, xy for M, and - for r in the formula 

M , xy xy , 

a = , , we have a = / = -^ = a^. 

2. Write a G. P. of three terms whose geometrical mean is xy 
and ratio ". Ans. x% xy, y\ 

3. Write a Gr. P. of four terms whose geometrical mean is 

-s/xy and ratio ". Ans. —, x, y, ^. 

" X y " X 

4. Write a G. P. of five terms whose geometrical mean is xy 

and ratio -• Ans. —, x% xy, y% ^. 

iu y Qj 

5. Write a G. P. of six terms whose geometrical mean is Vxy 

,. y . a? ofi y^ ifi 

and ratio -. Ans. -5, — , x, y, ^, %. 

X y^ y " X x^ 

6. The sum of three numbers in G. P. is 36, and the sum of 
their squares is 364. What are the numbers ? 

y 
Denote the geometrical mean by xy and the ratio by - ; then 

by the conditions of the problem, 

o? + xy +y^= %Q . . . (1), 

and x^ + x'y^ + y* =z 36i . . . (2). 

Transposing xy in (1) and squaring the result, 

x^ + 3a;y + y*= 676 — 52xy + a?y^ . . . (3) ; 

whence, xl^ + a?y^ -\- y^ — 676 — b2xy . . . (4). 
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Since the first members of (3) and (4) are identical, 
364 = 676 — 53a;2^ . . . (5); 

■whence, 2/ = ~ • • ■ (^)- 

Substituting this value of y in (1) and solving the resulting 
equation, we find a^ = 18 or 3. 

Squaring (6) and substituting for a^ its value, we find 
«/2 = 2 or 18. 
From (6) xy = 6. 

Hence the numbers are 18, 6, and 3. 

7. The sum of four numbers in G. P. is 15, and the sum of 
-their squares is 85. What are the numbers ? 

Denote the geometrical mean by Vxy and the ratio by - ; then 
by the conditions of the problem. 



and S+^' + 2''' + ^ = 85 . . . (2). 



Assume x + y = z, and xy =p; then 

a? -lry^z=z^ — %p, and ^ + y^ = z^—Zzp. 
Substituting 2 for x + y in (1) and z* — 2p for x^ + y^ in 

±+z + ^ = 15 . . . (3), 



y 



X 



and |+,._2p + g = 85 . . . (4). 

Transposing z in (3) and z^ — 2p in (4), 

- + ^ = 15-2 . . . (5), 
y X 

and ^ + t = 86-z^ + 2p . . . (6). 
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Squaring {5) and transposing 'ixy or Up, 

Since the first members of (6) and (7) are identical, 
(15 — 2)2 — 2p = 85-22 + ap . . . (8); 
■whence, gg^ — 302 — 4p = — 140 . . . (9). 

Clearing (5) effractions, 

a? ■\- y^^{\6 — z)xyz^lbp —pz . . . (10). 
Substituting z^ — 3zp for a? + y\ (10) becomes 
^ — dzp = 15j? —pz . . . (11) ; 

whence, .^ = 15!^ ' ' " ^^^^- 

Substituting this yalue of ^ in (9), clearing of fractions, trans- 
posing and reducing, we obtain 

1522 + 852 = 1050 . . . (13); 

35 
whence, 2=6 or — —. 

Substituting 6 for 2 in (13), we find 

We then have .the equations 

x + y = 6 . . . (14), 

and xy=8 . . . (15) ; 

whence, 2; = 4 or 2, and y = 2 or 4. 

The required numbers are therefore 1, 2, 4, 8. 
The second value of 2 leads to imaginary results. 
In the solution of such problems as this and the preceding one, 
the terms of the progression may he represented by 

X, xy, xy\ xy\ xf, .... 

but the notation we have used is generally preferable. 
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8. The sum of three numbers in G. P. is 210, and the last ex- 
ceeds the first by 90. What are the numbers ? 

Ans. 30, 60, 120. 

9. The continued product of three numbers in G. P. is 216, 
and the sum of the squares of the extremes is 338. What are 
the numbers? Ans. 2, 6, 18. 

10. The continued product of three numbers in G. P. is 64, 
and the sum of their cubes is 584. What are the numbers ? 

Ans. 2, 4, 8. 

11. The sum of 120 dollars was diyided among four persons in 
such a manner that the shares were in A. P. If the second and 
third had each received 13 dollars less, and the fourth 24 dollars 
more, the shares would have been in G. P. Find the shares. 

Ans. $3, $21, $39, $57. 

12. The sum of six numbers in G. P. is 189, and the sum of 
the third g-nd fourth is 36. What are the numbers ? 

Ans. 3, 6, 12, 24, 48, 96. 

TREATMENT OF SERIES BT THE DIFFERENTIAL METHOD. , 

530. The First Order of Differences of a series 
is the series obtained by subtracting each term of the given series 
from the following term ; the Second Order of Differ- 
ences is the series obtained by subtracting each term of the 
first order of differences from the following term ; the Third 
Order of Differences is obtained from the second in the 
same way as the second is from the first ; and so on. Thus, 

If the given series be 1, 4, 9, 16, 35, ... . 

The 1st order of differences is 3, 5, 7, 9, . . . . 
The 3d order of differences is 2, 2, 3, ... . 

The 3d order of differences is 0, 0, ... . 

531. The Differential Method is the process of find- 
ing any term of a series, or the sum of any number of its terms, 
by means of the successive orders of differences. 
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533. To find the w* term of a series. 

Let a, I>, c, d, e, . , . . be the proposed series. 
The 1st order of differences is l—a,c—h, d—c, e—d, .... 

The 3d order of differences is c — 2b + a, d — 3c+5, e—2d+c,. . .. 
The 3d order of differencesis d—3c+3b — a, e—3d+3c—I>, .... 
The 4th order of differences is e—M+Bc—ib + a, .... 



Denote the first term of the first order of differences by d„ the 
first term of the second order of differences by d,, the first term 
of the third order of differences by d^, and so on; then 



' di=^b — a 
<?j = c — 3J + a 
ds = d — 3c + 35 — a 
di= e — M + 6c — ib + a 



' b =a + di 
c =a + 2di + d} 
whence, < d = a -\-3di + Sd^ + d, 

e = a + 4<?i + 6<?2 + 4(?3 + <?4 



(1); 



(2). 



The coefiicients in the value of c, the third term of the pro- 
posed series, are 1, 3, 1, which are the coefficients of the expan- 
sion of {x + a)^ ; the coefficients in the value of d, the fourth 
term, are 1, 3, 3, 1, which are the coefficients of the expansion of 
{x + a)' ; the coefficients in the value of e, the fifth term, are 
1, 4, 6, 4, 1, which are the coefficients of the expansion of (x + a)* ; 
and so on. Hence the coefficients in the value of the w'* term are 
the coefficients of the expansion of (x + a)''~\ Therefore, denot- 
ing the w'* term of the series by T„, 
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EXAMFZXIS. 

1. Find the 13th term of the series 1, 4, 9, 16, 25, ... . 

In this example a = 1, di = 3, d2 = 2, d^ = 0, and n = 13. 
Substituting these values in (A), we obtain 

T. = l + llx3+ ^^^f >^' = 144. 

2. Find the 9th term of the series 1, 4, 8, 13, 19, ... . 

Ans. 53. 

3. Find the 15th term of the series 1, 4, 10, 30, 35, ... . 

Ans. 680. 

4. Find the 8th term of the series 1, 6, 21, 56, 126, .... 

Ans. 771. 

5. Find the 30th term of the series 1, 8, 37, 64, 135, .... 

Ans. 8000. 

6. Find the Ji'* term of the series 1, 3, 6, 10, 15, 31, ... . 

Ans. ^'^ + ^) . 
Is w (m + 1) divisible by 2 ? Why ? 

7. Find the w«* term of the series 1, 4, 10, 20, 35, ... . 

Is w (w + 1) {n + 2) divisible by 6 ? Why ? 

8. Find the n*^ term of the series 1, 5, 15, 35, 70, 126, .... 

Ans. '^(>' + l)(^ + ^)(^ + 3) _ 

Is n (« + 1) {n + 2) (>» + 3) divisible by 34 ? Why ? 

533. To find the sum of n terms of a series. 

Let a, i, c, d, e, . . . (1) 

be the proposed series, and denote the sum of n terms of it by S„. 
Let us assume the series 

0, a, a + b, a + b + c, a + i + c + d, . . . (2). 
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Now it is evident that the sum of n terms of (1) is equal to 
the (m + l)"'^ term of (3). 

Denoting the {n + 1)''^ term of (2) by T^„ the first t6rnr of 
the fitrst order of differences of (3) by D„ the first term of the sec- 
ond order of differences by Dj^ and so on, we have by (A), 

T„,.=0+.D.+^D.+ "(^-|^-^) d.+.... . . (3). 

But T^,=S„, D,=a, D2=5 — fl! = <Zi, D3=c — 25 + a = «fsj 
and so on. Hence, by substitution, (3) becomes 

„ , n{n—V\ n{n—V\{n—%)j , ,^, 

S„=wg+- -'-.^ ■''t fi+— — !^ % 4-.-.- . . . (B). 

1. Knd the sum of 10 terms of the series 1, 4, 9, 16, 25y . » . . 
In this example a = 1, <?i = 3, d^ = 3, cZj = 0, and n = 10. 
Substituting these values in (B), we obtain 

10 x_9 X 3 . 10 X 9 X 8 X 3 

3. Find the sum of 30 terms of the series ly % 6, 10,- 16, 31, ... . 

Ans. 1540. 

3. Knd the sum of 13 terms of the series 1, 5,14:, 30, 55, 91, 

Ans. 3366. 

4. Find the sum of 10 terms of the series 1, 4, 13, 37, 85, 166, ... . 

Ans. 2755. 

5. Find the sum of n terms of the series 1, 3, 6, 10, 15, 31, ... . 

Ans. >^(^ + l)(^ + a). 

D 
INTERPOLATION. 

534. Interpolation is the process of inserting between 
two consecutive terms of a given series a term or terms which 
shall conform to the law of that series. 

535. The Formula for Interpolation is that ^eu 
for finding the n^ term of a series by the differential method. 



3i„ = 10 + „ + \r = 385. 
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EXA.MFZES. 



Given 



V§i - 2.758934 ' 
V^ = 2.802039 

V23 = a.sisse? 

V3l = 2.884499 
V25 = 2.924018 



to find the cube root of any in- 
termediate number by the differ- 
ential method. 



1. Find the cube root of 21.76. 

The operation of finding the orders of differences may be con- 
veniently arranged as follows : 



NO. 

31 


CUBE BOOTS. 


d. 


d. 


d. 


d. 


3.758934 










33 


2.802039 


+ .043115 








33 


3.843867 


+ .041828 


—.001387 






34 


2.884499 


+ .040633 


—.001196 


+ .000091 




35 . 


,2.934018 


+ .039519 


—.001113 


+.000083 


—.000008 



The distance between any two consecutive terms of the given 
series is I ; hence the value of n which corresponds to the required 
term is If; that is, the required term is f of the way from the 
first to the second term. Substituting in (A) 1} for n, 3.758934 
for a, .043115 for d^, - .001387 for d^, .000091 for d^, - .000008 
for d^, and reducing, we find Tij = V31.75 = 2.791385. 



3. Find the cube root of 21.325. 

3. Find the cube root of 21.875. 

4. Find the cube root of 31.4568. 

5. Find the cube root of 32.4. 

6. Find the cube root of 22.684. 

7. Find the cube root of 33f. 



Ans. 3.773083. 
Ans. 3.796732. 
Ans. 2.778785. 
Ans. 2.812613. 
Ans. 3.830783. 
Ans. 2.833525. 



346 • SEBIES. 



DEVELOPMENT OP EXPRESSIONS INTO SERIES. 

53.6. To Develop or Expand an expression is to con- 
Tert it into a series. 

537. To develop a fraction into a series by division. 





MXAMPZES, 




1. Convert :; into an infinite series. 

l — x 




1 


l—x 




1-x 


1 +x + x> + a? + etc. 




X 
X 


— a? 




x^ 




o?-a? 




7? 




= 1 ■\- X -\- x^ -Y Q? ■\- 7^ ■\- etc. to infinity . . 


• (1). 


\i x = \^, (1) becomes 3 = 1 + | + ^ + | + etc. . 


• • (2)- 


If 2! = 1, (1) becomes oo = l + l + l + l+ etc. . 


• -(3) 


If a; = 3, (1) becomes —1 = 1 + 2 + 4 + 8 + etc. . 


• -(4) 



How is this result to be explained ? 

ConTert each of the following fractions into an infinite series : 

a . ^ X x^ a? X* 

2. — ; — . Ans. 1 h-o 5 + -i— •••• 

a + X a a' a^ a* 

/y /yS /y-S /y4 

_r& t ^ iX^ tAj t4y li/ 

3. — .. ^^''' + a + a^+J^ + ^^+ •••• 

4. ^— !^. Ans. l+2x+2x^+2x^+2!X^+ . . , . 



a + x 


a 


a — X 


1+X 


l — x 


a + x 


a^ + a;2' 


1 



/j*i /vG /vS 

5. ^-f^,. Ans. r - T-s + Vs "~ 777 + -9 - 



1 — a + a^ 



a a" a^ a' a» 
Ans. l + a—a^—aHa^+a''— «'—«""+ 
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538. To develop an expression of the form of 
Vm ± n by extracting the indicated root. 

EXAMPIjES. 



1. Convert vl+« into an infinite series. 



1_ 

x\ 



^^l) 



X 

x^ 

«\ X^ 



2 + .-f) - 



4 

x^ a? a^ 

~T~"8 "'"64 

X* a?\ 01? a^ 

'^ + '^""4+16/ "8~64 



'ji? a^ a? 3^ 
8" "*" 16 ~ 64 "*" 256 
5x* 7? a? 
~ 64 "^ 64 ~ 356 

a? ba^ 



'^''^^^^=^ + 2-8+16-128"^ •••• 

Convert each of the following expressions into an infinite 
series : 



2. 'Va — X. 

4/ X a;2 dx^ 3- 5a;* 



2-4a2 2-4-6a3 2-4-6-8a* 

^*' " + 2a-2-4a3 + 2-4-6a5 2-4-6-8a' + 

a; iT^ «' 5«* _ 7a^ _ 
^«5. 1 - 3 - "8 - 16 - 138 - 256 



348 



SERIES. 



539. To develop an expression by means of unde- 
tennined coefficients. 



MXAMFIXIS. 



1. Convert s- into an infinite seriea 



Assume 



1 — 3a; 
1 + 2a; 



= A + Ba; + Ca;* + Da? + Ex;* + . . . (1). 



1 — 3a; 
Multiplying (1) by 1 — 3a;, we obtain 



l + 2a; = A+ B 
-3A 



x+ C 
-3B 



-30 



-3D 



^+... (2). 



Equating the coeflS.cieiits of like powers of x in th© two mem- 
bers of (2), 

A = 11 
B — 3A = 2 
C-3B=0 
D - 30 = 
E — 3D = 



whence, A=:l, B = 5, 0=15, D = 45, E = 135, 
Substituting these values in (1), 
1 + 2a; 



1 — 3a; ■ 
2, Convert 

Assume 



1 + 5a; + I5a;3 + 45a;3 ^ 135^4 + . . . 



into an infinite series. 



3a; — a;« 
1 



, — A + Bx+ 0x^ + 1)0? + Ex* + . . . CI). 

ox ■'—X' ^ 

Multiplying (1) by 3a; — x% we obtain 

x^+ , 



1 = 3Aa; + 3B 
- A 



a;8 + 30 
- B 



a;8 + 3D 
- C 



(2); 



whence, 1 = 0, which is absurd ; hence the second member of 
(1) is not of the proper form. 



Asstifne' 
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Bcb — x^ 
Multiplying (3) by Bx — x% 



= Aa;"i+BiB»+Ca;4-D^2+Ba^+ • 



(3). 



1 = 3A + 3B 
- A 



a; + 30 
- B 



a;2 + 3D 
- C 



a^ + . . . (4). 



Equating the coefiBcients of like powers of x in the two mem- 
bers of (4), 

3A = 1 ' 
3B — A = 
30 - B = 
3D - = 



whence, A = g, B = g, = ^^, 
Sttbstittttiiig these values in (3), 



D = 



81' 



3x — x»' 



x~^ scP X x^ 
X'^"9 "'"27"^ 81"^ 



3x^ 9 ^ 27 ^ 81. 

The proper form of the second member of the assumed identity 
may be determined in each case by observing what the given 
Expression becomes when the variable is supposed to be zero. If 
the given expression becomes a finite quantity, the first term of 
the series will not contain the variable; if it becomes zero, the first 
term of the series will contain the variable; and if it becomes 
infinity the first term'of the series will be of the form Aar". 

Oonvert each of the following expressions into aninflnite series : 



3. 

4 
5. 



1 — 2a; 
1 — 3a:' 

1 + 2a: 
1 — a; — x^ 

1 — x 



l_3a;_2a;3 



Ans. l+a;+3a?'+9a;s+37a4+81a;5+..., 

j. Ans. l + 3x+ix'>+W+nx^+18x^ + .... 
Ans. l + 2a; + 8a;3 + 28a;s+iooa;i+356a;5 + 
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a a;(H-5a;) 


Ans. x+9a? + d2x^ + 92xi+24:0a^+.... 


2 


. 3 4 , 8a; , 160?! , 32a;2 , 
^'^^■3:.+9 + 27+81+243+-- 


'' 3x-2ay>' 

s 1 


Ans. 1- 


-2x^+x^+4afi-,llci?+10xi»+13x^—. . . . 



EBCURBINa SERIES. 

540. A Recurring Series is one which may be pro- 
duced by expanding some rational fraction. Thus, 

I +X + 33? + %a? + 27'.'s* + 812)5 + . . . 

is a recurring series, because it is the expansion of the fraction 
^ ^ (539, 3). In this series all the terms after the first two 

X — oX 

recur according to a definite law. 

541. The Generating Fraction of a recurring series 
is the fraction which can be converted into the given series. Thus, 
the generating fraction of the series 1 + a; + Sa^ + 9k^ + 27a;* + . . . 

1 — 2a; 



IS 



1 — 3a;' 



542. In the series given in Art. 540, each term after the 
second may be obtained by multiplying the preceding term by 3a; ; 
and in the series 1 + 4a; + 11a;' + 34a;3 + 101a;* + . . . . the 
sum of the products obtained by multiplying the first of any two 
consecutive terms by 3a;* and the second by 2a; is equal to the next 
succeeding term. The expression by means of which any term of 
a series may be found when the preceding terms are known is 
called the Scale of Relation. Thus, the scale of relation of 
the series 1 + a; + 3a;* + 9a;' + . . . . is 3a;, and the scale of 
relation of the series l + 4a; + lla;*+34a:'+. . . . is Za?+2x. 

543. A recurring series is said to be of the n*^ order when the 
number of terms in its scale of relation is n. Thus, the series 
1 + ix + 11a;* + 34a.'8 + . . . , is of the second order. 
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544. To find the scale of relation in a recurring 
series. 

Let a + b + c + d + e + .... be the proposed series. 

1st. Suppose that the series is of the first order. 

Let m denote the scale of relation ; then b = ma; whence, 

5 

m = -. 

a 

2A. Suppose the series to be of the second order. 
Let m -{- n denote the scale of relation ; then 



llTJltl^^^^y' 



■■ nib + nc 

, c^ — M T ad— be 

whence, m = r„, and n = ^^r- 

ac—lF ac — b^ 

3d. Suppose the series to be of the third order. 
Let m +n + r denote the scale of relation ; then 

id = ma + nb + re ) 
e ^mb + nc + rd\ . 
f==mc + nd + re ) 

From this group of equations m, n, and r may be found. 
If the series is of the fourth order, fifth order, sixth order, &c., 
the scale of relation may be found in a similar manner. 

Cob. 1. — If the proposed series is of the n*^ order, w + 1 con- 
secutive terms must be given to enable us to find the scale of 
relation. 

CoE. 2. — If we assume any proposed series to be of a higher 
order than it really is, one or more of the terms of the scale of 
relation will be found to be equal to zero. 

If we assume any proposed series to be of a lower order than it 
really is, or if we attempt to find the scale of relation of a series 
which is not recurring, the error will appear if we attempt to apply 
the scale. 
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Find the scale of relation in each of the following series: 

1. 1 + 4X + lOa^si + 22a? + . . . . 

Assume the scale of relation to be m + n; then 

j lOa:^ = m -\- 4mx ) _ 
1 223? = imx + IQna? ) ' 

whence, m = — 2oi?, and » = Sa^^ Therefore the scale of rela- 
tion is — 2x^ + 3a;. 



2. 1 + 6a; + 12a;2+ 48*3 +12021* + 

3. l+2a;+3a;»+4a;8+5a4^. , . 

4. l + 2x + W+%ia? + lQOoc^+. 

5. l + a;+5a;2 + l3a;3^41a4^. . . 



^ws. 6a;2+a;. 

Ans. —x^+2x. 

Ans. 23?+3x. 

Ans. da?+2x. 



545. To find the generating fraction of a recurring 
series. 

Let a + b-\-c + d-^e-\-,... be the proposed series. 
1st. Suppose the series to be of the first order. 
Let m denote the scale of relation ; then 

c =mb 
d=:mc 
e == md 



whence, 5+c4-<Z+e.+ . . . .=m{a+b+c+d+e+ . . . .). 

Hence, denoting the generating fraction or the sum of the 
series by F^', we hare 

Fj — as = mFj ; 

a 



whence, 



^'=1 



m 



(Oi)- 
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2d. Suppose the series to be of the second order. 
Let m + n denote the scale of relation ; then 

c = ma ^ ni 
d=^mi + nc 
e ^mc + nd 
f = md + ne 



whence, 

c+d+e+f+..=m(a+b+c+d'^e+f+..) + n{b+c+d+e+f+..). 
Hence, denoting the generating fraction by Fg, we hays 
Fg - (a+i) = mFg + w(Fg - a) ; 
a + b — an 



whence. 



^8 = 
* 1 — m — n 



(0.). 



3d. Suppose the series to be of the third order. 
Let m + n + r denote the scale of relation j then 

r £? = ma + nb + re 
I e =mb + nc + rd 
f =.mc + nd+ re 
g = md + ne + rf 



whence, d+e+f+g+. . . .=m {a+b+e + d+e+f+g+ ) 

+n{b+c+d+e+f+g+....)+r{c + d+e+f+g + ....). 
Hence, denoting the generating fraction by Fg, we have 
F3 -(a + b+c)= mFs +n(Fs-a)+r [F3 - (« + b)] ; 
whence, 

a + b + e — an—' (a + b}i^ 



^3=' 



(O3). 



1 —m — n — r 

If the series is of the fourth order, flfth order, sixth order, etc., 
the generating fraction may be found in a similar manner, 

ScH. — The formulae (Oj), (Og), (O3), etc., have been obtained 
on the hypothesis that the given series is infinite and converging. 
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Find the generating itaction of each of the following series : 

1. l + 4:X + 10x''+223?+4:6<e*+ .... 

In this series the scale of relation is — 2z^ + 3x (544, 1) ; 
hence (Og) is applicable. Substituting — 2a;* for m, 3z for n, 
1 for a, and 4^ for i, we have 

l+4a;— 3a; 1 + x 



F» = 



l + 2z^ — 3x 1 + 2x^ — 3x' 

l + 2a; 



■X — X' 



2. l + 3a;+4a;3+W^lla4^..._ Ans. ^ 

3. l + 6a; + 13a;2 + 48a;3+120a;*+.... ^?ts. j^ _ J^_ g^g - 

4. l + 2a;— 5ai3+26a;8-119a;<+.... ^ms. ^^ 4^! — 3^2- 

5. l + ix+3a?—2x^+4£c^+lW + 3afi+.... 

l + 3x+ay^ 



Ans. 



l—x+2a?—37?' 



6. l + 3a;+5a^ + W+9a4^...,, ^W5. /^^^r r 

REVERSION OF SERIES. 

546. To Hevert a Series containing an unknown quan- 
tity is to express the value of that unknown quantity in terms of 
the sum of the given series. Thus, to revert the series in the sec- 
ond member of the equation 

y =zax + bx^ + ca^ + dx^ + ex^+ .... 

is to find the value of x in terms of y. 

1. Kevert the series in the equation y^^x-\-x^-\-a?+a^+ .... 

X 



This is a recurring series whose generating fraction is 
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hence y = 



1 — x 



; whence, x 



_ y _ 



y — f-\ry^—t-\- 



iK^ />j3 nA 

2. Eevert the series in the equation y^x——-\- -j-— g- + 



This is a recurring series whose generating fraction is 



%x 



2 + x' 



hence y ^= 



2x 



; whence, x^ 



3y 



r , r 



^ 



=2^+1+1+8 + 



■3+a;' ' 3- _ 

A recurring series cannot be rcTerted by this method when 
the equation, formed by placing y, the sum of the given series, 
equal to the generating fraction, cannot be solved. The method 
used in the following example is apphcable to any series. 

3. Eevert the series in the equation 

y = ax + bx^ + cx^ + dX^ + (1). 

Assume x=Ay + By^ + Gy^+'Dy^+ (3), 

in which the coefi&cients A, B, 0, D, . . . . are undetermined. 

Substituting this value of x in (1), we have 

(3). 



y = a 


ky + IK 


«/2+ ck 

+ 2abB 
+ a'G 


y^+ dk 
+ bm 
+ 2acB 
+ 3a^G 
+ a*D 


f+-- 






-•• 


" 


bk + a^B = 

ck + 3«JB + «'C = 

dk + h^B + 2acB + 3a^C 


+ «*D 


= 


" 5 


whence. 




k. 








A-1 


B=-^ 
a 


2P-ac 


aH- 


-balc + W 


a 


'' ^ a5 ' -^ 


ai 


Substituting these values in (3), 






1 


a? 


, , 2P — ac , 


aM—5a 
a 


5C + 553 

f y'+ 


''-a^ 


y 1 


fl= ^ 



(4). 
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4. Eevert the series in the equation 

y = x + 2x> + 4:3^ + 8x^+ . . . . 
In this series 

a = l, b = 2, c = 4:, d = 8, . . . . 

Substituting these yalues in (4) of the preceding example, we 
haTe 

a; = y - V + V - 8/ + . . . . 

5. EeTert the series in the equation 

1 — 9 4ai2 6a^ 8x^ 
4~ 3 + 5 "~ 7 "^ ' ■ ' • 

and find the yalue of x. . 

Substituting j for y, 2 for a, —^ for J, ^ for c, — ^ for c?, . . . . 
in (4) of example 3, we hate 

^ = ^ + -^+ ^er + 1512 + • • • • =-1^^ +-oi^^i^ +-«o°^6* 

+.000013 +....= .135993 +. 

6. Eevert the series in the equation 

y = x + 3x^ + 50^ +7x^+93?+ . . . . 

Ans. x = y^3y^ + 13/ — 67/ + 381/ — . . . . 

7. Eevert the series in the equation 

y-^—^ + j-j + j- •• •• 

Ans.x = y + ^^ + ^ + ^ + t+ .... 

8. Eevert the series in the equation 

y = x-\-a? + a? + x' + oi?+ .... 

Ans. a: = y — / + 3/ — 5/ + 14/ — . . . . 

9. Find the value of x in the equation 

I = 5a; — 20a;S + SOa^s — SSOa;^ + 1380a« — . . . . 

Ans. a; = .117647+. 



BIITOMIAL FORMULA. 'SS? 

THE BINOMIAL FOBMULA FOE ANT EXPONENT. 

547. It has ibeen shown that when w is a positiTe integer 

{x + ay=:ai» + mx'^i + ^ ^^ ~ . V a^y?^^ + . . . . 

1*. 

"We now proceed to show that this formula is true, whether n 
is positive or negative, eriiire ox fraotiondl. 

548. Lem. — Tlie value of ^, when y = a;, is noii^\ 

X — y 

whether n is positive or negative, entire as fractional. 

1. When w is a positive integer. 

The proposition has been shown to he true for .this case 
(461, CoE. 2). 

%. When w is a posiiive fraction. . 

Let w = -, in which ^ and q are supposed to be positive in- 

.( ? s.) 

tesers. We are to show that V — \ ="«?" . 

s I x — y )y=x q 



( -Y ( -Y 



1 1 

xt — yv _\xi/ — \y9/ _ xi — yv 



XQ — y<i _ \xij — [yij 

x-y ^ 1 1-Y I i.y'~ ( ^Y ( ^Y 

" * \xtl — \yi/ \X9J — \y<ij 

I I 

XI — yQ 



But, by the first case, | (a?'') -y") ( ^j, {xl}'^] 

( X'i— y~i ) y^x 

( Xt — Vi ) v=x 
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3. When w is a negatiye integer. 

Suppose m to be a positive integer and that w = — m. We 

are to show that \ — (■ = — mar'"~K 

I ^ — y )y=x 

X — y ^ \ X — y I 

But, by the first case, \ — ^^^ i = m3f~'^. 

2 — ) = — x-™ar™ X m2?»-i = — mar^^K 

x — y ly=x 

4. When w is a negative fraction. 

Let w = — -, in which p and q are supposed to be positive 

( _?. _E ) 

} X ^ V ^ \ P — ?- — 1 

integers. We are to show that J — f = — -x i • 

\ X — y ) y-x i 

_V_ _V_ / P_ P\ 

X t — ', 



■ 11 i -it Jt-ixn — w* \ 

— — = — a; « y « I ^— I. 

■y " \x — y I 



^Q yq f Aj ? J 

But, by the second case, 1 —I =^a;» • 

^ y ) y=x i 



j oo "-y M ^ _ 

\ a; — 2/ ly=x 



-t. -t- p 5.-1* p -?-- 1 
a; sa; s x -a^ = — -cc ? 
9- 2 



549. Let us now find the expansion of {x + a)", when n is 
positive or negative, entire or fractional. 

a; + a = a; ( 1 + - j ; therefore {x + a)« = a;" f 1 + - j . 

Hence, the expansion of {x + «)» may be obtained by multiply- 
ing that of (l + -)"bya;». 

Put z^l; then (l + 1)"= (1 + .)«. 
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Assume (1 + z)" = A + B2 + Gz^ + Dg' H- E«* + . . . . (1), 

in which A, B, C, D, E, . . . . are undetermined coefficients inde- 
pendent of 2. 

Suppose 2 = 0; then from (1), we have A = 1. 

Substituting 1 for A in (1), we have 



(1 + «)» = 1 + Bz + C«2 + Dz3 + E«* + 



(3). 



Since (3) is to he true for all values of z, we may substitute 
any letter or any expression for z. Substituting u for z in (2), 
we have 



(1 + m)« = 1 + Bm + Cm^ + DmS + Em* + 



(3). 



Subtracting (3) from (2), and dividing the result by the iden- 
tity (1 + z) — {1 + u) =z — u, 

Now suppose u^z; then, by the Lemma, (4) becomes 



OT (1 + 2)''-i = B + 2Cz + SDz^ + 4E23 + . . 
Multiplying (5) by 1 + z. 



(5). 



+ B 



2 + 3D 

+ 20 



z2 + 4E 
+ 3D 



(6). 



Multiplying (2) by n, 
m(l+«)»=w+wBz+MC2'+raDz'+mEz*+. . . , 
Equating the second members of (6) and (7), 



(7). 



B + 2C 


Z + 3D 


z3+4Ez 


3+....=W-| 


n?>z-\ 


+ B 


+20 


+ 3D 








B = 


n 




20 + B = 


: WB 


< 


3D + 20 = 


■nG 








4E + 3D = 


■nD 



.(8). 
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whence, 



B = w 

n(n—V){n — %) 

,12 

n(n—l){n—%){n—Z) 

-|4 - - ^ 



E = 



Swbsfcitntiilg tbese Talues in (2), we ha-ye 
(l+2)"=l4-«« + — ,5—^22+-'^ i^^^ '-1^+.. 

Bfttstitutiag for » its value, -, (9) becomes 

L fl\« , a n(n—l) a^ , %(«— l)(w— 2) a^ 
(1+jj =l+w-+ 1^ - •X5+-- - 



Multiplying (10) by a^, 



Jl 



+. 



(9). 



(10). 



E -Is 

(11). 

Cob. — K n is not a positive integer, the expansion of {x + a)" 
is an infinite eeries; for no one of the factors in the coefficients 
can be equal to zero under this hypothesis. 
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Expand each of the following expressions : 
1 



1. 



a + b' 



-l-^=(a+5)-i=firi+(-l)5a-2+^^-^62«-s+ , 



~a a* "*■ flS "^ «* "*" ■ 



2. a/i + a- 



,l+la-\a^ + ^a^ + . 



3. {a — x)k Ans. a^(l 

4. (1 — x)i. 
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a;2 
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X 



3a? 



2a 2-4:aJ> 3-4-6aS 

X 2^ 2 -5^3 
■ 3 ~ 3^ ~ 3^9 ■ 



&. (,a+b) . Ans.a\^\ + ^^ 3 -Ba^ + 3 • 6 -QflS ••••;• 



a—i' 
a 



{1—xY 
8. {a—c^)^. Ans.a^\l 



Ans. - + -5 + -^ + -T + -r + . • 
a a? a? a*' a? 



Ans. a{l + 2x + 3x^+4:S?+5a:^+ . . . .)• 



2e> 



2c* 



2 -466 



3a 3 • 6a2 3 • 6 • 2a^ 
9. (1— a)-'. ^ws. l + 3a + 6a2 + l0a3 + i5a*+21a5+. 

X 



10. 



Ans. ^+j+ gTga + 2T3T5-3 + 



Vl — a; 
550. SYNOPSIS FOR REVIEW. 



CHAP. XX. 
SEBIES. 



GENERAIi DbPINI- 
TIONS. 



Aeithmbtical Pko- 
gkbssion. 



Terms. 

Mmte Series. — Infinite Series. 

Oonmerging Series. — Biverg'g Series. 

Extremes. — Common difference. 

Increasing A. P. — Decreasing A. P. 

Notation. 

To find I, vihen a, d, and n aregimen. 

To find s, when a, I, and n are given. 

Sum of two terms equidistant from 

extremes. 
To insert any number of wntJimeti- 

cal means between two gioen 

quantities. 
To find any two of the quamtitiea 

a, I, n, d, s, when the th^ee others 

cure given. 

( To find arith. mean. 

Arith. Mean, ■s To find as and Z when 

' M, d, n, are given. 
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SERIES. 



SYNOPSIS FOR -REVIEW— Continued. 



Gbometeical Peo- 
gkession. 



CHAP. XX. 
SEEIES. 
Continued, 



Teeatm't of Sbkies 
BY THE Differen- 
tial Method. 



Dbvelofmbnt of Ex- 
pkess'n into Semes. 



EBCUEErsiG Sebibs . . 



Extremes. — Ratio. 

Increasing O.P. — Decreasing O. P. 

— Infinite Decreasing Q. P. 
Notation. 
To find I, when a, r, and n a/re 

given. Cor. 
To find s, when a, I, and r are 

given. Cor. 
Product of two terms equidistant 

from extremes. 
To insert any number of geometric 

means between two given quan. 
To find the continued product of the 

terms ofa&.P. 
Tofi/nd any two of the quantities a, 

I, n, r, and s, when the three 

others a/re given. 
Georn ( '^° ^°^ geometrical mean. 
Mean \ '^° ^^^ * ^'^'^ ^ when M, r, 
I and ?i are given. Cor. 1,3. 

Orders of differences. 

Differential method. 

To find the re" ten'm of a series. 
] Tofindthesumof ntermsofaseries. 
] Interpolation. — ^Formula for Inter- 
im polation. * 

' Development of fractionsiy division. 
Development of expressions of the 

form of yni^n by extract- 
ing the indicated root. 
Development of expressions by means 
of Undetermined Coefficients. 

Generating Frckction. 

Scale of Relation. 

Order of Recurring Series. 

To find the Scale of Relation in a 

Recurring Series. Cor. 1, S. 
To find the Generating Fraction. 
l Sch. 



Eevbbsion of Series. 
. Binomial Fokmula foe any Exponent. 



( Lemma. 
I Got. 



OHAPTEE XXI. 

LOGAKITHMS AND EXPONENTIAL EQUATIONS. 



LOGAEITHMS. 



551. The Logarithin of a Bumber is the exponent by 
wliicli some fixed number must be affected in order to produce 
the given number. The fixed number is called the Base of the 
System, Thus, in the equation a?' = n, x is the logarithm of 
n to the base a. 

For brevity, the expression log^w is sometimes used to denote 
the logarithm of n to the base a. ' Thus, x = log^w expresses the 
same relation as a^ = n. 

552. Any number except + 1 and — 1 may be used as 
the base ; hence there may be an infinite number of systems of 
logarithms. There are only two systems, however, in general use, 
namely: Briggs' system, the base of which is 10, and N'apier's 
system, the base of which is 3.718 +. 

Briggs' system of logarithms is used more than that of Napier, 
and is hence called the common system. 

553. If in the equation a^ = w we suppose n to represent a 
perfect power of a, then x will be some integer ; but if n is not a 
perfect power of a, then x will be a mixed number or & fraction. 

554. The Characteristic of a logarithm is the integral 
part of it, and the Mantissa is the fractional part. Thus, the 
characteristic of log9343 is 3, and the mantissa is .5; for 

92.6 =9^=35 = 243. 
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GENERAL PEOPEKTIES OE LOGAEITHMS. 

555. In any system the logarithm of 1 is 0. 
For a* = 1 when a; = (84, CoE.). 

556. In any system the logarithm of the base is 1. 
For a" ^^a when x = l. 

557. In a system whose lase is greater than 1, the logarithm 
ofOis — 00 . 

For a~°° = -—, and -=; = when a > 1. 
a"^ a" 

558. In a system whose base is less than 1, the logarithm of 
is + 00 . 

For a" = when a < 1. 

559. In a system whose lase is positive,a negative quantity 
has no real logarithm. 

For, if a is positive, a* is positive, whether x is positive or neg- 
ative. Thus, 102 = 100, and lO-^ -^ = ^- 

560. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 

Let a; = loga?w, and y = ]ogan; 

then m^=a^, and m = «2'j 

whence, mn = a^a^ = oF'^v. 

Therefore, logaWiw = x + y (551) = log^m + log^M. 

561. The logarithm of a quotient is equal to the remainder 
obtained by subtracting the logarithm of the divisor from that of 



Dividing m^=a'' by n-=.oDi, 



n 



m 



hence log^ —=x — y = log„m — loggW. 
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563. The logarithm, of any power of a number is equal to the 
product of the exponent of the power and the logarithm of the 
number. 

Eaising both members of tbe equation m-=a'' to the r** 
power, 

mr = a™ ; 

loga(m'') = ra; = r \ogjn. 

563. Tlie logarithm of any root of a number is equal to the 
quotient obtained by dividing the logarithm of the number by the 
index of the root. 

Extracting the r'* root of both members of the equation 



504, MXAMFZES. 

Prove each of the following statements: 

1. log {abc) = log a + log b + log c. 

2. log (^) = log a + log 5 + log c- log J. 

3. log (a^^c^) = 2 log a + 3 log S + 4 log c. 

4.- iog(^^) =31oga + 31ogS + 41ogc-51ogd 

5. log Vabc = H (log a + log 5 4- log c). 

6. log Va^ - ^ = \ [log (a + 5) + log (« - 5)]- 



366 LOGAKITHMS. 



THE COMMON SYSTEM. 

565. To find the characteristic of a logarithm in 
the common system. 

In this system, 

log 10» = log 1 = 0, log 10-1 = log .1 = — 1, 

log 101 _ log 10 = 1, log 10-2 = log .01 =—2, 

log 102 = log 100 = 2, log 10-3 = log .001 = — 3, 

log lOs = log 1000 = 3, log 10-* = log .0001 = — 4, 

log 10* = log 10000 = 4, log 10-s = log .00001 = — 5, 



Hence, supposing w to be a positive integer, 

1st. The logarithm of a number between 10" and 10"+' is 
greater than n and less than n + 1; its characteristic, therefore, 
is n. Now, the number of figures in the integral part of a num- 
ber between 10;» and 10"+' is w + 1. Hence, 

The cliaracteristic of the common logarithm of an integer, or 
of a number composed of an integer and a decimal fraction, is pos- 
itive and one less than the nurriber of figures in the integral part 
of that number. Thus, the characteristic of logic 258.045 is 2. 

3d. The logarithm of a decimal fraction between 10"" and 
10-'"+", that is, between -— and tt^v is some negatiye number 

between — n and — (re + 1) ; hence, if we agree that the man- 
tissa shall in all cases be positive, the characteristic will be 
— (n + 1). Now, the number of ciphers preceding the first sig- 
nificant figure in a decimal fraction between --- and ^t^^ is n. 
Hence, 

The characteristic of the common logarithm of a decimal frac- 
tion is negative and numerically one greater than the number of 
ciphers preceding the first significant figure in that fraction. 
Thus, the characteristic of logu .0546 is — 2. 
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566. If tTie ratio of two numbers is any perfect power of 10, 
the mantissas of their logarithms in the common system will be 
the same. 

This follows from Art. 561. Thus, denoting the mantissa of 
logio 5468 by m, 

log 5468 = 3 + m, 

log 546.8 = log{^) = log 5468 —log 10 = 3 + m — 1 =2+m, 

log 54.68 = log {3^) = log 5468 — log 100 = 3 +m—2—l + m, 

(o468\ 
j^j = log 5468 — log 1000=3+m—8=0+TO, 

log .05468 = log (j|^) = log 5468 - log 100000 =3+m — 5 
= —2 + m. 

COMPUTATION' OE LOGAEITHMS. 

567. To express the logarithm of a number in terms 
of that num.ber and the base of the system. 

Let z be the logarithm of n to the base a ; then 

a'' = n . . . (1). 
Assume a = l + m, and w = 1 +p; 

then (1) becomes 

{l+my = l+p . . . (2); 

whence, {1 + m)'^''={l+py . . . (3). 

Expanding both members of (3) by the Binomial Formula, 

, , xy(xy — 1) , xy (xy — 1) (xy — 2) , , 

1 + xym + ^ '■ f rrfi + ^ ^ ^ \k^ ''"^ + . . . . 

II l£ ' 

= l+^^ + ^-zl)^. + ^(£llip.I1^^3+ (4). 
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Dropping 1 from both members of (4) and diyiding the result 

x(xy — 1) , x(xy — 1) (xy — 3) . . 

1* E 

^^ + (|^i)^.+ (y-lHy-% s+ (5). 

Making ^ = 0, (6) becomes 

m* TO* TO* TO^ 

a;TO — a;-5- + a;-5 a;-j- + a;-g . . • . = 

<* O 4: O 

P 2 + 3 4+5 ^^'' 

whence, ^ 

ffl* jpS j[,4 jpS 

^_ -^ 2^3 4^5 , 

But X = loga« = loga (1 + p); hence, if we put 

U ^ r 

rrfi m? m^ m^ ' 

"^-y + y-T + T--"- 

we haye 

x = \og,{i+p)=n[p-^ + ^-^ + ^-...)...{h). 

The second member of (L) consists of two factors, namely : 
the series within the parenthesis, which depends only upon the 
number, and the quantity M, which depends only upon the base 
of the system. 

The factor M, which depends only upon the base, is called the 
modulus of the system. 

The series in (L) is called the Logarithmic Series. 

568. To find the Base of Napier's System. 

Baron Napier arbitrarily assumed the modulus of his system 
to be unity. Making M = 1, and denoting the Base of Napier's 
System by e, (L) becomes 
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X = l0g,(l+p)=p-^ + f-^+^- (1). 

K^verting the series iu the second member of (1), we obtain 

^ = ^ + 1 + 1 + 1+15 + 16+ (^)- 

But e^ = l+p; 

, -. , x^ a? cc^ afi x^ ,„. 

••• ^^ = i + ^ + l + l + l + l + T+ (3). 

Making a; ^ 1 ia (3), we haye 

11111 

. ^ = ^+l3+l + f + l+^+ (*)• 

Summing the series in (4) to nine terms, we find 

6 = 3.718382. 

569. The logarithm of a number in any system is equal to 
the product obtained by multiplying the modulus of that system by 
the Napierian logarithm of the same number. 

For log,(l +p)=m[p-^ + ^-^ + ^-...) (567), 

. . (568); 



and \og^(\+p)=p-^ + ^-^ + ^- 


■ '. 


log.(l+i')=Mlog,(l+^). 


OOK.— If 


l+p — a, 


we have 


logaa = Mlogsa; 


but 


logafl = 1 (556) ; 


■■• 


l = Mlog,a; 


whence, 
Hence, 


M_/. 



The modulus of any system is equal to the reciprocal of the 
Napierian logarithm of the base of the system. 
34 
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5'J'O. To transform the Logarithmic Series into a 
Converging Series. 

The formula 

log,{l+^) = M(p-^ + ^-^ + ^-...) . . . (1) 

cannot be used for the computation of logarithms when j?? > 1, 
because the series in its second member does not conyerge. 
Substituting — p for ^ in (1), we have 

log.(l-i') = M(-i,-|-|-|-|-....). . .(2). 

Subtracting (2) from (1), observing that loga(l+^) — 
log«(l-ij)=log„(^|)(561), 

log.(l±|) = 2M(^+| + | + ^+....) . . . (3). 

Assume p = „ ., ^ ; then — = . 

^ 22 + 1 1 —p z 

Substituting these values in (3), 
loga (^) = loga (z + 1) - log<,2 = 

^^ \WTl ^ 3 (22 + 1)8 + 5 {%z + 1)5 + / • • • (*^' 

For Napier's System (4) becomes 
log, (« + 1) - log,2 = 

^(2^+1 + 3 (22 + 1)" + 5(22 + 1)" + ) ■ • • • (5)5 

whence, by transposition, 
log. (« + !) = 

l°g^^ + K2^ + 372^Tl?+5(2?TlF+ ••••) • • • ^' 
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STl. To compute a Table of Napierian Logarithms. 

logeO = - 00 (55t), 
log.1 = (555), 

log,2 = ]osA + 3 (^ + -i- + -J— J. -J— 4. \ 

= 0.693147 (5W), 

log,3 = log,3 + 3 ^i + -^ + ^— 4- ^— 4- ) 

= 1.098613, 
log,4 = log,32 = 3 log,3'= 1.386394, 

log,5 = log,4 + 3g + 3lg3 + ^ + ^+....) 

= 1.609438, 
log„6 = log,3 + log,3 = 1.791769, 

log.7 = log,6 + K^ + 3^3-3 + 54s +••••) = 1-9*S910, 
logeS = log,33 = 3 log,3 = 3.079443, 
log,9 = log,32 = 3 log,3 = 3.197335, 
log,10 = log,3 + log,5 = 3.303585, 

512. To find the modulus of the common system. 
Denoting the modulus of the common system by M, we haye 

^=i^ = 3:3ol585 = -^^^^^^+- 

573. To compute a table of common logarithms. 

If we multiply the Napierian logarithm of a number hy the 
modulus of the common system, the product will be the common 
logarithm of the same number. Thus, 

logioS — 1.609438 X .434294 = 0.698970. 
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TABLE OF COMMOlSr LOGARITHMS FKOM 1 TO 100. 



N. 


Loo. 


N. 


Loe. 


N. 


Loa. 


N. 


Los. 


1 


0.000000 


36 


1.414973 


51 


1.707570 


76 


1.880814 


3 


0.301030 


37 


1.431364 


63 


1.716003 


77 


1.886491 


3 


0.477131 


38 


1.447158 


53 


1.734376 


78 


1.893095 


4 


0.603060 


39 


1.463398 


54 


1.733394 


79 


1.897637 


5 


0.698970 


30 


1.477131 


55 


1.740363 


80 


1.903090 


6 


0.778151 


31 


1.491363 


56 


1.748188 


81 


1.908485 


7 


0.845098 


33 


1.505150 


57 


1.765875 


83 


1.913814 


8 


0.903090 


33 


1.518514 


58 


1.763438 


83 


1.919078 


9 


0.954343 


34 


1.531479 


59 


1.770853 


84 


1.934379 


10 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.939419 


11 


1.041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568303 


63 


1.793393 


87 


1.939619 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


li 


1.146138 


39 


1.591065 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.603060 


65 


1.813913 


90 


1.954343 


16 


1.304130 


41 


1.613784 


66 


1.819544 


91 


1.959041 


17 


1.330449 


43 


1.633349 


67 


1.836075 


93 


1.963788 


18 


1.365373 


43 


1.633468 


68 


1.833509 


93 


1.968483 


19 


1.378754 


44 


1.643453 


69 


1.838849 


94 


1.973138 


30 


. 1.301030 


45 


1.653313 


70 


1.845098 


95 


1.977734 . 


31 


1.333319 


46 


1.663758 


71 


1.851358 


96 


1.983371 


33 


1.343433 


47 


1.673098 


73 


1.857333 


97 


1.986773 


33 


1.361738 


48 


1.681341 


73 


1.863333 


98 


1.991336 


34 


1.380311 


49 


1.690196 


74 


1.869333 


99 


1.995635 


35 


1.397940 


50 


1.698970 


75 


1.875061 


100 


3.000000 



574. EXAMPZES. 

1. Find the product of 9 and 7 by means of logarithms. 
Log (9 X 7) =:log 9 +log 7 (560) =0.954343 + 0.845098=1.799341. 
The number corresponding to this logarithm is 63 (573). 
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2. Dmde 310 by 7 by means of logarithms. 

Log (-^WlogSlO— log 7=2.333219—0.845098=1.477121 
= log 30. 

3. Find the square of 9 by means of logarithms. 

4. Find the fourth root of 635 by means of logarithms. 

5. Find the logarithm of 33|. 

6. Find the logarithm of 6^ x 7' X 8*. 

EXPONENTIAL EQUATIONS. ' 

575. An Exponential Equation is one in which the 
"uirisQpwn quantity occurs as an exponent. Thus, a* = w is an 

exponential equation. 

576. To solve the exponential ecLuation a'' = n. 

Taking the logarithm of each member of this equation, we 

hare 

a; log a = log n (563) ; 

losn 

whence, x = ~—. 

' log a 

EXA-MPLMS. 

Solve each of the following equations : 

Ans. a; = 3. 
Ans. X = 2.861. 

Ans. 1.5. 

. log n — log a 

Ans. X = -^—, — j-3_. 
logo 

Ans. X — 



1. 


3^ = 


= 37. 


2. 


5^ = 


= 100. 


3. 


3 

2* = 


= 4. 


4. 


alf: 


= w. 


5, 


1 

off: 


=.n. 


6. 


a^- 


-Ipd' 



log re — log a' 
log(y± V5+i?0 



Ans. X — , 

logos 
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LOGAEITHMS AND EXPONENTIAL EQUATIONS. 



577. 



SYNOPSIS FOR REVIEW. 



' Log. of a ITDMBEB. 

Base of a system, 
chakacteerstic. — ^mantissa. . 



&BNBIIAI, 

Peopbjrties. 



LOGAEITHMS. ■{ 



Common 
System. 



X 



o 



Computation. ■ 



' Iiog. 1. 

Log. Base. 

When Base > 1. 

When Base < 1. 

When Base ispositke. 

Log. of a Product. 

Log. of a Quotient. 

Log. of a Power. 
. Log. of a Boot. 

To find the charaeteristie. 
Mantissas of log. of two num- 

iers whose ratio is a perfect 

power of 10. 

To express log. of a number in 
terms of that numiber and the 
base of the system. 

Modulus. — Logarithmic series. 

To find the base of No/pier's sys- 
tem. 

Log. number = Modulus x Jjfor 
pier's Log. same number. 

Modulus of any system = recip- 
rocal of the Napierian log. of 
base of the system. 

To traThsform log. series into 
cormerging series. 

To compute table of Napierian 
log. 
. To compute table of common log. 



. EXPONENTIAL EQUATIONS. 



CHAPTEE XXII. 

COMPOUND INTEREST AND ANNUITIES. 



COMPOUND INTEREST. 



518. To find the amount of p dollars at compound 
interest for n years at r per cent, per annum. 

At the end of the 1st year the amount will be 

P +pr=p{l +r); 

at the end of the 2d year the amount will be 

p{l + r) +p{l + r)r=p{l +rY; 

at the end of the 3d year the amount wiU be 

^ (1 + rf +p (1 + rYr =p (1 + rf; 

and so on. Hence, denoting the required amount by A, 

A =p (1 + ?•)" . . . (1). 

Any one of the four quantities, A, p, n, and r may be found 
from this equation when the three others are given. The compu- 
tation is most readily performed by means of logarithms. Taking 
the logarithm of each member of (1), 

logA = \ogp + n\og{l + r) . . . (3) (560-563); 
whence, log^ =log A — relog(l + r) . . . (3), 

log(l + .)=MA^ . . . (4), 

and ^^ logA-log ^ _ _ 

log (1 + r) 
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Example. — How much will $500 amount to in five years at 6 
■per cent, compound interest? 

Given il«gl-06 =0.025306) 
( log 669.10 = 2.835491 ) " 

Substituting 500 for^, .06 for r, and 5 for ra in (2), we have 

log A = log 500 + 5 log 1.06 

= 3.698970 + 5 X .025306 = 2.825500. 

Since log 669.10 — 2.825491, it follows that A = $669.10. 

ANNUITIES. 

579. An Annuity is a sum of money which is payable 
annually. The term is also applied to a sum of money payable at 
any equal intervals of time. 

580. To find the amount of an annuity of a dollars 
for n years at r per cent, per annum, -when the inter- 
est is compounded every year. 

The first payment a becomes due at the end of the first year, 
and in w — 1 years this will amount to a (1 + r-)""! (518) ; the 
second payment a becomes due at the end of the second year, and 
in n — 3 years this will amount to « (1 + r)"""^ ; the third pay- 
ment will amount to a(l + r)"~^ in ?i — 3 years; and so on. 
Hence, denoting the amount of the annuity by A, 

A = a (1 + r)™-i + a (1 + r^-^ + a (1 + J-)""^ + . . . . 
+ a{l + r)+a . . . (1). 

By reversing the order of the terms in the second member of 

(1), 

k=a + a{l + r)+a{\ + rf+....+a{l+r)"^-^ . . . (3); 

. « (1 +?•)»- « ( 1 + r) " - 1 ,„^ 

whence, A = (\ ^ ^) _ y = « • }. • • • (3)- 
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581. To find the present value of an annuity of a 
dollars for n years, at r per cent, per annum, the in- 
terest being compounded every year. 

Denoting the present value of the annuity by P, 

(1 + r)" — 1 



P(l +r-)» = ffl- 

f 

, _ « (1 + r-)» — 1 

whence, P = - ■ '■ ,^ / .„ 
r- (1 + rf 

Cob. — If n = co, (3) becomes 



a 
r 



(1) (578-580) ; 
(3). 



583. 



SYNOPSIS FOR REVIEW. 



CHAP.XXn. 



COMPOUED 
INTEEEST. 



AMTIITIES. 



To FIND THE AMOUNT OF p DOLLARS 
AT COMPOTJND INTEKBST FOB m TEAKS 
AT r PEB CENT. PEK ANNTJM. 

( To FIND THE AMOTJNT OF AN ANNTOTY 
OF a DOLLARS FOB n YBABS AT r FEB 
CENT. PER ANJ^UM, "WHEN THE INTER- 
EST IS COMPOUNDED EVERT TEAR. 
To FIND THE PKESBNT VALUE OF AN 
ANNUITT OF fl DOLLARS FOB n TBAES 
AT r PEB CENT. PER ANNUM, WHEN 
THE INTBBEST IS COMPOUNDED EVERY 
TEAR. Oor. 



OHAPTEE XXIIL 
THEOET OF EQUATIOl!^S. 



DEFINITIONS. 



583. Every equation of the n*'^ degree containing only one 
unknown quantity may be written under the form of 

CB™ + Aa;"-! + Ba?'-^ + ....+ Ka; + L = 0. 

This equation' is called the general equation of the m* degree. 
The term L, which is called the absolute or independent term, may 
be considered as the coefficient of ifi. 

584. A Function of a quantity is an expression contain- 
ing that quantity. Thus, ax* + bx is a function of x. 

For brevity we shall sometimes use the symbol / {x) to denote 
a function of x. 

If f(x) is entire and rational with reference to x, it is called 
a rational integral function of x. 

In the present Chapter, when f(x) is used without modifica- 
tion, it is understood to denote a rational integral function of x. 

585. Any quantity, which substituted for a; in / (a;) causes 
/(a;) to vanish, is a Root of the equation f{x) = 0. 

GENERAL PEOPEETIES. 

586. If f(x) vanishes when x = r, the function is divisi- 
ble by X — r. 

Suppose fix) to be divided by x — r, and the operation 
continued until a remainder is obtained which is independent of x. 
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Denote the quotient by Q and the remainder, if there be one, by E ; 
we then haye the identity 

f{x) = q{x-r) + -R., 

By hypothesis, / (a;) Tanishes when x = r; and since Q is a 
rational integral function of x, it cannot become infinite when 
x = r; hence Q (a; — r) Tanishes when x=z r. Therefore E 
vanishes when a; = r. But E does not contain x; hence it Tan- 
ishes without regard to the value of x. 

587. If f{x) is divisible ly x — r, then r is a root of the 
equation f {x) = 0. 

Let Q denote the quotient obtained by dividing f{x) by 
x — r; we shall then have the identity 

f{x) = q{x-r). 

Ifow Q (a; — r) vanishes when x^r; hence /(a;) vanishes 
when a; =: r. It therefore follows that ?• is a root of the equation 
f{x) = (585). 

588. If the equation f{x) =0 is of the «** degree, it has n 
roots, and no more. 

Let a represent a root of the equation 

f{x)=(i . . . (1); 

then / (x) is divisible by a; — a (586). The quotient obtained 
by dividing f{x) hy x — a will be of the {n — 1)"^ degree. 
Denoting the quotient by /^ (a;), (1) may be written 

{x-a)f,ix)=0 . . . (2). 

Again, let b represent a root of the equation 

f,{x)=0 . . . (3), 

which is of the {n — iy^ degree; then /^(a;) is divisible by 
x — b. The quotient obtained by dividing /j (a;) by a; — b will 
be of the (w — 3)'* degree. Denoting this quotient by /g (x), 
(3) may be written 

{x-a){x-b)f^{x)=(i . . . (4). 
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By continuing this process, / {x) will ultimately be resolved 
into n binomial factors, x—a, x—i, x—c, x — d, . . . ., {x—k), 
X — I. 

.• . f{x)= (x—a) (x—b) (x—c) (x—d) .... {x—h) {x—T) . . . (5). 

Now f{x) Tanishes when x is equal to any one of the n quan- 
tities a,b, c,d, . . . . k,l; hence /(a;) = has n roots. This 
equation has no more than n roots, for if we ascribe to a; a value 
m which is not one of the n values a,l, c,d, . . . . Tc, I, the value 
oi f{x) becomes {m—a){m—h){m—c){m — d) . . .{m — h) (m — I) , 
which is not zero, because each factor is different from zero. 

Cob. — K a is a root of the equation f{x) = 0,' then 
f{x) = {x — a)f^(x), where fi{x) is one degree lower than 
/ {x) ; hence the remaining roots of the equation f{x) ^0 can 
be found if we can solve the equation /j {x) = 0. In like man- 
ner, if a and h are roots of the equation /(a;) = 0, then 
fix) = {x—a) («— 5)/g(a;) ; hence the remaining roots of the 
equation f{x) =0 can be found If we can solve the equation 
/g {x) = 0, which is two degrees lower than the equation 

589. To find an equation -when its roots are given. 
Let a, l, c, d, . . . . h be the n roots of an equation ; then 

(x—a) (x — b) (x — c) (x — d) .... (x—k) = 

will be the equation required; for each of the n quantities, 
a, b, c, d, . . . . k \s a, root of this equation, and it has no other roots. 

MULTIPLICATION BY DETACHED COEPFICIENTS. 

590. To multiply a rational integral function of x 
\>j x±a, by means of detached coeflacients. 

1. Multiply a? + 5ay> — 6x + i by x — 3. 
Since the coefQcients of the product do not depend upon x, 
the product may be found as follows : 
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1 + 5 — 6 + 4 Defcaclied coefiBcients of multiplicand. 

1—3 « « « multiplier. 

1 + 5 — 6+ 4 Detached coefficients of 1st partial product. 

— 3 — 15 + 18 — 12 « « « 2d " « 

1 + 3 — 21 + 22 — 12 Detaclied coefificients of product. 

Hence the product is oi^ + ^ofi — 21a;3 + 22a; — 12. 

Since the coefficients of the first partial product are identical 
with those of the multiplicand, this operation may be still further 
abridged as follows : 

1 + 5— 6+ 4 Detached coefficients of multiplicand. 
—3—15 + 18—12 



1 4- 2—21 + 22— 12 " « " product. 

Multiplying 1, the coefficient of the first term of the multi- 
plicand, by — 3, and adding the product to 5, we obtain 2 ; multi- 
plying 5 by — 3, and adding the product to — 6, we obtain 
— 21 ; multiplying — 6 by — 3, and adding the product to 4, 
we obtain 22 ; and multiplying 4 by — 3, we obtain — 12. 

When multiplication is performed in this way, the terms should 
be arranged according to the powers of a;; and if a term is want- 
ing, its place should be filled with a cipher. 

2. Multiply a;* + 6x3 + 5^; _ 10 by x — 5. 

1 + + 6+ 5 — 10 
_ 5 _ — 30 — 25 + 50 



1 — 5 + 6 — 25—35 + 50 
Hence the product is k^ — 5x^ + Gafi — 25a;3 — 35a; + 50. 

8. Multiply aP — ix^ + 6x^ — 8a; + 15 by a; + 8. 



8 



1 + — 4+ 6— 8 + 15 
+ 8 + — 32 + 48 — 64 + 120 



1 + 8 — 4 — 26 + 40 — 49 + 120 
Product, a^ + 8x^ — 4a^ — 26x^ + AOx^ — 49a; + 120. 

4. Multiply a;'' — 4a;3 + 6a; — 7 by a; + 3. 

Ans. a;8 + 3-g7 _ 4a4 _ 12^^ ^ 63.2 ^ n^; _ 31. 
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DIVISION BY DETACHED COEFFICIEN'TS. 

591. To divide a rational integral function of x by 
a; ± o, by means of detached coeflacients. 

1. Divide o^ — %x^^ 26x — 24 by x — i. 
Since the coefiBcieiits of the quotient do not depend upon x, 
the quotient may be found as follows : 

Ooeffic'ts of dividend, 1—9+26— 24 | 1—4 Coe fficients of divisor. 
1—4 1—5 + 6 " "quotient. 

—5 + 26 
—5 + 20 

6—24 
6—24 



Hence the quotient is a^ — 5a; + 6. 

This operation may be still farther abridged as follows : 



1 — 9 + 26 — 24 
— 4 + 20-24 



•4 ... (A). 



1_5+ 6+ 



The coefficient of the first term of the quotient is evidently 1. 
Multiplying 1, the flsst coefficient in the dividend, by — 4, and 
subtracting the product from — 9, we obtain — 5, which is the 
second coefficient in the quotient ; multiplying — 5 by — 4, and 
subtracting the product from 26, we obtain 6, which is the third 
coefficient in the quotient ; and multiplying 6 by — 4, and sub- 
tracting the product from — 24, we obtain 0. 

We may substitute addition for subtraction in (A), if we mul- 
tiply by + 4; thus, 



1—9 + 26-24 

+ 4—20 + 24 

1—5+ 6+ 



(B). 
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When division is performed by means of detached coefficients, 
the terms should be arranged according to the powers of x ; and 
if a term is wanting, its place should be filled with a cipher. 

The process used in (B) is called Synthetic Division. 

2. Divide cc^ — Za? — Ibx^ + 49a; — 12 by a; — 5. 

1—3—15 + 49— 1315 

■1-5-1-10- 35 + 120 I 
1-1-3— 5 + 34 + 108 

Hence the quotient is a? + '^^ — bx + 34, and the remain- 
der is 108. 

3. Divide 3^ — %x^ — lla^ + 198a; — 360 by a; — 7. 

1_ 8 — 11 + 198-36017 

-I- y _ 7 — 136 + 504 1 
1 — 1 — 18 + 73 + 144 

Hence the quotient is a? — x^ — 18a; + 73, and the remain- 
der is 144. 

4 Divide a? + 53? + 2x — •& by a; + 4. 



1+5+3—1 
— 4 — 4 + 



— 4 



1+1—3+0 
Hence the quotient is a;* + a; — 3. 

593. GENEItAI, EXAMPZES. 

1. Show that 1 is a root of the equation 

a«^3x^ — IGx + 13 = 0. 

That the first member of this equation is divisible by a; — 1 
may be proved as follows : 



1 + 3-16 + 13 
+ 1-1- 4-13 



1(591); 



1 + 4-13+ 
hence 1 is a root (587). 
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2. Show that 3 is a root of the equation a^ — lOm? + 35a^ 
— 50a; + 34 = 0. 

3. Show that — 7 is a root of the equation oc:^ + 2a^ — Six^ 
+ 13a; + 35 = 0. 

4. Show that — 1 and — 3 are roots of the equation a;^ — 4a;* 
+ 33a^ — 35a; — 43 = 0. 

5. Show that 1 + V — 5 and 1 — V— 5 are roots of the 
equation a;* — 3a;S + a;^ -|- 10a; — 30 = 0. 

6. One root of the equation a? + 5a? + 2x — S — isl; 
what are the other roots? 

1+5+3-8 
+1+6+8 



1 


-5 

-1 


+ 


7 + 29 + 30 
6 + 1 — 30 


1 


-6 
-3 


— 1 + 30 + 
+ 16 — 30 



1+6+8+0 
a;' + 6a; + 8 = (588, CoK.) ; whence, a; = — 3 or — 4. 

7. Two roots of the equation a^—5a^—W+29x+30=Q are 
- 1 and — 3 : what are the other roots ? 

— 1 

— 3 

1—8 + 15 + 
ai* — 8a; + 15 = ; whence, a; = 3 or 5. 

8. Three roots of the equation a;^— 4a;*+33a?'— 35a;— 43 =0 
are — 1, —2, 3 ; what are the other roots ? 

Ans. 2 + V^^, 2 — V^^. 

9. Two roots of the equation z^ — 3a? — 4^ + 30a; — 36 = 
are 3 and — 3 ; what are the other roots ? 

Ans. 2 + V^^, 2 — V^^. 

10. One root of the equation a;^ — 1 = is 1 ; what are the 
other roots? Ans. i(— 1 ± V--S). 
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11. Find the equation whose roots are 1, — 3, — 4 
The required equation is 

(x -l)[x- (- 2)] \x - (- 4)] = (a; - 1) (a; + 3) (a; + 4) = 0. 

The indicated multiplication may be performed as follows : 



(590); 



1+5 +2—8 

hence, a;^ + 5a:^ + 3a; — 8 = is the required equation 

in its simplest form. 

12. Find the equation whose roots are 3, — 3, — 1, 5. 

Ans. xi — 5x» — W + 39a; + 30 = 0. 



3 


1 -1 

+ 3 


— 2 




4 


1 +1 

+ 4 


— 3 
+ 4 


-8 



TlH. Find the equation whose roots are 1 + v— 5, 1— V — 5, 
VS, — a/S. Ans. a;* — 3a;3 + a^ + 10a; — 30 = 0. 

14. Find the equation whose roots are — 1, — 3, 3, 3 + -v/— 3, 
2 — V^s. ^ws. a;s _ 4a4 + 22a;2 — 35a; — 43 = 0. 

15. Find the equation whose roots are a, b, c. 

Ans. a? — {a + 1 + c)x^ + {ab + ac + lc)x— abc = 0. 

16. Find the equation whose roots are a, i, c, d. 

Ans. oi^—{a + h + c + d)a?+(ab + ac + ad + lc + M-\-cd)x^ 
— {abc + abd+acd+bcd)x + abcd^O. 

593. To find the relation between the coeflacients 
of /(a;) and the roots of the equation /(a;) =0. 

Suppose the terms of f{x) to be arranged according to the 
descending powers of x and that the coefficient of the first term is 
1; then 

1. The coefficient of the second term with its sign changed is 
equal to the sum of the roots (593, 15, 16) ; 

2. The coefficient of the third term is equal to the sum of the 
products of the roots, taken two and two j 

35 
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3. The coefficient of the fourth term with its sign changed is 
equal to the sum of the products of the roots,tahen three and three ; 
and so on. 

4. If the degree of the equation is even, the absolute term is 
equal to the product of all the roots. If the degree of the equation 
is odd, the absolute term with its sign changed is equal to the 
product of all the roots. 

By a method similar to that employed in Art. 473 it may be 
proved that these laws are true universally. 

CoE. 1. — If the roots of f{x) = are all negative, each term 
of f{x) is positive. 

CoE. 2. — If the roots of /(») = are all positive, the signs 
of the terms of / (x) will be alternately + and — . 

CoE. 3. — ^If the second term of f(x) does not appear, the sum 
of the roots of the equation f(x) = is equal to zero. Thus, 
the sum of the roots of the equation sfi — 2a; + 4 = is zero. 

Cob. 4. — If f{x) has no absolute term, at least one of the 
roots of f{x) =0 is zero. Thus, one root of the equation 
a;s — 2a^ + Sa; = is 0. 

CoE. 5. — The absolute term of f{x) is divisible by each root 
of the equation f(x) = 0. 

CoE. 6. — Let a, b, c, d, . . . . I denote the roots of the equa- 
tion a?> + Aa;"-HBa?'-2+ +Ka; + L=:0; then 

— A=a + b + c + d+ +i, 

and B = ab + ac + .... + bd + be + . . . . ; 

whence, A^—2B = a^ + I)^+(y'+d^ + + P; 

that is, A^ — 2B is equal to the sum of the squares of the roots 
of the proposed equation. Hence, if A' — 2B is negative, the 
roots of the equation cannot be all real. Thus, the roots of the 
equation a? — ia^ + 22sfi — 25a; — 42 = ai-e not all real, for 
(_ 4)2 — 2 X 22 is negative. 
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594. An equation whose coefficients are integers, that of its 
first term Ming unity, cannot have a root which is a rational 
fraction. 

Let the equation be 

ir« + Aje«-i + BiK"-2 +....+Ka; + L = . . . (1), 

in which the coefficients A, B, . . . . K, L are supposed to be in- 
tegers. 

Suppose, if possible, that (1) has a rational fractional root 

■which in its lowest terms is expressed by t- Substituting t for x 

in (1), and multiplying the resulting equation by 5""', we obtain 

^ + Aa"-i + Ba«-35 +....+ KaJ"-^ + L6»-i = . . . (2) ; 

whence, 

j = - (Aa«-i + Ba«-25 + + Ka5»-2 + L5«-i) . . . (3). 

The second member of (3) is an integer, and its first member 
is an irreducible fraction. Hence r cannot be a root of the pro- 
posed equation. 

595. If a + i'V— 1 is a root of an equation whose coeffi- 
cients are real, then will a — 6 V— 1 ie a root of that equation. 



Let a + b V — 1 be a root of the equation 
O" + Aa;»-i + Ba;»-2 +....+K:a; + L = . . . (1), 
in which the coefficients are supposed to be real, then will 
a — b V — 1 be a root of that equation. 

Since a + b V— 1 is a root of (1), 

(« +6 V^"+ A{a + b V^r^+BCa + b V^'^+ .... 
+ K{a + bV^) + 'L = . . . (3). 

If we expand those terms of (3) which contain a + b V— 1> 
the resulting equation will contain some terms which are real and 
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some which are imaginary. Since the coeflBcients A, B, C, . . . . 
and the even powers of b a/— 1 are real, it follows that V— 1 
will occur only in connection with the odd powers of i. Denoting 
the sum of the real terms by P, and the sum of the imaginary 

terms by Q V— !» we have 

P + Qa/^Ti^O . . . (3); 

whence, P = — Q V— 1 • • • (4). 

To satisfy (4) we must have P = and Q = 0, for a real 
quantity cannot be equal to an imaginary quantity. 

Now if a — J V— 1 be substituted for x in (1), its first mem- 
ber, when expanded, will diflFer from the result obtained by ex- 
panding the first member of (2) only in the sign of the odd powers 
of b V — 1 ; that is, the first member of (1) may be represented 

by P — Q V— 1 when a — b V— 1 is substituted for x. But 
P = and Q = 0; 

P-Q'\/~T = . . . (5). 
Therefore a — b V— 1 is a root of (1). 

Cob. 1. — An equation of an odd degree whose coefficients are 
real has at least one real root. 

CoE. 3. — The product of the two roots a + b V— 1 and 
a — b V — 1 is a^ + 5^, which is a real positive quantity; hence, 
an equation of an even degree whose coefiBcients are real, and 
whose absolute term is negative, must have at least two real 
roots. 

CoE. 3.— The product of a;— (a + JV'^^) and x—{a—b^/^-^) 
is {x — «)2 + b^, which is a rational quadratic expression, and 
positive for all real values of x. 

CoE. 4 — ^If a + Vb, in which v^ is a simple quadratic 
surd, is a root of an equation whose coefficients are rational, then 
will a — Vb be a root of that equation. 
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EXAMFZES. 

1. 1 — 3 'v/^i is a root of the equation afi — a;' + 3a; + 5=0; 
what are the other roots ? Ans. — 1 and 1+3 V— 1- 

3. V— 1 is a root of the equation a^+ia^+6x^+ix+5=0; 
what are the other roots ? 

3. 3 + V— 3 is a root of the equation x^ +a?—25x^ + 41a; + 66 
=0 ; what are the other roots ? 

4. V3 is a root of the equation x^+23?~Az^—Az+4:^0; 
what are the other roots ? 

5. 3 + v^ is a root of the equation a;*— 3a:'— 5a:'— 6a;+3=0 ; 
what are the other roots ? 

6. Vs and 1 — 3 V — 1 are roots of the equation a^—x^+ 
8a;*— 9a;— 15=0; what are the other roots? 

7. Has the equation a^ — 3a; + 4=0 a real root? Why? 

8. Has the equation a;*— 4a:'+4a;— 1=0 any real roots? 
Why? 

TBANSPOEMATION OP EQUATIONS. 

596. To transform an equation into another, the 
roots of which are those of the proposed equation 
with contrary signs. 

Let r represent a root of the equation 

a^ + Aaf^-i + Ba;»-8 + Ca;"-^ +....= . . . (1) ; 

then 

r» + Ar"-i + Br"-2 + Cr"-s + . , . . = . . . (3). 

Changing the signs of (3), 

_ ^ _ Ar-"-i — Br-"-' — Gr"-^ . , . . = . . . (3). 

Changing the signs of the alternate terms of (1), 

a^ — Aa;"-i + Ba?*-* — Oa;"-^ +....= . , . (4). 
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Substituting — r for x, the first member of (4) becomes 

r" + Ar"""' + B»^~* + Cr"~^ +...., 
Qj» mu ^t'^~^ "R?*""'^ C/***"^ — 

according as w is even or odd. But, by (2) and (3), each of these 
expressions is equal to zero ; hence — r is a root of (4), 

Since — ?• is a root of (4), it is a root of the equation obtained 
by changing all the signs of (4) ; that is, — /• is a root of the 
equation 

— a^ + Aa^i — Ba?'-^ + Ca?'-^ _....= o . . . (5), 

Hence, 

If the signs of the alternate terms of a complete equation he 
changed, tJie signs of all the roots will be changed. 

An incomplete equation may be rendered complete by insert- 
ing the missing terms, with zero for the coefiicient of each of 
them. Thus, by inserting Ox^ and Oa?, the equation a^ -\-^a^ — 
4a:8 — 4:? + 7 = becomes a^+^ofi+Qx^—ia^+Qx^—^+l—Q. 

MXAMPXrES. 

1. The roots of the equation a^ — llx^ + 13a; — 3 = are 
3, 3 + Vs, and 2 — a/3 ; find the equation whose roots are 
_ 3, _ 2 — -y/S, and — 3 + VS. 

Ans. a^ + W +13z + 3 = 0. 

2. The roots of the equation a;* — 3^^ + Sa;^ + 17a; — 18 = 
are 1, — 3, 3 + V--5, and 3 — V — 5 ; what are the roots 
of the equation x^ + 3a^ + 3z^ — 11x — 18 = 0? 

Ans. — 1, 2, — 3 — V'^ — 3 + V^TB. 

3. The roots of the equation a;* + 4a;3 — a;* — 16a; — 12 = 
are 3, — 1, — 2, and — 3 ; what are the roots of the equation 
— a;* + 4a;' + a;« — 16a; + 13 = ? Ans. — 2, 1, 3, 3. 

4. The roots of the equation a^—l=0 are 1, |(— 1 + \/--3), 

and i(— 1 — V— 3); what are the roots of the equation 
a;« + 1 = 0? 

-1, -l(-l + V^3), ^i(-l 
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597. To transform an equation containing frac- 
tional coefficients into another in which the coefficients 
are integers, that of the first term being, unity. 

Let the proposed equation be 

a?* + Aa;"-! + Ba;«-2 + +Ka; + L = . . . (1), 

in which some or all of the coefficients A, B, C, . . . . are sup- 
posed to be fractional. 

Assume yz=.]cx, or x = %. Substituting ^ for x in (1) and 

multiplying the resulting equation by h^, 

y + A%"-i + B^2^«-2 j^ + 'Kk^h) + Life" = . . . (2). 

Now, since Jc is arbitrary, we may give it such a value as wiU 
make the coefficients A^, '&k\ .... W<i"-\ Ucf iategers. 

Transform each of the following equations into another in 
which the coefficients are entire, that of the first term being unity : 

1. 34 + 1^3+1^ + ^^+1=0 . . . (1). 

Substituting v for x in (1) and multiplying the resulting 

equation by h\ 

ak , ch^ , . eh^ , glc^ „ ,., 

y' + ^y^ + -^y^ + Yy+h^^ • ' " ^^^• 

Assuming h = Idfh, (3) becomes 
y^-\-adfhf^c¥dpWf-\-e¥3?pWy-^gVa,^fW=i<i . . . (3). 

2. ^ + ^V- + -=0 . . . (1). 

Substituting | for x in (1) and multiplying the resulting 

equation by P, 

^8 + ^yi + ^^^ + £^ = o . . . (2). 
" pm in p 
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Assuming h=pm, the L. C. M. of the denommators, (2) 
becomes ~' 

y^ + cpy^ + if my + cfm? = . . . (3). 

3. ^-l^ + y-^^.-^^ = . . . (1). 

Substituting v for a; in (1) and multiplying the resulting 
equation by k^, 

Eesolving the denominators in (2) into prime factors, we have 

6=2x3, 12=2»x3, 150=2x3x52, 9000=23x33x53. 

Assuming ^ = 2x3x5, (2) becomes 

^ 5-2-3-5 3 5-2a-33-53 ^ 7-2°-3«-53 13 -2^ -3^ -5* 
y 2"-3 ^ "•" 22-3 ^ 2-3-52 ^~ -Z^-2,^-b^ 

= . . . (3). 

Canceling common factors in (3), 

2^4_5.5^s_5.3.52y3_ 7.23-33-5y_13-2-3S-5 =0; 

that is, 2/*—25«/S+375^2— 12602/— 1170=0 • • • (*)• 

If we had assumed k = 9000, which is the L. C. M. of the 
denominators of the given equation, the coefficients in the trans- 
formed equation would have been much larger than those in (4). 

4. ^-^^0^+^^^Q^ 68600" 

Ans. y^—&f + 26y — 85 = 0. 

13 21 ^2 i?_ J__n 

5. 3fi - ^^af' + ^^3^ - ^^^x ^^^x goQ-0. 



Ans. 2/S—65«/< + 1890?/3— 30720/— 928800y— 972000=0. 

I. / — Uy» + lly — 75 = 0. 



- , 7- . , 11 25 - 
6- ^-r +36^-72 = ^' 
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598. To transform an equation into another, then 
roots of which shall diffrr frmn- those of the givenW 
equation by a given quantity ^^ . 

Let the proposed equation be 

a;" + Ax"-! + Bxf-» + +Ka; + L = . . . (1). 

Substituting y + h for a; in (1), we have 

{y + h)-+A{y + h)-i + B{y-{-hr-^+... + Kiy + h)+L^0...{2). 

Expanding and reducing, (3) becomes 

n{n — l) W 



y^ + nh 

+ A 



r~' + - 



2/"-^ + 



+ A" 



+ {n — l)AJi + M"-i 

+ B + B/t^-a j. = . . . (3). 

+ ..., 

+ L 

The roots of (3) differ from those of (1) by A, for a; = ?/ + h. 

Denoting the coefficient of y^~'^ by A', that of «/"""' by B', , 

and the independent term by L', (3) becomes 

y« + Ay-i + By'-3 + .... + jy + K'«/ + L' = o . . . (4). 

We now propose to show that (4) may be deduced from (1) by 
Synthetic Division. 

Eestoring the value of y, (4) becomes 

(a;_7i)'.+A'(a;-A)«-i+B'(a;-A)'^«+. . .. + 3'{x-liY+'K'{x-h) 
+ L' = . . . (5). 

Now the first member of (5) is identical with the first member 
of (1); for, in deducing (5) from (4) we merely retraced the steps 
by which (4) was deduced from (1). Hence the equation 

a^+ Aa^^-i+Ba^-s +....+ Ja;8 + Ka; + L= (a;— A)" + A' (a;— A)"-* 
+ W{x-h)'^^+ +3'{x-hf-\-'K!{x—h) + U ... (6) 

is an identity, 
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Dividing the second member of (6) by x — A, we obtain the 
remainder L' ; dividing the quotient by x — h, we obtain the re- 
mainder K' ; dividing the second quotient by a; — li, we obtain 
the remainder J' ; and so on ; hence if we treat the first member 
of (6) or the first member of (1) in the same way, we shall obtain 
the same remainders. But these successive remainders are the 
coefficients of (4). Hence the coefficients of (4) may be obtained 
fiom (1) by the following 

B, ULE. 

Divide the first member of (1) ly x — %, continuing the oper- 
ation until a remainder is obtained which is independent of xj 
then divide the quotient by the same divisor, and so on, until n 
divisions have been performed : the successive remainders will be 
the coefficients of (4). 

EXAMPZES. 

1. Find an equation whose roots are less by 3 than those of 
the equation x^ — ia^ — 8a; + 32 = 0. 

Substituting y + 2 for a; in this equation, we obtain y* + 
4^* — 34m = Qj^whic^iSftha equation required. The .same result 
may be oblameJ^ SyMhetic-Dtvtsion/as^oiS^f'^^j 



l_4+0— 


8 + 33 1 3 


+ 3 — 4 — 


8 — 321 


— 3 — 4 — 


16+0 1st rem. 


+ 3 + 0- 


_8 


+ — 4 — 


34 3d rem. 


+ 3 + 4 




+ 2 + 3d rem. 


+ 3 




+ 4 4th rem. 



Hence the required equation is y^+ iy^+ Oy^— 34y+ = 0. 

3. Find an equation whose roots are greater by 3 than those 
of the equation x^ + 16a;3 + QQa;^ + 328a; + 144 = 0. 
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Substituting «/ — 3 for a; in this equation, we obtain y^ + 
14y3 _|_ 9y2 _ ^2y = 0. The same result may be obtained by Syn- 
thetic Division, as follows : 

1 + 16 + 99 +.328 + 144 
_ 3 — 39 — 180 — 144 



+ 13 + 60 + 
_ 3 — 30 — 


48 + 
90 


1st 
rem. 


rem 


+ 10 + 30 — 

— 3 — 21 

+ 7 + 9 3d 

— 3 

+ 4 4th rem. 


42 3d 
rem. 





Hence the required equation is y* + 4^ + 9^ — 43^ = 0. 

3. Find an equation whose roots are less by 2 than those of 
the equation «*— 4a?— 8a; + 33 = 0. Ans. y^ + 4:y^—24:y=0. 

4. Find an' equation whose roots are less by 3 than those of 
the equation a^ — 12a? + 17a;2 _ 9a; + 7 = 0. 

Ans. if — 37j/« — 133?/ — 110 = 0. 

599. To transform an equation into another in 
■which the second or third term shall not appear. 

Since Ti in equation (3) of Art. 598 is arbitrary, we may give 
to it such a value as will caxise the second term of that equation 
to vanish. 

A 

Assume «A + A = 0; then A= . Substituting this 

value for Ji in (3), we obtain an equation of the form of 
'f + By-2 + Cy-' + . . . . + Wy + L' = 0. 

If we assume ^'(^-1)^' + (ra - 1) M + B = 0, the third 

term of (3) will disappear. 

Cob. — The value of li which makes the second term disappear 
may cause the disappearance of the third or some other term. 
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In order that the third term may disappear at the same time 
with the second, it is necessary that the yalue of h which satis- 
fies the equation raA + A = shall also satisfy the equation 

n(n-V) }? ^ (^ _ 1) AA + B = 0. Substituting -^ for A 

m this equation, we haye • — j— (re — 1) (-13 = 0; 

2wB 
whence A^ = -. This equation expresses the relation which 

must subsist between the coefficients A and B in order that the 
third term may disappear with the second. 

1. Transform the equation 3? — 6x^ -{-8x — 3 = into an- 
other wanting the second term. Ans. y^ — 4^' — 3 = 0. 

3. Transform the equation x^ — 123? + llz^ — 92; + 7 = 
into another wanting the second term. 

Ajis. y^ — 37y2 _ 123^ _ no = 0. 

3. Transform the equation a? — 6a;* + 13a; — 13 = into an- 
other wanting the second term. Ans. ^^ + y — 3 = 0. 

4. Transform the equation a;^ + 5a;" + 8a; — 1 = into two 
others, each wanting the third term. 

113 
Ans. y^ — y^ — 5^0 and y^ + y^ hs" = 0- 

At 

5. Can the equation a? + 6x^ + 13a; — 56 = be transformed 
into another wanting the second and third terms ? 

THEOREM OF DESCAETES. 

600. In any series of quantities a pair of consecutiye hke 
signs is called a I*ermanence of signs, and a pair of consecu- 
tive unlike signs is called a Variation of signs. Thus, in the 
expression a? — 3x'' — ix^ + 7x^ + 3x*+ 23? — x^— x + 1, there 
are four permanences and four variations. 

601. If the equation f{x) =0 is complete, the sum of the num- 
ber of permanences and the number of variations in the signs of the 
ternos of /(a;) is equal to the greatest exponent of x in the equation. 
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603. Theorem of Descartes. — The number of real pos- 
itive roots of the equation f{x) = cannot exceed the numier of 
variations in the signs of its terms; and, if the equation f{x) — 
is complete, the number of real negative roots cannot exceed the 
number of permanences in the signs of its terms. 

Eepresent the real positiTe roots of the equation 

f{x)^(i ... (1) 

hj a,b,c . . . ., and suppose (1) to be divided by the product of 
all the factors x — a, x — b,x — c, . . . . corresponding to the 
real positive roots (586). Eepresent the resulting equation by 

/,(^) = . . . (3). 

This equation has no real positive roots. 

We shall now show that if (2) be multiplied by the factor 
X — a corresponding to a real positive root, the number of varia- 
t ons in the resulting equation will be at least one greater than 
in (2). 

I. Suppose (3) to be complete, and let the signs of its terms be 

+ + +. 

The signs of the multiplier are H . 



+ + +. 

+ + + — . 



The signs of the product are + ± — T T H . 

A double sign is placed where the sign of any term in the 
product is ambiguous. 

Now, taking the ambiguous signs as we please, the number of 
variations in the product is greater than in the multiplicand; 
and this is still true if we suppose some or all of the terms having 
ambiguous signs to vanish. 

II. If (2) is incomplete, reduce it to a complete form by in- 
serting the missing terms with zero for the coefficient of each ; 
the resulting equation will contain at least as many variations as 
(3). Multiplying the completed equation by x — a, the number 
of variations in the product will be greater than in the multipli- 
cand (I). But the product thus obtained is the same as the pro- 
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duct of /j (a;) and x — a; hence, the number of variations in the 
product of /i(a;) and a; — a is greater than in fi{x). 

We have thus shown that when the factor a; — a is introduced 
into (3), the resulting equation contains at least one more varia- 
tion than (3). In like manner it may be shown that when the 
factor a; — S is introduced into the resulting equation, at least one 
more variation is introduced ; and so on. 

Hence the number of real positive roots of the equation 
f(x) — Q cannot exceed the number of variations in the signs of 
its terms. 

We prove the second part of the theorem as follows : 

Suppose (1) to be complete, and let the signs of its alternate 
terms be changed ; then the signs of the roots will be changed 
(596), the permanences will become variations, and the variar 
tions will become permanences. But the number of real positive 
roots of the resulting equation cannot exceed the number of vari- 
ations in the signs of its terms ; hence the number of real negative 
roots of the given equation cannot exceed the number of perma- 
nences in the signs of its terms. 

CoE. 1. — "Whether the equation f{x) =0 is complete or not, 
its roots are numerically equal to those of the equation/(—a;)=0; 
but the signs of the two sets of roots are opposite. Hence the 
number of real negative roots of the equation f{x) = is equal 
to the number of real positive roots of the equation /(— a;) = 0. 
But the number of real positive roots of the equation /(— a;) = 
cannot exceed the number of variations in the signs of its terms. 
We may therefore state the theorem of Descartes as follows • 

The number of real positive roots of the equation f{z) = Q 
cannot exceed the number of variations in the signs of f (x), and 
the number of its real negative roots cannot exceed the number of 
variations in the signs of f{ — x). 

Illustration.— The equation a^ + ^a? -\- bx — t = has only 
one variation of signs ; therefore it cannot have more than one 
real positive root. By putting — a; in the place of x, we obtain 
the equation a^ + Zx^ — 5x—l = 0. This equation has only 
one variation of signsj therefore it cannot have more than one 
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real positive root ; hence the original equation cannot have more 
than one real negative root. 

Cor. 2. — If the equation f(x) = is complete, and all its 
roots are real, the number of positive roots is equal to the number 
of variations in the signs of its terms, and the number of negative 
roots is equal to the number of permanences in the signs of its 
terms. 

Denoting the number of permanences hj p, the number of va- 
riations by V, the number of positive roots by P, the number of 
negative roots by N, and the highest exponent of a; in / (x) by n, 
we have v -{- p ^^n and P + N ^ w ; hence v + j? = P + N. 
'How P cannot exceed v, and N cannot exceed p ; hence P =: v, 
and H —p. 

CoE. 3. — By means of the theorem of Descartes we can 
sometimes detect ,the presence of imaginary roots in an equa- 
tion. 

Illustration. — The equation a' + 16 = has no variation of 
signs ; therefore it has no real positive root. By putting — a; in 
the place of x, we obtain the equation ac* + 16 ^ 0. This equa- 
tion has no variation of signs ; therefore it has no real positive 
root; hence the original equation has no real negative root. 
Therefore the roots of the equation a;^ -|- 16 = are imaginary. 



XIXAMFIES. 

1. Show that the equation a:^ + 5a; + 18 = has only one 
real root. 

2. All the roots of the equation a? + 5x^ + 2x — 8 = are 
real; how many of them are negative? Ans. Two. 

3. All the roots of the equation as^-bx^ — llx^ + 29a; -1-80=0 
are real ; how many of them are positive ? Ans. Two. 

4 All the roots of the equation a^—3x^—6a?+15a^ + ix—12 
= are real ; how many of them are positive ? Ans. Three. 
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DERIVED FUNCTIONS. 
603. Substituting x + h for a; in the identity 
f{x) —af + Aa?"-! + Ba!™-» + + Kcc + L . 



(1), 



and arranging the result according to the ascending powers of h, 
we obtain 



fix + h) 






= .»" 


+ 


OTa!"""i 


+ Aa:"-i + («- 
+ Ba;"-^! + (w- 


-l)Aa;"-2 
-3)Ba;»-s 


+ 'Kr. 




+ K 



+ (w— l)(w— 2) Aa^'-s 
+ («— 2)(«— 3)Ba?»-^ 






(2). 



AS 



Denoting the coefficient of h by /'(a;), that of -^-^ ^7 /"(^)> 
and so on, (2) may be written 



¥ 



(3). 



/(a; + h) =f{x)+nx) h +f'{x)^ +f"{x) ^+ 

The expression f{x) is called the primitive function, the 
expressiony'(a;) is called the first derived function, or simply the 
first derivative, the expression /"(a;) is called the second deriva- 
tive, and so on. 

The first deriyatiTe may be obtained from the primitive func- 
tion by multiplying each of its terms by the exponent of x in that 
term and dividing the result by x ; the second derivative may be 
obtained from the first in the same way that the first is obtained 
from the primitive function ; and so on. 



EXA.MPI.ES. 

1. Find the derivatives of a:;' — 6a;' + 8a; — 3. 



1st. 3a;2 — 12a; + 8, 
Ans. { 2d. 6a; — 12, 
( 3d. 6. 
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3. Transform the equation a?—Gx^ + 8x — 2 = into 
another wanting the second term. 

Substituting x + 2 for x in theidentity/(a;)=a;S_6a;2_|-8a;— 2, 
we haye 

f{x+2) = a?—6a^+8x—2+{3a?—12x+8)2 + {6x—12)~ + 6j^ 

\± 12 
= a? — 4:X — 2) hence the required equation is a?— 4a;— 2 = 0. 

3. Find an equation whose roots are less by 1 than those of the 
equation a^ — 2a;2 + 3^; _ 4 = o. 

Substituting x + 1 for x in theidentity/(a;)=a;3— 2x;2 + 3a;— 4, 
we have 

f{x + 1) =x?-2x^+3x—4: + (3x^~4:X + 3)l + {ex-l)^ + Q^ 

= a:^ +0!^ -\-2x — 2; hence the required equation is 

af' + x^ + 2x — 2 = 0. 

Let the student solye all the examples of Ai-t. 599 by the 
method of derived functions. 

604. The first derivative of the product of two functions of 
the same quantity is equal to the sum of the products oitained iy 
multiplying each ly the first derivative of the other. 

Substituting x + h for a; in the two expressions f{x) and 
fi{x), we obtain 

f(a: + h)= f{x) + f{x)h+ (1) (603), 

and fti^+h)=ft{<r)+fi'{x)h+ (2). 

Multiplying (1) by (2), 
fix+h)f^{x+h) =f{x)f, (x) +f^{x)f'{x)h+f{x)f'{x)h +.... 

=mA (^) + [fi i^)f'i^) +/(^)/i'(^)]^ + . . . ■ 

. . . (3). 

The coeflBcient of h in (3) is the sum of the products obtained 
by multiplying f^ (x) by the first derivative of / (x) and / (x) by 
the first derivative of /j (x) and this coefflcient is the first deriva- 
tive of /(a;) /j (2;) (603). 
26 
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CoE. — In like manner it may he shown that the flrsii deriva- 
tive of the product of three or more functions of the same quan- 
tity is equal to the sum of the products obtained by multiplying 
the first derivative of each by the product of the other functions. 

MXA.MFI.ES. 

Find the first derivative of each of the following expressions: 

1. 3?{x — a)\ Ans. 2x {x — af + 3(a; — afxK 

2. {a + x){b + x). Ans. i+x + a + x — a + b+2x. 

3. {x—ay{x—bY. Ans.9,{x—a){x—by + 3(x—iY{x—ay. 

4. {x — a)3 {x — by {x — c)5. 

Ans. 3{x—a)» {x—bf (a;— c)«-|-4(a;— 5)s {x—af {x—cf 
+ b{x—cY {x—af {x—by. 

5. (:;; — «)« {x — 5)™. 

Ans. n {x—a)"~^ (a;— J)'"+to (a;— 5)™""i (x—a)". 

ROOTS COMMON TO TWO EQUATIONS. 

605. If a is a root of the equation f{x) = 0, f{x) is divisible 
by X — a, and if a is a root of the equation fi{x) = 0, fi(x) is 
divisible by x — a; hence the roots of the equation obtained by 
putting the G. C. D. of f{x) and f-^{x) equal to zero will be the 
roots common to the two equations /(») = and fi{x) = 0. 

EXAwmis. 

1. Find the root which is common to the two equations 

cei—23^—7x'>+20x—12=0 and 4a?—6x^—Ux+20=0. 

The G. 0. D. of the first members of these equations is x—2; 
hence 3 is a root common to the given equations. 

2. Find the roots common to the two equations 
a*—23?—lla?+12x+U=(i and 4:a?—&x^—22x+12=Q. 

Ans. 3 and —3. 
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3. Find the roots common to the two equations 

x''—33fi + a:^—ia:^+12x—'i=0 and 2x^—63fi+3x»—3x+l=0. 

Ans. ^ . 

4. How many roots are common to the two equations 
s^—^2x^+673?+10x>—25x—4:=0 and 2a?— 18a;4+39iB3— 35a;3 
+ a; + 1 = ? Ans. Three. 

EQUAL ROOTS. 

606. The equation f{x) = is called the Primitive Equa- 
tion, and the equation f'{x) = 0, which is obtained by putting 
the first derivative of f{x) equal to zero, is called the First 
Derived Equation. 

607. If a root occurs n times in the equation f{x) = 0, it 
will occur n — 1 times in the equation f{x) = 0. 

Let the proposed equation be 

f{x) = {x—aY (x—i) (x—c) = . . . (1), 

in which a occurs as a root n times. 

The first derivative of each of the factors x — b, x — c, . . . . 
is 1 ; hence the first derived equation is 

f'{x) =n{x — a)"-i {x — b){x — c)....+{x — aY{x — c) 

+ {x — aY{x — i) + = . . . (2), 

in which a occurs as a root n — 1 times (SSY). 

OoE. — ^A root which occurs only once in (1) does not occur in 
(3) ; hence any root which is common to (1) and (2) is one of the 
equal roots of (1). 

EXAMrZES. 

Find all the roots of each of the following equations: 

1. f{x) =3? — W+ 16a; — 12 = 0. 

f'{x) = 3x^ — 14a; + 16 = 0. The G. C. D. of f{x) and 

f'{x) is X — 2. Putting this equal to zero, we have a; — 2 = ; 
whence a; = 2. The given equation, therefore, has two roots 
equal to 2. The remaining root of the given equation may be 
found by the principle of Art. 588^ Cor. 
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3. a^ - lla;3 + 44a;8 - 76a; + 48 = 0. Ans. 2, 2, 3, 4. 

3. 2ct^— 123^+190?— 6x + 9=0. Ans. 3, 3, ± Y —-■ 

4. a? — 2a^ + Set? — W + 8x— 3 = 0. 

Ans. 1,1,1, -|±Ja/=^. 

5. f{x)=x'—d3?+6a^+15a^-12a!>-1lx+6=0 . . . (1). 
The first derived equation is 

/'(a;) = 7a;« — 45a^ + 24a:» + 45a^ — 24a; - 7 = . . . (3). 

The G. C. D. of f{x) and f'{x) is a;* — a;8 - ic + 1- Equat- 
ing this with zero, we haye 

a« — a;8 — a; + l = . . . (3). 

The G. 0. D. of the first member of (3) and its first derivative 
is a; — 1. Equating this with zero, we find a; = 1 ; hence (3) has 
two roots equal to 1. The remaining root of (3) is — 1 (593). 

Now, since (3) has two roots equal to 1, and one root equal to 

— 1, (1) must have three roots equal to 1 and two roots equal to 

— 1. Dividing f{x) by {x — 1)^ {x + ly, we obtain x^+x — 6. 
Equating this with zero, we have x^ + x — 6 = 0; whence, 
a; = 3 or — 3. The roots of (1) are therefore 1, 1, 1, — 1, — 1, 
2, —3. 

6. oi^~2x^ — 2a^ + 4^ + x — 2 = 0. 

7. 0^ — 6x^ + ^3^+ 9a;2 — 12a; + 4 = 0. 

LIMITS OF THE ROOTS OP AN EQUATION. 

608. If the coefficients of f (x) are real, and the results ob- 
tained ly substituting p and qfor x in f(x) have lihe signs, the 
equation f{x) ^0 has either no root or an even number of roots 
lying between p and q ; but if the results have contrary signs, the 
equation has an odd number of roots lying between p and q. 
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Let the real roots of the equation /(a;) = ... (1) be de- 
noted by a,h,c,.... k, and ]et the quotient obtained by divid- 
ing f{x) by {x — a)(x — h){x — c) . . . . (x — k) be denoted 
t)y .?i(«); then 

f{x) = {x-a)ix-b){x-c) {x-k)f^(x) . . . (3). 

Now, since /j (x) is the product of all the factors correspond- 
ing to the imaginary roots of (1), and since the number of these 
imaginary roots is even, it follows that /j (x) is positive for all 
real values of x (595, Coe. 3). 

Substituting p and q, in succession, for x in (2), we have 



f{p) = {p-a) (p-i) (p-c) . . , 


. • (i'-*)/i(?) • • ■ (3), 


f{s) = (q-a){q-i){q-c) . . 


■ '{<i-mM .'• • (4). 


Dividing (3) by (4), 




f{p)_P — ^ P — f> p~c 
f{q) q — a q—b q—c'' 


P-'k Mp) ,.. 


SuTmosfi f{n\ and f{d\ have 


like sicns : then -^ .■ will 



be positive ; and since ffV- is positive, either all the factors 

, T, , . . . ., — — r must be positive, or the 

q—a q—b q—c q— k ^ 

number of negative factors must be even. If all the factors are 

positive, no root of (1) can Ue between p and q ; for, if possible, 

suppose the root b lies between p and q ; then p — b and q — b 

p 5 

would have contraiy signs ; therefore — j would be negative. 

If the number of negative factors is even, then (1) has an even 
number of its roots lying between p and q ; for, if any factor, as 

— -, IS negative, then p — c and q — c must have contrary 

q—c 

signs ; therefore c lies between p and q. 

Suppose f{p) and f{q) have contrary signs; then -444^ 
will be negative, and the number of negative factors must be odd. 
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7) —^ C 

But when any factor as — is negative, the root c lies be- 
tween p and q ; hence (1) has an odd number of its roots between 
p and q when f{p) and f{q) have contrary signs. 

Cor. 1. — If p is less than the least root of the equation 
f(x) = 0, f{p) will be positive or negative, according as the de- 
gree of the equation is even or odd. 

Cor. 2. — If q is greater than the greatest root of the equation 
f(x) = 0, f{q) will be positive. 

Cor. 3. — Suppose that (1) has no equal roots, and that a is 
the smallest of its real roots, b the next smallest, and so on. Now 
suppose X to assume, in succession, every possible value from — oo 
to + 00 ; then the sign of / (z) will change from + to — , or 
from — to +, as often as x passes a real root of the equation; 
for as long as x is less than a, all the factors x — a, x—b, x — c, .... 
x^k are negative; but when x becomes greater than a and less 
than b, the factor z — a wiU be positive, while the other factors 
z — b,x~c,..,.x — k will be negative. In hke manner it 
may be shown that the sign of f{z) changes when x passes 
either of the other real roots. 

lEXAMPrXlS. 

1. Find the first figure of one of the roots of the equation 
f{x) =a^ + a^ + x — 100 = 0. 

When a; = 4, f{z) is negative; and when z = 5, f{x) is 
positive ; hence there must be a root between 4 and 5 ; that is, 4 
is the first figure of one of the roots. 

3. Find the first figure of each of the roots of the equation 
igs _ 3a;2 _ 12a; + 24 = 0. Ans. 1, 4, — 3. 

3. Find the first figure of each of the roots of the equation 
a* — 1%3? + 12a; — 3 = 0. Ans. 2, .6, .4, — 3. 

4. Find the first figure of each of the roots of the equation 
a? — 103?+ Gz + 1 = 0- Ans. — 3, — .6, — .1, .8, 3. 
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609. To find a superior limit of the positive roots 
of an equation. 

Suppose the equation to be of the 'nP^ degree. Denote the 
negative coefiacient whose absolute value is the greatest by — P, 
the exponent of x in the negative term of highest degree by m, 
and the absolute value of the sum of all the negative terms by N; 
then 

N<P + Pa; + Pa;3 + .... + Pa?» . . . (1), 

But P + Pa; + Pa;2 +....+ Pa;»=£^ -— . . . (2) (530); 

Now, the absolute value of the sum of all the negative terms 
of the given equation is equal to the sum of all the positive terms j 

hence ^ must be greater than any positive term as «" ; that isj 

^<fir^ ' • • (*)• 

Multiplying both members of (4) by — ;^4:]-j 

(a; — 1) a?"-™-! < P . . . (5). 
But a; — 1 < a; ; hence, W ^ !> "^ > 

(a; — l)"--™-i < a;«-^-i . . . (6). 
Multiplying both members of (6) by x—\, 

(x — 1)"-™ < (a; — l)a;"-™-i . . . (7) ; 
(a;-l)«-™<P . . . (8); 

whence, a; — 1 < yP, 

Denoting this superior limit of the positive roots by L, we have 

l = i + ""v'p: 
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EXAMPJLMS. 

Find a superior limit of the positive roots in each of the fol- 
lowing equations : 

1. a? + ba^ + 'ii3? — lix^ — 26x + 10 = 0. 

In this equation n = 6, m = 2, and P = 26 ; hence, 

L=l + V26. 

2. 0^ + 53? — 25a;« — 12a; + 68 = 0. Am. 6. 

3. x^ — 5x> — 9x + 12 = 0. Arts. 4. 

4. a? + a?-\^^x—^ — Q. Ans. 3. 

610. To find an inferior limit of the positive roots 
of an equation. 

Substitute - for x in the given equation, and find a superior 

limit of the positive values of y in the resulting equation. Denote 
this limit by L' ; then 

whence, - > .pr^ : 

y 1j 

that is, '^-^TT'* 

Hence ^i ^ ^^ inferior limit of the positive roots of the given 
equation. 

mXAMPZHS. 

Find an inferior limit of the positive roots in each of the fol- 
lowing equations : 

1. afi+5x^ + 2a^ — Ua?—2Gx+10 = 0. 

Substituting - for x and reducing, we have 

^ 26 . 14 , ,2 „ 5 1 

2^-10^-10^ +10^ +10 2^ + 10 = ^- 

A superior limit of the positive roots of this equation is 3.6; 

hence t^x is an inferior limit of the positive roots of the given 
3.6 

equation. 
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2 

a. a^+5x^— 30a^ — 19z — 2 = 0. Ans. 7-=. 

2 + V40 

3. a;* — 5a;5 + 24 + 13a^ _ i2a;2 + 1 = 0. 

4. a;4 — S^s + 120:2 + iqx — 39 = 0. 

611. To find the limits of the negative roots of an 
equation. 

Substitute — xtarx in the given equation, and find the limits 
of the positive roots of the resulting equation. By changing the 
signs of these limits we obtain the Umits of the negative roots of 
the given equation (603, Coe. 1). 

x!xa.m:pzes. 

Find the limits of the negative roots in^ each of the following 
equations : 

1. a?-dx> + 5x+'7-0. Ans. — (l + W), — ^. 

3. a;* — 15a;3 — 10a; + 24 = 0. 

3. ci^ — dafi + 2x^ + 2W — ix^—1 — 0. 

STURM'S THEOREM. 

613. If the coefficients of /(a) are real and the equation 
/(x) = has no equal roots, then, if x is made to assume, in suc- 
cession, aU real values from — 00 to + 00 , the sign of/ (x) wiU 
change as often as x passes a real root of the equation (608, 
Coe. 3). Sturm's Theorem enables us to deternune the number 
of such changes of sign. 

613. Sturm's Functions.— Let f(x) = be an equa- 
tion whose coefficients are real, and which is freed from equal 
roots (607) ; and let /'(a;) be the first derivative off(x). 

We now apply to f{x) and f'{x) the process of finding their 
G. C. D. (135), with this modification, namely: 1. WJien a 
remainder is found which is of a lower degree than the correspond- 
ing dividend and divisor, we change its sign and use the result 
for the next divisor. 2. We neither introduce nor reject a nega- 
tive factor in preparing for division. 
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We continue the operation until a remainder is obtained wHch 
is independent of z, and change the sign of that remainder also. 

Let fi{x), fi{x), fa{x), f„{x) denote the series of modi- 
fied remainders thus obtained. 

The functions f{x), f{x), f^ix), f^{x), /^(x), f„{x) are 

called Sturm's Functions. 

The functions f'{x), f^{x), f^{x), f^{x), fjx) are called 

Auxiliary Functions. 

614:. Sturm's Theorem. — If x he conceived to assume, 
in succession, all real values from — oo to +00, there will he 
no change in the numher of variations in the signs of the series of 

functions f {x), f'{x), fi{x),fs{x), f^ix), f„{x), except when 

X passes through a real root of the equation f{x) =0 ; and when 
X passes through such a root, there toill he a loss of only one varia- 
tion. 

I. /„(a;) is not zero; for, by hypothesis, it is independent of a;; 
hence, if it vere zero, / (a;) and f'(^ would haye a common di- 
visor, and the equation /(ck) = -would have equal roots (607) ; 
but this is contrary to the hypothesis. 

II. Two consecutive functions cannot vanish for the same 
value of X. 

Let S'l, g'g, ^gj • • • • ?« denote the successive quotients ob- 
tained by performing the operations described in Art. 613 ; then, 
by the principles of division. 



f(x)=qj\x)-f^(x) 

f'(A=<iJM-fM 
fAx)=qsM^)-M<^) 



/»-»(») =?»/»-i(a')-/«(a') 



(1), 

(3), 



{n). 



Now suppose f'{x) and /^(a;) to vanish at the same time; 
then by (3) we shall have f^{x) =0; hence by (3), f^{x) =0; 
and so on ; that is, if two consecutive functions vanish at the same 
time, all the succeeding functions, including f„{x) would vanish ; 
but this is impossible (I). 
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III. When any auxiliary function vanishes, the two adjacent 
functions have contrary signs. Thus, if f^{x) = 0, we have by 
{^), Mx) == -f,{x). 

rv. No change can be made in the sign of any one of Sturm's 
functions, except when x passes through a value which causes 
that function to vanish (608, OOE. 3). 

V. Sturm's functions neither gain nor lose a variation of signs 
when X passes through a value which causes one or more of the aux- 
iliary functions to vanish, but which does not cause /(a;) to vanish. 

1. Suppose /j (x) vanishes when x=^c, and that no other 
function vanishes for this value of x. Let A be a positive quantity 
so small that no one of Sturm's functions except /^ {x) vanishes 
while X is passing from c — h to c + h. 

When xz=ic, f'{x) and f^ («) have contrary signs (III) ; 
hence they have contrary signs all the time that x is passing from 
e — h to c + li (IV). Now at the instant x becomes equal to c, 
/j {x) changes its sign (608, Cob. 3) ; hence, before the change, 
its sign is like that of one of the adjacent functions, and after 
the change it is like that of the other. But no change in the 
number of variations of signs in a row of signs can be made by 
simply changing a sign situated between two adjacent contrary 

signs. Thus, in the row of signs -\ 1 ] 1 

there are seven variations; and if we change the fourth sign there 
are still seven variations. 

Hence Sturm's functions neither gain nor lose a variation of 
signs while x is passing from c — h to c -\-h. 

2. Suppose that when /^ (x) vanishes, other auxiliaiy functions 
vanish. The vanishing functions cannot be consecutive (II) ; the 
functions adjacent to each vanishing function have contrary signs 
while X is passing from c — htoc + h; and each vanishing func- 
tion changes its sign at the instant x becomes equal to c. But, as 
we have just shown, this change of sign does not change the num- 
ber of variations in the row of signs. 

VI. Sturm's functions lose one variation of signs, and only 
one, each time x passes through a real root of the equation 
f{x) = 0. Let a be a real root of the equation /(a;) = ; then 
/(«) = 0. 
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Substituting a + A for a; in f{x) and f'{x), and developing 
by Ai-t. 603, we have 

/(a + /0=A(/'(«)+/"(«)|-+/"'(«)|+ •••■) • • • (1).. 

fia + 7i)= /'(«)+/» A +/"'(«)|-+ (2). 

Now assume the absolute value of A to be so small that the 
first term in each of these developments shall be numerically 
greater than the sum of the other terms; then the sign of 
f{a + h) will be the same as that of hf'(a), and the sign of 
f'{a + h) will be the same as that of /'(«)• Hence f{x) and 
/'(is) will have contrary signs when h is negative, and like signs 
when h is positive. But when h is negative, x is less than a, and 
when h is positive, x is greater than a ; hence when x passes a real 
root of the equation f{x) = 0, a variation is changed into a per- 
manence. Now it is evident, from (2), that f'{x) cannot vanish 
as long as 7i has such a value that /'(«) is numerically greater 

than f"{a)h +f"'{a)j^ + . . . . Some of the auxiliary func- 

tions lying between f'{x) and /,(«) may, however, vanish and 
change signs while x is passing through the root a ; but the change 
of a sign lying between two adjacent contrary signs (III) does not 
change the number of variations in the row of signs (V, 1). 
Therefore, when x passes through the root a, Sturm's functions 
lose one variation of signs, and only one. 

In the same way it may be shown that when x passes through 
any other real root of the equation f{x) = 0, Sturm's functions 
lose another variation of signs. 

Cob. 1. — The number of real roots of the equation f(x) = 
is equal to the number of variations of signs lost by Sturm's func- 
tions while X is passing from — oo to + oo ; the number of real 
negative roots is equal to the number of variations of signs lost 
while X is passing from — oo to ; and the number of real posi- 
tive roots is equal to the number of variations of signs lost while 
X is pa;ssing from to + oo . 
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CoE. 3. — Let a be the smallest real root of the equation 
f(x) = 0, & the next greater, c the next, and so on. 

Just after x passes through the root a, f{x) and f'{x) have 
like signs; and just before x passes through the root b, f{x) and 
/'(«) have contrary signs (VI). But f(x) does not change its 
sign while x is passing from a to I; hence f'{x) must change its 
sign. Therefore the equation f'{x)=0 has one real root between 
a and i. In the same way it may be shown that the equation 
f'{x) = has one real root between i and c. Therefore, between 
any two consecutive real roots of the equation f{x) = there is 
one real root of the equation f'{x) = 0. 

ScH. — The sign of each remainder is changed in order that 
there may be neither a gain nor a loss in the number of variations 
in the row of signs, except when x passes through a real root of 
the equation (III-V). 

JEXAMPIiES. 

Find the number and situation of the real roots of the follow- 
ing equations : 

1. a? — 3x^ — ix + 13 = 0. 

f{x) =a? — 3a? — ix + 13, 
f{x)=3x» — 6x—4: (603), 
/i(a;)=2a;-5 (613), 
Mx) = +1. 
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Hence all the roots of the equation are real, two of them are 
positive and the other negative; and the two positive roots are 
situated between 3 and 3. 

When x= — 3 the signs of the functions are — + — +, 
andwhena;=— 3 the signs of the functions are + + — +; 
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hence the negatiTe root is between — 3 and — 3. To separate 
the two roots which he between 2 and 3 we mnst substitute for x 
some number or numbers lying between 2 and 3. When x = 2^ 
the signs of the functions are — — ± +• Here we have only- 
one variation whether we consider the vanishing function /j (a;) 
to be positive or negative; hence one of the positive roots lies 
between 2 and 2^, and the other between 2^ and 3. 

2. a? — 3x'> — 12a; + 24 = 0. 

Ans. Three ; one between 1 and 2, one between 4 and 5, 
and one between — 3 and — 4. 

3. a? + 6a;2 + 10a; — 1 = 0. 

4. 2)3 _ 6a;3 + 8a; + 40 = 0. 
6. a;* + 4 = 0. 

6. a;= — 3a;^ + 3a;s _ 7a;3 + 8a; — 3 = 0. 

7. x'—9afi+Gx^+ 15a? — 12x^ — 7a; + 6 = 0. 

8. x^ + oi? — x^—2x+4: = 0. 

HORNER'S METHOD OP APPROXIMATION. 
615. Let it be required to find a root of the equation 

a?» + Aa;"-i + Ba?'-2+ +Ka; + L = . . . (1). 

Suppose a to be the integral part of the root required, and 

r, s, t, . . . . , taken in order, to be the digits of the fractional part. 

Let a be found by trial (608) or by Sturm's Theorem ; then 

find an equation whose roots shall be less by a than those of (1) 

(598). 

Let «/« + A'y^i + By-2 + . . . + K> + L' = . . . (2) be that 
equation. 

In this equation the value' of y is less than 1 ; hence the terms 
containing the higher powers of y are comparatively small; neg- 
lecting these, we have, approximately, 

K'y + L' = 0, whence ^=-t-=-,. 

The first figure in the value of y is r. 

Now find an equation whose roots shall be less by r than those 
of (3). Let 2;"+AV-i+B"2«-3+. . . . +K"2 + L"=0. . .(3) 
be that equation. 
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In this equation the yalue of z is less than .1 ; hence, we have, 

T " 
approximately, K"^ + L" = 0; whence ^ = — =7,. This pro- 
cess may be continued to any desired extent, and we shall have 
finally a; = a + r + s + ^ + .... 



U ULE. 

I. Find the integral part of the root ly Sturm's Tlieorem or 
otherwise. 

II. Find an equation tvhose roots shall he less than those of the 
given equation ly the integral part of the required root. 

III. Divide the independent term of the transformed equation 
hy the coefficietit of the adjacent term, change the sign of the quo- 
tient and write the first figure of the result as the first figure of 
the fractional part of the root. 

IV. Find an equation whose roots shall he less than those of the 
second equation hy the first figure in the fractional part of the 
required toot. 

V. Divide the independent term of this transformed equation 
hy the coefficient of the adjacent term, change the sign of the quo- 
tient, and write the first figure of the result as the second figure of 
the fractional part of the required root. 

VI. Continue this process until the root is ohtained to the 
required degree of accuracy. 

ScH. 1. — To obtain the negative roots it is best to change the 
signs of the alternate terms of the given equation, and then find 
the positive roots of tlie result; changing the signs of these, we 
obtain the negative roots requii-ed. 

SoH. 2. — If a trial figure of the root, obtained by any division, 
causes the two last terms of the succeeding equation to have the 
same sign, that figure is not the correct one and must be changed. 

ScH. 3. — If K' should reduce to zero in the operation, then 
we should have, approximately, J'«/^-l-L'=0 ; whence y^^y —^- 
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EXAMPZES. 

1. Find one root of the equation a? — 2ii? — 30a; — 40 = 0. 

By Sturm's Theorem we find that this equation has only one 
real root, and that the integral part of this root is 6. We now 
find two figures of the fractional part as follows: 

1—3 —30 — 40 1 6.33 

+ 6 +34 +24 



+ 4 
+ 6 
+ 10 
1(1)+ 6<i> 


+ 4 
+ 60 
+ 64(»' 


— 16'" 


1(1) + 16(1) 
+ 0.3 


+ 64(i> 
+ 33.24 


- 16"' 
+ 13.448 


+ 16.3 
+ 0.3 


+ 67.34 
+ 3.38 


- 3.553'" 


+ 16.4 + 70.53'" 
+ 0.2 
+ 16.6(8' 





1(" + 16.6'" + 70.53'" — 2.553'" 

We find the coefiBcients of an equation whose roots are less by 
6 than those of the given equation, using the method explained 
in Art. 598. These coefiacients are 1, 16, 64, and — 16, marked 
(1) in the operation. Dividing 16 by 64, we obtain .3, which is 
the second figure of the root. We next find the coefficients of an 
equation whose roots are less by .3 than those of the second equa- 
tion. These coefficients are marked (3) in the operation. Divid- 
ing 3.552 by 70.52, we obtain .03, which is the third figure of the 
root. This process may be continued until the root is obtained 
to any required degree of accuracy. 

2. Find one root of the equation a:^+a?—30cfi—20x—20z=0. 

By Sturm's Theorem, we find the integral parts of the two 
real roots to be 5 and — 5. Changing the signs of the alternate 
terms of the equation, we find the fractional part of the negative 
root as follows: 
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— 1 

+ 5 



— 30 

+ 20 



+ 20 
-50 



— 30 I 5.73. 
—150 



+ ■4 


— 10 


-30 


— 170<i> 


+ 5 


+ 45 


+ 175 




+ 9 


+ 35 


+ 145'i> 




+ 5 


+ 70 






+ 14 


+ro5(i' 






+ 5 








19(i> 








1(1) + 19(1) 


+ 105<i> 


+ 145'i> 


-170"> 


+ 0.7 


+ 13.79 


+ 83.153 


+ 159.7071 


+ 19.7 


+ 118.79 


+ 228,153 


— 10.2929'" 


+ .7 


+ 14.38 


+ 93.149 




+ 20.4 


+ 133.07 


+ 331.303<8> 




+ .7 


+ 14.77 






+ 21.1 


+ 147.84(«> 






+ .7 








21.8'" 









1'8' + 21.8<»' +147.84<«' +321.303'2> — 10.3939«> 
Hence the negative root of the given equation is — 5.73 

Find the real roots of the following equations : 



+. 



3. 


a^ + 2x>—23x—1!0=0. 


Ans. 5.1345. 


4. 


a^_a;2+ 70a;— 300=0. 


Ans. 3.7387. 


5. 


.a:3+a;2— 500=0. 


Ans. 7.6172. 
( 3.3793, 


6. 


a^_a^_40a!+108=0. 


Ans. \ 4.5875, 
( —6.6967. 




- 


( 1.7191, 


7. 


c,s—4^^—Ux+4S=0. 


Ans. } 6.5461, 
( —4.2652. 


8. 


xi+a^ + a^—x— 500=0. 


Ans \ ^•*^^*' 
^'*«- 1-4.9296. 


9. 


a4_9a^_lla;3_20a;+4=0. 
27 


Ans \ •^^^^' 
^^'- i 10.3586. 
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Dbfihitions 



Gbneeai Peopeeties, 



SYNOPSIS FOR REVIEW. 

The general equation of the «,'* degree. 

The absolute or independent term. 

A function of a quantity. 

A rational integral function ofx. 

A root of the equation f (a;) := 0. 

When f{x) is dix^ble by X — r. 

When risa root off{x) = 0. 

Number of roots of f {x) = 0. 

To find an equation whose roots a/re gimen. 

Relation between the coefficients of i\. 

f(x) and the roots of f{x) =0. j 3. 

Cor. 1, S, 3, 4, B, 6. ' 3. 

When f{x) =0 cannot ham6 a root 



IZi 

K E-i 
M O 

D-i 

D O 
E-I 



Boots of the form of a + 5 V — 1 aji(Z 
ffi — & a/^ 1. Cor. 1, S, 3, If. 
' To change the signs of the roots of an 



Teajtspoemation of 
Equations. 



To transform an equaii&n containing 
fractional coefficients into another in 
which the coefficients are integers, that 
of the first term being unity. 

To transform an equation into another, 
the roots of which differ from those of 
the gim&n eqitation by a given quantity. 
Rule. 

To cause the second or third term of an 
equation to disappear: Cor. 
Theoeem of Dbscabtes. Cor. 1, B, 3. 



Debited FrorcTioHS. 



r Pr 

< Fi 
t Fi; 



First derivative, Second derivative, etc. 
First derivative of product of functions. 

Roots common to two equations. Equal Roots. 

' Number of roots of /{x) = lying be- 
tween p and q. Cor. 1, H, 3. 
Limits of positive roots. 
. Limits of negative roots. 

( L n, m, IV, V, VL 

\ Bch. 
HoeItee's Method op Appeoximation. Bule. 



Limits op the Roots 
OP an Equation. 

Stukm's Theoeem. 
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